Analizamatematycznh
Zajecianr4

?Limit
Limitlexpr , x - x¢] finds the limiting value of expr when x approaches xy. >

Limit[Sin[x] /x, x » Infinity]

0

Zatozenie:
0

Limit[xAa, x> Infinity, Assumptions » a == 0]

1

Limit[xAa, x> Infinity, Assumptions » a > 0]

(9]

Granice prawostronne i lewostronne

lewostronne:

Limit[1/x, x> 0, Direction-» 1]

— O

prawostronne:

Limit[1/x, x> 0, Direction » -1]

(9]

Zadanie

policzyc granice
a) lim, . (1+ ﬁ)"

b) Iimn—>oo sin(n!)

Jn
0) liMyse AL+0 —A/n

d) lim, ., = dla g>0

(2n+D)1-(2n=1)!

e)limy, ., @m!n!

lim < dl 1
| ac>
f) n- oo nk
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Q) limy e Sin(x)
) lim, o 2

Granicefunkcjidwéchzmiennych

“mx—> x0,y—-y0 f(X, y)

Alx_, y_ 1 =xA2y/ (XN2+YyN2)

x?y

X2 +y2

Plot3D[A[x, y], {x, -4, 4}, {y, -4, 4},
AxesLabel - {lelll Ilylll Ilzll}]

Przejscie do zmiennych biegunowych
AA[r_, ©_] =A[x,y] /. {x>rCos[6], y->rSin[6]}

r3 Cos[6]2 8in[6]

r? Cos[6]% +r?sin[6]?

AA[r_, 6_] = Simplify[%]
r Cos[0]? 8in[6]
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? Simplify

Simplify[expr ] performs a sequence of algebraic
and other transformations on expr and returns the simplest form it finds.

Simplify[expr , assum ] does simplification using assumptions. >

B[x_,vy_]=(xA2-yN2) / (xA2+yAN2)

x2 — y2

x% + y?

Plot3D[B[x, v], {x, -4, 4}, {y, -4, 4},
AxesLabel - {lelll IIle, Ilzll}]

BB[r_, 6_] = Simplify[ B[x, y] /. {x » rCos[6], ¥y -> r Sin[6]}]
Cos[2 6]

Limit[BB[r, 0] , r -> 0]

1

Limit[BB[r, Pi/2] , r -> 0]
-1

Zadanie

1. Zdefiniowac¢ funkcje G (x, y) = =~

x3 +y?
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2. Narysowac wykres 3D dla xe[-4,4], ye[-4,4]
3. Przechodzac do zmiennych biegunowych zbada¢ granice w punkcie {0,0}

Sumawyrazowciggu
? Sum

imax
Sumlf, {i, i,.. }] evaluates the sum Zaf.
i=1
SUMI[f, {i, imin + imax }] Starts with i =i, .
Sum(f, {i, imin » Lmax » di}] USES StEpPS di.
sumif, {i, {i1, i, ...}}] uses successive values iy, i, ... .
imax Jmax

SUMIF, {i, imin » imax b s Jimin » jmax }» -..] €Valuates the multiple sum Z Z f.

i=imin j=jmin

Sumif, i] gives the indefinite sum » f. >

Sum[kAr2, {k, 10}]
385

Sum[kA2, {k, n}]
1

—n (l+n) (1+2n)
6

Sum[gAk, {k, 0, n}]
71+q1+n
-1+qg

sum[1l/ (2k+1)A2, {k, 0, Infinity}]

7T2

Zadanie

Obliczy¢ sumy:

1) 14k

a) zookzl ( k>
1
b) X k=0 >
o0 2k-3k

C) z k=0 5k

L k
d) zookzl Oiz[ :




Pochodne
?D
D[f, x] gives the partial derivative 85 /dx.

D[f, {x, n}] gives the multiple derivative 8" f /8x".
D[f, x,y, ...] differentiates f successively with respectto x,y, ....

D[f, {{x1. x2, ...}}] for a scalar f gives the vector derivative (3f /0x1, 8f /0x3, ...).

D[f, {array}] gives a tensor derivative. >

flx_,y 1=1/(xNA2+Yy)
1

x2+y

D[f[x, ¥], X]
2 x
(x2+y)?

D[f[x, y], {x, 2}]
8 x2 2

(x*+y)®  (x*+y)?

D[f[x, y], %, ¥]
4x

(x* +y)°

D[f[x, ¥], {x, 2}, ¥]
24 x? 4
_ +
(x2+y)t (X +y)’

Zadanie
Oblicz pochodng nastepujgcych funkciji

a) f (X) — tg (x)-ctg (x)

iy O
tg (x)+ctg(x) '’ oblicz dx f

b)f(x) = 2 oplicz L

x? dx
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L

c)f(xy)= arcsin(x2

blicz ~=—f
), oblicz <7

Stycznanormalnaokrzywej

f[x_] =Exp[-x] Sin[x]

e sin[x]

p[x_] =D[f[x], x]

e * Cos[x] -e*sin[x]

Plot[f[x], {x, 0, 10}]

6 8 10
Plot[p[x], {x, 0, 10}]
02
01
1 e —— I 1
2 4 6 8 10
—0.1;
—0.2;

Styczna do wykresu funkcji f w punkcie xq



styczna[x_, x0_] = £[x0] +p[x0] * (x-x0)
e 5in[x0] + (x-x0) (e** Cos[x0] -e™ sin[x0])
Normalna do wykresu funkcji f w punkcie xg

normalna[x_, x0_] = £[x0] - (1 /p[x0]) * (x-x0)

x - x0

e s5in[x0] -
e Cos[x0] - e™*? 5in[x0]

Wykres stycznej do wykresu funkcji f w punkcie x = 1,y=f(1)

Plot[styczna[x, 1], {x, 0, 4},
PlotRange -» {-2, 2}, AspectRatio » 1, PlotStyle - Green]

2~

oL

Wykres normalnej do wykresu funkgji f w punkcie x = 1,y=f(1)
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Plot[normalna[x, 1], {x, 0, 4},
PlotRange » {-2, 2}, AspectRatio » 1, PlotStyle -» Red]
2

Show [
Plot[f[x], {x, 0, 4}, PlotRange » {-2, 2}, AspectRatio - 1],
Plot[styczna[x, 1], {x, 0, 4}, PlotStyle » Green],
Plot[normalna[x, 1], {x, 0, 4}, PlotStyle -» Red]

1

2~
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? Maximize

Maximize[f, x] maximizes f with respect to x.

Maximize[f, {x, y, ...}] maximizes f with respecttox, y, ....

Maximize[{f, cons}, {x, y, ...}] maximizes f subject to the constraints cons .
Maximize]..., x € reg] constrains x to be in the region reg.

Maximize]..., ..., dom ] constrains variables to the domain dom , typically Reals or Integers. >
Maximize[{p[x], 0 <x <10}, x]

{1, {x->0}}
Minimize[{p[x], 0 <x <10}, x]

e e

Wykreszsuwakiem

? Manipulate

Manipulatelexpr , {u, t in , U0 }] g€Nerates a version of
expr with controls added to allow interactive manipulation of the value of u.
Manipulatelexpr , {u, tt in , U ey » du}] allows the value of u to vary between u,,;,, and u,,,, in stepsdu.
Manipulatelexpr , {{u, winit }» Umin » Umay + -.-}] takes the initial value of u to be u;,; .
Manipulatelexpr , {{u, uini; , uy}, ...}] labels the controls for u with u .
Manipulatelexpr, {u, {u1, u,, ...}}] allows u to take on discrete values uy, u,, ....
Manipulatelexpr, {u, ...}, {v, ...}, ...] provides controls to manipulate each of the u, v, ....
Manipulatelexpr, ¢, = {u, ...}, c, > {v, ...}, ...]
links the controls to the specified controllers on an external device. >
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Manipulate[
Show [
Plot[f[x], {x, 0, 4}, PlotRange » {-2, 2}, AspectRatio-» 1],
Plot[styczna[x, x0], {x, 0, 4}, PlotStyle -» Green],
Plot[normalna[x, x0], {x, 0, 4}, PlotStyle -» Red]
1,
{x0, 0, 4}]

xqu

-10 -0.5 0.5 1.0

-1

? DynamicModule

DynamicModule[{x, y, ...}, expr] represents an object which maintains the same local instance of the
symbols x, y, ... in the course of all evaluations of Dynamic objects in expr . Symbols specified in a
DynamicModule will by default have their values maintained even across Wolfram System sessions.

DynamicModule[{x = xo, y = yo, ...}, expr ] specifies initial values forx, y, .... >
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DynamicModule[ {x0},
{

Slider [Dynamic[x0], {0, 4}1,
Dynamic [
Show [
Plot[f[x], {x, 0, 4}, PlotRange » {-2, 2}, AspectRatio-» 1],
Plot[styczna[x, x0], {x, 0, 4}, PlotStyle -» Green],
Plot[normalna[x, x0], {x, 0, 4}, PlotStyle » Red]
11,
Dynamic["x0=" <> ToString[x0]],
Dynamic["f' (x0)=" <> ToString[p[x0]]]

{«:D ;o \' s, X0=0., £ (xO):p[o.]}

Zadanie

1. Zdefiniuj funkcje

f(x)=x- arctan(x)

oblicz pochodna f'(x)

oraz jej styczng i normalng do wykresu w punkcie Xy (funkcja x i xg).

2. Stworz DynamicModule zawierajacy:

- wykres f, jej stycznej xe {-1,3} oraz normalnej
- suwak zmieniajgcy wartosé xp od -1 do 3

- wartos¢ xo oraz pochodnej f' (xg)

3. Znajdz najwieksza i najmniejsza wartosc pochodnej w przedziale{-1,3} (funkcje Maximize,
Minimalize)



