
Preface

In the last few years we have witnessed a radical transformation of the way in which
research in fundamental physics is progressing. After the physics of the very micro-
scopic (nuclear and subnuclear physics) and of the very macroscopic (astrophysics
and cosmology) have progressed along two different, sometimes parallel, but distinct
routes, it is now evident that major breakthroughs will be achieved when these two
routes actually overlap. The pillars for investigating the physics of cosmic matter in
the laboratory are:

1. Theory of hadronic matter at extremes of density and temperatures provided by
lattice QCD (Quantum ChromoDynamics) simulations, effective field theoretical
and many-particle approaches as well as phenomenological models,

2. Ultrarelativistic heavy-ion collisions at present and future large scale facilities
(CERN-LHC,RHIC,CERN-SPS, FAIR-CBM,NICA-MPD),modelling theQCD
matter under extreme conditions of high energy density and its phase structure.

The Karpacz Winter School in Theoretical Physics in 2017 was not only a part of
the traditional series of annual schools that was started back in 1964. It also was the
first training school for the European COST Action "THOR" (Theory of hot matter
in relativistic heavy-ion collisions). Its aim was to educate the next generation of
young scientists in the interdisciplinary field formed by the basic directions of

• Theory for hot, dense QCD matter,
• Modeling the heavy-ion collision process, and
• Early stages of nuclear collisions,

which form the directions for the three working groups of that COST Action. The
scientific tools and methods of these fields of research will allow students to develop
the necessary skills to understand the structure of matter under extreme conditions
of high densities, temperatures and strong fields as they occur a few microseconds
after the big bang and in the course of ultrarelativistic heavy-ion collisions, in the
"little bang". We have provided "hands-on" experience for the school participants
in projects that involve the usage of simulation programs for heavy-ion collisions,
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equations of state and transport properties that shall be combined to produce output
comparable with experimental data.

With the present volume of Springer Lecture Notes in Physics we provide a
summary of the material which was a basis for the lectures and tutorials at the
53rd Karpacz Winter School in Theoretical Physics, the first COST Action "THOR"
Training School under the title "Understanding the origin of matter from a QCD
perspective". We hope that these Lecture Notes will provide for the foreseeable
future a standard material for students, lecturers and practitioners investigating the
fundamental structure of QCDmatter in theory and heavy-ion collision experiments.

After this Karpacz Winter School, with the first detection of gravitational waves
from amerger of two neutron stars in August 2017 by the LIGO-Virgo Collaboration,
a new window has been opened that allows to study hot and dense cosmic matter in
terrestrial observatories. Supplemented by follow-up observations of the accompa-
nying kilonova event in all wavelength bands of the electromagnetic spectrum, the
merger GW170817marked the begin of the era of multi-messenger astronomy. Three
KarpaczWinter Schools 2019 - 2021 were devoted to the impact of multi-messenger
astronomy on different branches of physics: element synthesis, superfluidity and
transport as well as the equation of state. The most spectacular results are still to
come: postmerger gravitational wave detection which would directly probe the QCD
phase transition in the collapse of massive stars, under conditions very similar to
those in the upcoming heavy ion collisions of the low-energy RHIC and RHIC-FXT
programs, at NICA-BM@N/MPD and at FAIR-CBM. But this is another story which
should be told in another volume of Lecture Notes in Physics ...

Wroclaw, David Blaschke
November 2021 Krzysztof Redlich

Chihiro Sasaki
Ludwik Turko
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Introduction

It is the main task of Cosmology to provide an understanding for the evolution of the
Universe and for the origin and evolution of matter in it through sequences of phase
transitions. Starting from a highly symmetric radiation dominated initial state, the
hot Big Bang theory explains how in the expanding and cooling Universe through
symmetry breaking a state of matter with structures on all length scales emerges. One
of these transitions concerns the hadronisation of the quark-gluon plasma, which is
the domain of quantum chromodynamics (QCD) in the nonperturbative regime. It is
this era of the cosmic evolution that can be re-created in terrestrial laboratories with
ultrarelativistic heavy-ion collisions as the so-called "Little Bang". Different aspects
of this QCD perspective on the origin of matter will be elaborated in the lecture
notes that are gathered in this book.

From this general idea follows its subdivision into three parts:

• Part I: Ultrarelativistic Heavy-Ion Collisions
• Part II: Aspects of Quantum Chromodynamics
• Part III: Simulations of QCD and Heavy-Ion Collisions

The first part is devoted to developing the understanding of the Little Bang in three
chapters. The first chapter by Grazyna Odyniec introduces the heavy-ion collision
experiments as "time machines" that bring us back to the first microseconds after the
Big Bang when the transition from the quark-gluon plasma to the hadronic state of
matter took place. On the example of the ongoing beam energy scan (BES) program
at the Relativistic Heavy-Ion Collider (RHIC) in Brookhaven she explains the results
for observables that are extracted from the distributions of particles in the final state
as they are measured by the STAR detector. By varying the collision energy one
changes the initial conditions so that different parts of the QCD phase diagram are
accessed. In this way one hopes to locate the phase border and hopefully also the
change from a crossover to a first-order transition that would mark the position of a
critical endpoint (CEP) as an important landmark for QCDunder extreme conditions.
This first lecture sets the stage for the remaining chapters of this book, in particular
for the following two chapters, devoted to the early stages of heavy-ion collisions
(addressed by Jean-Paul Blaizot in chapter 2) and the subsequent hydrodynamic stage
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for which different descriptions are introduced by Wojciech Florkowski in chapter
3, concluding the first part.

The second part of this book deals in the chapters 4 to 6 with the three phenomena
of nonperturbative QCD: dynamical chiral symmetry breaking, confinement and the
formation and properties of hadronic bound states of quarks. These are the QCD
aspects under which the creation of particles in heavy-ion collision experiments will
be discussed. Critical behavior in the production of particles is expected to signal the
transitions that QCD undergoes at high temperatures and densities: chiral symmetry
restoration and deconfinement, which trigger the dissociation of hadrons, and thus
the transition from hadronic matter to the quark-gluon plasma. In chapter 4, Robert
Pisarski elucidates in three lectures with pedagogical examples the chiral symmetry
and phase transitions, the deconfinement in pure gauge theories as well as chiral
matrix models for QCD. In chapter 5, different aspects of confinement in QCD are
introduced and explained by Hugo Reinhardt. The final chapter of the second part
of the book is devoted to exotic hadronic bound states that can be formed by heavy
quark flavors. Recent particle collision experiments have led to the discovery of these
states which allow deeper insights to the complex interactions in QCD that lead to
a rich spectrum of multiparticle bound states. Shigehiro Yasui gives an excellent in-
troduction to these nonperturbative aspects of QCD and draws enlightening parallels
to phenomena known in many-particle systems such as Feshbach resonances and the
Kondo effect. All lectures of this second part of the book come with exercises and
their solutions. The interested reader is provided with the toolbox of a practitioner
and may gain a deeper understanding of nonperturbative aspects of QCD.

The two main themes of this book, ultrarelativistic heavy-ion collisions and QCD
under extreme conditions, are both complex phenomena for which only partial as-
pects allow analytic solutions. Numerical simulations which are therefore indispens-
able and form a bridge between QCD theory and heavy-ion collision experiments.
The three chapters of the third part of this book provide a pedagogic introduc-
tion augmented with simulation programs and exercises for a hands-on experience.
Chapter 7 by Olaf Kaczmarek outlines the results for QCD thermodynamics with
special emphasis on aspects that relate to yields of hadrons as observables of flavor
chemistry and chemical freeze-out in heavy-ion collisions. At the end of this chapter
a basic introduction to lattice gauge theory and Monte Carlo integration is given.
This provides the required knowledge for performing first lattice calculations for
SU(3) pure gauge theory using a program that is provided for the readers, to be used
in the exercises of this chapter. The following chapter 8 by Olaf Kaczmarek and
Hai-Tao Shu addresses ab-initio simulations of spectral and transport properties in
hot, dense QCD. In-mediummodifications of these properties can be probed by elec-
tromagnetic signals from ultrarelativistic heavy-ion collisions. In the final chapter,
Radoslaw Ryblewski introduces the Monte-Carlo simulation of heavy-ion collisions
within the thermal statistical model code THERMINATOR, for which the numerical
code as well as hands-on exercises are provided. This allows the reader to reproduce
some basic observables of QCD at finite temperature and density and to link them
with the ones measured by the BES programs of heavy-ion collisions in terrestrial
laboratories.
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Chapter 1
Probing the QCD phase diagram with heavy-ion
collision experiments

Grazyna Odyniec

Abstract In 2010, the Relativistic Heavy Ion Collider (RHIC) launched a multi-
step experimental program to investigate the phase diagram of strongly interacting
nuclear matter. The exploratory phase I of the Beam Energy Scan (BES) program
was completed in 2011 with data sets of Au+Au collisions at energies ranging from
39 GeV down to 7.7 GeV. This, together with earlier (62.4, 130 and 200 GeV) and
later (54.5 GeV) collected data sets, allowed for an initial look into the uncharted
territory of the QCD phase diagram. Although many measurements taken by the
STAR (Solenoidal Tracker At RHIC) detector at energies below the RHIC injection
energy are affected by large statistical errors, steeply increasing with decreasing
energy, they allow for the first time a direct study of the anticipated critical point
and phase transition signatures, providing guidance for the second phase of the BES
program. The most important results from BES phase I are presented. They suggest
that the highest potential for discovery of the QCD critical point lies below √sNN

= 20 GeV. In 2015, the BES program was extended to energies below √sNN =7.7
GeV by successful implementation of the fixed-target (FXT) mode of data taking
in the STAR experiment, in addition to the standard collider configuration. The
first results from the exploratory FXT run with Au+Au collisions at √sNN = 4.5
GeV are discussed, as well as plans for the presently ongoing phase II of the BES
program (2019-2021) focused on energies below √sNN = 20 GeV, which includes
both collider and FXT data taking modes.

1.1 Introduction

Every night sky presents an amazing display of light that has traveled for many
years from very distant stars. Since the very beginning of our civilization, humans

Grazyna Odyniec
Lawrence Berkeley National Laboratory, 1 Cyclotron Rd., MS 70-319, Berkeley, CA 94720, USA
e-mail: G\relax$\@@underline{\hbox{}}\mathsurround\z@$\relaxOdyniec@lbl.gov
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have asked a fundamental question: where does it all come from? Ancient people
already carried out “systematic" investigations in order to understand the laws of the
Universe. One of the most famous sites in the world, the huge Stone Age observatory
of Stonehenge, located in the English county ofWiltshire, 8 miles north of Salisbury,
is believed to be such an early “laboratory". It was probably built for that purpose.
It is composed of a circular setting of large standing stones. Archaeologists estimate
that the iconic stone monument was constructed between 3000 and 2000 BC.

Since the middle of the 20th century, scientists have been reasonably sure that
they know the answer to the quest of the beginning of the Universe, and the picture
has become clear in more detail. Through the interplay of observational astronomy,
cosmology, and nuclear and particle physics, themodel has been refined. The broadly
accepted theory of the origin and evolution of our Universe says that it came into
being through a singular colossal explosion called the Big Bang. This event happened
(13.73 +/- 0.12)x109 years ago. Although the edge of the Universe cannot be fixed to
an uncertainty smaller than 120 millions years, physicists are able to state how our
Universe developed in the first fraction of a second after the Big Bang. It is postulated
that the portion of the Universe we can see today was only a few millimeters across.
It has since expanded from this hot dense state into the vast and much cooler cosmos
we currently inhabit. After 10−11 s, and lasting until about 10−4s, the universe was
a mixture of quarks, gluons, and leptons, forming a plasma. Despite carrying color
charges, the quarks and gluonswere asymptotically free due to the high temperatures.
At about 10−4s, the Universe had cooled to a temperature of approximately 2.1x1012

K (180 MeV). Lattice QCD calculations indicate that at this temperature the quarks
and gluons coalesced into color singlets.

Fig. 1.1 shows the schematic view of the Universe’s evolution.
The quark-gluon plasma (QGP) state of matter that dominated the early Universe

from 10−11s to 10−4s after the Big Bang can be presently recreated in accelerator-
based heavy ion experiments (see the red arrow at the top of Fig. 1.1). Experiments
at RHIC at Brookhaven National Laboratory in the US and at the LHC (Large
Hadron Collider) at CERN in Switzerland use colliding beams of heavy ions (like
Au, Pb) at very high energy (up to √sNN =200 GeV in Au + Au collisions at
RHIC and up to √sNN =5.02 TeV in Pb+Pb collisions at LHC) to produce a small
volume of the quark-gluon matter and to study the conditions of the early stages of
Universe evolution. The RHIC experiments with Au+Au collisions at √sNN = 200
GeV provided the very first evidence of the formation of a QGP state in a laboratory.

These accelerators function a bit like time machines; they take us to the early
stages of the Universe when matter was extraordinarily hot and dense.

But there is one problem: namely these tiny pieces of QGP matter last less than
10−23s in laboratory before they explode into more than 5000 particles (in the case of
Au+Au at 200 GeV), and only those 5000 final state particles arrive in our detectors
and can be measured and analyzed. We focus our investigation on observables which
are not seriously modified by the event evolution, because only they can provide
information about earlier stages (hot and dense) of the collision, including the QGP
phase.
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Fig. 1.1 Evolution of the Universe and the states of matter in it according to the Hot Big Bang
theory.

Fig. 1.2 Stages of high energy nucleus-nucleus collisions

Fig. 1.2 shows an artist’s view of the stages of the nucleus-nucleus collisions at
high energy. The real messengers of the plasma phase (originating from the yellow
zone) must "survive" hadronization (second from the right) and freeze-out stages
(furthest right) on their way out towards detectors.

In the next section a short discussion of the QCD phase diagram is presented. It
is followed by a description of the specific goals of the BES program carried by the
STAR experiment at RHIC. Next, the physics results of BES phase I data analysis
are presented, as well as the first results from the STAR exploratory fixed-target run
at energy of √sNN = 4.5 GeV. The last chapters describe goals and objectives of the
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presently ongoing phase II of the BES program, which started in January 2019 and
will continue through the next two years, to 2021.

1.2 QCD Phase Diagram

TheRelativisticHeavy IonCollider atBrookhavenNational Laboratorywas designed
and built to discover quark-gluon plasma. The top RHIC energy was specifically
chosen to force the hot and dense system formed in ultra-relativistic nucleus-nucleus
collisions through phase transition to the quark and gluon plasma state. And, indeed,
already the very first results from all RHIC experiments suggested the formation of
the plasma state with partonic degrees of freedom [1, 2, 3].

It was followed by a decade of highly successful RHIC operation which allowed to
establish that highly excited, strongly coupled nuclearmatter with partonic degrees of
freedom was created in Au+Au collisions at 200 GeV energy in the nucleon-nucleon
center of mass.

Quark-gluon plasma was discovered. However, the nature of the transition from
hadronic degrees of freedom to partonic ones, and back to the state of hadron gas,
was totally unknown.

While the study ofQGPproperties still continues, in parallel, the search for signals
of the anticipated phase transition was initiated in 2011. Finding conditions at which
thermodynamically distinct phases of nuclear matter occurred and/or coexisted at
equilibrium, i.e. locating the place of the phase transition and the position of the
Critical Point (CP) of the QCD phase diagram, was undertaken by the Beam Energy
Scan program at RHIC carried out by the STAR experiment.

On the theoretical side there is no clarity yet. The debate as to whether a CP exists
at all is still ongoing. But the recent Lattice Gauge Theory calculations, which with
time are becoming increasingly accurate, show that the cross-over region at µB ∼ 0
occurs at Tc of about 154 ±9 MeV [4]. Away from µB ∼ 0 theoretical calculations
are still unreliable and are struggling with difficulties.

Fortunately, the heavy ion experiments offer the unique and only way to study
the nature of the QCD phase diagram as a function of chemical potential µB and
temperature T, because the initial conditions in the experiment, i.e. values of T and
µB, can be varied by alternating the beam energy.

Fig. 1.3 shows a generally accepted scheme of the QCD phase diagram: temper-
ature T vs chemical potential µB. At the top RHIC energies (T∼150-170 MeV, µB ∼
0) QCD calculations predict ([5], [6]) smooth cross-over (top left of Fig. 1.3), while
at lower T and higher µB the first order phase transition is expected ([7],[8, 9]),
right side of Fig. 1.3. The yellow lines represent possible reaction trajectories at
energies √sNN = 5, 7.7, 11.5, 14.5, 19.6, 27, 39 and 62.4 GeV. All energies, with
the exception of 5 and 14.5 GeV, were run in 2010 and 2011. The 14.5 data were
obtained in 2014 and completed the first phase of the BES program. The data taking
at √sNN = 5 GeV was tested and found to be challenging for the collider mode of
RHIC operation. The orange numbers to the right of Fig. 1.3 show the energies for
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the fixed-target program in phase II of BES. The end point of a first order phase
transition line marks the QCD critical point (red circle in Fig.3).

Fig. 1.3 The picture of the QCD phase diagram with marked BES program coverage. Yellow
trajectories represent schematics of the collision evolution at different BES energies. The orange
color marks energies (4.5, 3.9, 3.5 and 3 GeV) of the fixed-target program. See text for details.

1.3 BES at RHIC

The Beam Energy Scan program at RHIC, with variable beam energies, was able
to scan µB from ∼400 MeV to ∼20 MeV. The first phase of BES included energies
7.7, 11.5, 14.5, 19.6, 27 and 39 GeV, which together with earlier (62.4, 130 and 200
GeV) and later (54.5 GeV) obtained data sets, allowed BES to cover a remarkable µB
span of about 400 MeV. The choice of energies provided almost uniform coverage
of unknown (T, µB) territory and the results of analyses of data sets obtained at all
these energy steps allowed for narrowing down an area of interest for further study
to be carried out in the second phase of the BES program (presently in progress).

The BES program [10] goals are focused on three areas:

• The first one, and arguably the least complicated, is to scan the phase diagram
with varying collision energy (which translates to changes in µB and T) to find
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whether (and at what √sNN ) the key QGP signatures reported at the top RHIC
energy are no longer observed. This could suggest that the system never entered
the QGP phase remaining in the hadron gas phase throughout the entire colli-
sion process. The disappearance of a single signature would not be convincing
evidence of the onset of deconfinement, because there might be some other phe-
nomena not related to deconfinement which could be responsible for a similar
effect, or our sensitivity to the particular observable could be reduced at lower
energies. But, the modification or disappearance of several signatures simultane-
ously would constitute a more compelling case. The essential drivers of this part
of the programs are the following observables: the Number of Constituent Quark
scaling (NCQ scaling), hadron suppression in central collisions characterized by
Rcp , and correlations associated with the Chiral Magnetic Effect.

• The second goal is to find critical fluctuations, associated with a strong increase
in the susceptibilities, which are expected in the vicinity of CP. However, because
the finite size effects could wash out this critical behaviour, the third goal was
proposed.

• This third one is a search for evidence of the softening of the Equation Of State
(EOS) as the system enters a mixed phase region and can be considered as an
equivalent to the previous one (i.e. CP critical fluctuations search), as finding one
will mean that the other one exists. Softening of EOS is implicitly associated with
crossing a first-order phase transition. Promising observables in this search are:
elliptic and direct flow of charged particles and of identified protons, net protons,
and pions, azimuthally-sensitive femtoscopy, and fluctuations indicated by large
jumps in baryon, charge and strangeness susceptibilities, as a function of system
energy.

1.4 STAR experiment at RHIC

The RHIC and the STAR experiment are ideal for these studies.
Even with the LHC running successfully at CERN, RHIC is the only facility

capable of providing the wide range of beam energies necessary to execute the BES
program.

The STAR detector, one of two1 large experimental set-ups on the RHIC floor,
with its large and uniform acceptance in rapidity, transverse momentum and azimuth
across all energies studied in collider mode, its excellent particle identification ca-
pabilities and unprecedented good detector performance, is in a unique position to
study the phase transition of nuclear matter.

In this analysis three subsystemswere used for tracking and particle identification:
Time ProjectionChamber (TPC), Time-Of-Flight (TOF) detector andBarrel Electro-
Magnetic Calorimeter (BEMC).

Fig. 1.4 shows a picture of the STAR detector.

1 The other one, the PHENIX experiment, is presently undergoing a major upgrade to become
sPHENIX in 2022
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Fig. 1.4 The STAR detector.

Fig. 1.5 Reconstructed events in STAR Time Projection Chamber (main tracking detector in
STAR). Left panel: p+p collision at 200 GeV with two jets clearly visible. Right panel: Au+Au at
200 GeV central collision. Note the significant increase in complexity of the event topology.

Fig. 1.5 shows two data events recorded by the STAR Time Projection Chamber
and reconstructed with the STAR tracking software: the left panel displays a p+p
collision at 200 GeV with two clearly visible jests, the right panel shows a Au+Au
central collision at 200 GeV. This illustrates the tremendous difference in the com-
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plexity of collected events. The STAR tracking software is capable of handling both
extreme cases successfully, and everything in between.

1.5 Results

Presented results of BES I analyses are grouped to represent examples of each of the
three main goals of the program. The first section will discuss the conditions in the
nuclear collisions at BES energies to verify that we reached the (T, µB) region of
phase diagram where potential for discovery is the highest. The remaining sections
will discuss the results related to the outlined objectives.

1.5.1 Global properties of created nuclear matter

The numerous data sets collected during BES I allowed the addressing of bulk
properties of the medium created in collisions. The detailed studies of the pT spectra
at midrapidity and the kinetic and thermal freeze-out parameters’ analyses extracted
for the collision energies √sNN = 7.7, 11.5, 19.6, 27, 39, 62.4 and 200 GeV can
be found in [11]. However, the question most worth pondering is related to the
value/range of the chemical potential reached in these collisions, i.e. did collisions
reach suitable value of µB, which is suggested by theory for these studies?

The integrated yields and pT spectra of hadrons provide information about the
system at freeze-out. The state when the inelastic interactions among particles stop,
and the yields of the produced particles become fixed, is referred to as chemical
freeze-out. Statistical thermal models well describe the chemical freeze-out stage
with two main parameters: chemical temperature Tch and baryon chemical potential
µB ([12], [1], [15], [16], [17]).

Fig. 1.6 shows the centrality dependence of the chemical freeze-out temperature
as a function of chemical potential based on the THERMUS model [12] with Grand
Canonical Ensemble for Au+Au collisions from √sNN of 200 to 7.7 GeV. While
there are no significant changes in Tch (Tch decrease from ∼165 MeV at 200 GeV
to ∼ 150 MeV at 7.7 GeV), the chemical potential changes dramatically, from ∼20
MeV at 200 GeV to ∼ 400 MeV at 7.7 GeV. Since the critical region is expected
to extend to about 100 MeV in µB[18, 19, 20] around the CP, the BES program
sensitivity would reach to even higher µB values, perhaps up to ∼ µB of 500 MeV.
This demonstrates that the span of BES energies allows the reaching of the most
desired, according to theory, µB region.
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Fig. 1.6 Chemical freeze-out temperature Tch vs baryon chemical potential µB [11] fitted with
Grand Canonical Ensemble in THERMUS model [12] using available particle ratios from BES I
data sets (see energy scale at the top of figure). The lines represent two model predictions ([13, 14]).
The error bars are systematic.

1.5.2 Onset of the QGP - disappearance of characteristic signals of the
plasma phase

The data collected by BES I clearly shows that observables are evolving strongly with
energy. The results at the top RHIC energies indicate the formation of the phase with
partonic degrees of freedom, which is expected to change and/or disappear with the
lowering of collision energy (increasing chemical potential µB) as the system returns
to the hadron gas phase. A broad range of BES energies allows the following of the
evolution of the QGP signatures and to test this hypothesis. One of the generally
accepted QGP signatures is the scaling of the elliptic flow (v2) with the Number of
Constituent Quarks of a given hadron (2 for mesons and 3 for baryons). This scaling
indicates that elliptic flow is acquired at a very early stage of the collision where
quarks are relevant degrees of freedom. In Fig. 1.7, the pT dependence of the proton
and anti-proton v2 is shown for minimum bias Au+Au at √sNN= 7.7, 11.5, 27 and
39 GeV. At all energies v2 gradually increases with energy and pT [18, 19, 20].

At 39 GeV the proton v2 is only slightly higher than the anti-protons v2, but
this difference increases substantially with decreasing beam energy (note, that for
energies higher than 39 GeV there is no difference in v2 values for protons and
anti-protons). The lower panel of Fig.7 shows that the difference in the v2 for protons
and anti-protons does not depend on pT , as demonstrated by the horizontal line. The
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Fig. 1.7 The elliptic flow v2 of protons and anti-protons as a function of the transverse momentum,
pT , for 0-80% central Au+Au collisions [18, 19, 20]. The lower panels show the difference in
v2(pT ) between particles and anti-particles. The solid curves represent fit results with a horizontal
line.

v2(pT ) behavior for other particles is similar to that for protons and anti-protons. The
v2 values are found to be larger for particles than for anti-particles, except pions for
which the opposite ordering is observed.

Fig. 1.8 The difference in elliptic flow, v2, between particles and their corresponding anti-particles
(see text) as a function of √sNN for 0-80% central Au+Au collisions [18, 19, 20]. The dashed
lines represent fit results with a power-law function. The error bars represent combined statistical
and systematic errors.

Fig. 1.8 summarizes the variation in v2 between particles and corresponding
anti-particles with √sNN . The observed differences in v2 at lower beam energies
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demonstrate that the number of constituent quarks (NCQ) scaling between particles
and anti-particles observed at √sNN = 200 GeV is no longer valid at lower energies.
The lower the energy the stronger the violation of NCQ scaling is observed. The
breaking of the NCQ scaling could indicate increased contribution from hadronic
interactions in the system evolution with decreasing energy.

The elliptic flow of φ mesons is particularly interesting as it is unlikely to be
built up during the hadronic phase of the collision because of its low scattering
cross section. Fig. 1.9 shows the elliptic flow, v2/nq vs (mt -m0)/nq for 0-80% central
Au+Au collisions for selected particles, among others also for φ mesons. At √sNN

= 7.7 GeV and 11.5 GeV the measured elliptic flow of φ is consistent with zero,
although with large errors [18, 19, 20]. Measured v2 ∼ 0 of φ meson at lower
energies, while non-zero values are observed for other species, is suggestive of a
fireball that is no longer in the QGP phase below √sNN ∼15 GeV.

Fig. 1.9 The NSQ scaled elliptic flow, v2/nq vs (mt -m0)/nq for 0-80% central Au+Au collisions
for selected particles [18, 19, 20]. Note the different behavior of φ mesons v2 at 7.7 and 11.5 GeV.

Another example of the disappearance of the standard QGP signature is the strong
suppression of high pT charge particles (associated with jet quenching), as indicated
by binary scaled yields, which is no longer present in the collisions of the BES lower
energies for any centrality [21, 22].

Fig. 1.10 shows the Rcp of charged hadrons from Au+Au collisions at √sNN =
7.7, 11.5, 14.5, 19.6, 27 and 39 GeV together with the points for 62.4 GeV. The
pT reach extends beyond 3 GeV/c for all hadrons at all BES energies. The figure
shows dramatic change in the suppression pattern, and while there is clear evidence
of suppression at √sNN = 39 and 62.4 GeV, the lower energies (√sNN = 27 GeV
and 19.6 GeV) show a leveling out, and the lowest energies (√sNN = 7.7, 11.5 and
14.5 GeV) even show an enhancement.
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Here a word of caution is necessary: please note that even at energies and centrali-
ties where this signature seems to be lost, a QGP can still be formed since competing
phenomena responsible for enhancement (e.g. Cronin effect) may overwhelm the
suppression from energy loss.

Fig. 1.10 Charged hadrons Rcp for RHIC BES energies [21, 22]. The error bands at unity on the
right side of the plot indicate pT independent systematic uncertainty in Nbin scaling with color
in the band corresponding to the color of the data points for that energy. The vertical errors bars
correspond to statistical errors.

Another interesting piece of information comes from the measurement of trian-
gular flow, v3, of charged particles [23]. Models predict that the development of
triangular flow can only take place in the presence of a low viscosity plasma phase.
The measured value of v3 is non-zero for central events at all BES energies, i.e. it
persists for collisions with a number of participants Npart > 50 down to the lowest
energies, while for collisions with Npart < 50 it disappears for energies below 14.5
GeV. This might be interpreted as evidence for some presence of the plasma phase
in the events of sufficiently high centrality even at the lowest energies of the scan.

All these observed changes in behavior, together with the others discussed broadly
in [24, 25] are localized at the lower part of the energy span covered by BES,
suggesting that the phase transition between partonic and hadronic states might take
place just there, below √sNN of 19 GeV.
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1.5.3 Critical Point search

The observations discussed in the previous section suggest the possibility of the exis-
tence of the critical point. The lattice QCD and phenomenological calculations show
that [24, 25] the presence of CP might result in a divergence of thermodynamical
susceptibilities and correlation length, which translates to non-monotonic behavior
of correlations and fluctuations related to the conserved quantities, such as baryon
number (B), charge (Q) and strangeness (S) [26, 27, 28, 29], which could be observed
and measured experimentally. The higher moments of these distributions (B, Q, S)
are predicted to have increased sensitivity to critical phenomena, e.g. the second
moment (variance) is proportional "only" to the square of the correlation length (2-3
fm) while the third moment, the skewness s, is proportional to ξ4.5 and the fourth
moment, the kurtosis κ, is proportional to ξ7 [26, 27, 28, 29]. Note, the direct relation
between moments of event-by-event distributions of the conserved quantities (B, Q,
S) and thermodynamical susceptibilities computed on Lattice QCD, e.g. κσ2 (σ is
a variance and κ is the kurtosis) can be expressed as the ratio of susceptibilities
ξ(4)/ξ(2).

Predictions are that the behavior of fluctuations and correlations in the deconfined
phase are different than in the hadron gas, therefore the stress of the BES programwas
put on the search for discontinuities in fluctuations and correlations as a function of
√

sNN (i.e. as a function of µB). The excitation function for net-proton high moments
(κσ2) in the 5%most central Au+Au collisions, for three centrality bins 0-5%, 5-10%
and 70-80%, is presented in Fig. 1.11 (note, that Fig. 1.11 shows net-proton kurtosis
results for the extended pT range up to 2 GeV/c, the earlier STAR results [30] have
had a cut on 0.8 GeV/c).

Fig. 1.11 (taken from [31]) shows that the non-monotonic behavior is clearly
present in themost central (0-5%) bin at the lower part of the energy rangewhatmight
suggest the expected behavior near a critical point, while the peripheral collisions
exhibit a very smooth trend. The UrQMD transport model calculations [32], which
do not include a critical point, show suppression at low energies caused by the
baryon number conservation. At the CPOD conference in 2015 it was shown that
these measurements are qualitatively consistent with a QCD based model which
includes a critical point [33]. Away from the CP these enhanced fluctuations are
expected to go down ([24, 25], [34]). There is no data, at the present time, to test this.
The only available data at lower energies is from the HADES experiment (√sNN =
2.4 GeV) [35], but these results cannot be used for direct comparison because they
cover a different centrality, pT and rapidity range.

The presently ongoing run of the second phase of BES, which in addition to the
collider mode is also running in the FXT mode, will allow the study of the high
moments at energies as low as√sNN = 3 GeV, and will address the discussed change
in fluctuations.

Contrary to the non-monotonic behavior of net-proton κσ2, moments of net-
charge and net-kaon (representing net-strangeness) distributions, studies across all
BES energies, do not show any non-monotonic behavior at the current precision
level.
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Fig. 1.11 Colliding energy and centrality dependence of the net-proton κσ2 in the three bins of
centrality (0-5%, 5-10% and 70-80%) in Au+Au collisions at RHIC [31]. The black band shows
UrQMD transport model calculations for the most central bin (0-5%).

Fig. 1.12 shows κσ2 of net- kaon and net-charge distributions [36, 37], which
are both consistent with unity, albeit with large errors. The blue band represents the
UrQMD transport model with "non-CP scenario", which shows no energy depen-
dence.

Very recently the STAR collaboration published [38] the first measurements of
a complete second-order cumulant matrix of net-charge, net-proton, and net-kaon
multiplicity distributions for the data from the first phase of the BES program.
Model calculations based on thermal (HRG) and non-thermal (UrQMD) production
of hadrons cannot describe the data.

1.5.4 Search for the first-order phase transition

The directed flow v1, which is the first harmonic coefficient in the Fourier expansion
of the final-state particles azimuthal distribution, describes their sideward motion.
Hydrodynamical and transport models show that v1 is sensitive to details of the
expansion and compression during early stages of the collision and also to the
first-order phase transition. The proposed signature [39, 40, 41], see Fig. 1.13, is
the double change of the sign (dip) in the slope of dv1/dy for protons in function
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Fig. 1.12 Forth moment of net-kaon and net-charge distributions in Au+Au collisions at all BES
energies [36, 37]

of energy, which would signal the softening of the equation-of-state (EOS), and
therefore the first-order phase transition [42].

The direct flow excitation function for protons, anti-protons and their properly
scaled difference (net-protons) in Au+Au collisions is presented in Fig. 1.14. The
lower panel in Fig. 1.14 shows [43] that the dv1/dy of net-protons at midrapidity
changes its sign twice between √sNN = 7.7 - 39 GeV. The prominent dip and its
associated dv1/dy double sign change bear a striking resemblance to the predicted
signature of the softening of the EOS [see Fig. 1.13]. However, the observed exper-
imentally dip is at a much higher value of √sNN than model predictions.

There have been several recent v1(y) model calculations with various assumptions
regarding QCD equation of state, but the predicted values of v1 are strongly sensitive
to the models’ details [45, 46, 47, 48, 49].

None of the models can reproduce the minimum in dv1/dy over the observed
energy range and the assumption of purely hadronic physics seems to be disfavored
[43].
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2.3.1 iTPC-based improvements in measurement of baryon directed flow 
 
Directed flow excitation functions have been proposed by Frankfurt theorists as 
promising observables for uncovering evidence of crossing a first-order phase transition, 
based on hydrodynamic calculations [2, 3, 4].  Figure 17 (left panel), based on a 3-fluid 
hydrodynamic model [3], presents directed flow for net baryons as a function of beam 
energy. Note that the older <px> directed flow observable used here is proportional to v1. 
A first-order phase transition leads to a softening of the Equation Of State (EOS), and this 
in turn causes the predicted proton directed flow to change sign from positive to negative 
near �sNN = 4 GeV. The directed flow prediction crosses back to positive again as the 
beam energy increases further. This phenomenon is referred to in the theory literature as 
the ³softest point collapse´ of flow [3].   
 
Directed flow measured by STAR for protons (upper panel) and net protons (lower panel) 
is presented on the right side of Figure 17, for Au+Au collisions at intermediate centrality 
[5]. The plotted quantity is the slope of v1(y) near mid-rapidity. The net-proton slope 
shown in panel b) is a proxy for the directed flow slope of protons associated with baryon 
number transported from the initial state to the vicinity of mid-rapidity, based on the 
assumption that produced baryon-antibaryon pairs have similar directed flow and baryon-
antibaryon annihilation does not alter the directed flow[5].  

        
Figure 17: Left: Directed flow prediction in units of GeV/c as a function of beam energy, based on a three-
fluid hydrodynamic model [3] whose EOS incorporates a first-order phase transition. Right: panel a) shows 
the slope of directed flow vs. beam energy for protons from Au+Au collisions at intermediate centrality. 
Panel b) presents the same for net protons. The prediction of the UrQMD transport model [6] is also plotted 
in panels a) and b).  

The proton slope changes sign from positive to negative between 7.7 and 11.5 GeV, 
shows a minimum between 11.5 and 19.6 GeV, and remains small but negative up to 200 
GeV, while the net-proton slope shows a similar minimum, but changes sign back to 

Fig. 1.13 The double change of the sign in the slope of dv1/dy for protons in function of energy,
proposed as a signal of softening of the equation-of-state (EOS), and therefore the first-order phase
transition, see ref. [39, 40, 41]. Figure assembled from data shown in [42], see [44].

Recently STAR reported the first measurements of directed flow for Λ anti-Λ,
K+/−, K0 and φ in Au+Au collisions at eight BES energies from 7.7 to 200 GeV [50].

The v1 of proton is a result of complex interplay between v1 of baryons transported
from beam and v1 from pair production. The net-proton v1, which represents the
directed flow of transported baryons is shown in Fig. 1.15. The v1 of net-Λ hyperons
has a similar behavior as v1 of net-protons [50]. The double-sign change prominent
in dv1/dy of net-protons and net-lambdas is not present in dv1/dy of kaons. These
results are not yet reproduced by theory.

The present energy-dependent measurements will be significantly enhanced by
STAR BES II run data-sets of increased statistics, allowing for analyses in rapidity
bins, and therefore properly addressing the influence of the nuclear stopping power
in these collisions.

The higher harmonics in Fourier decomposition received recent attention after
the importance of initial density fluctuations was realized [51, 52]. When divided by
multiplicity, v3 shows a local minimum in the region √sNN of 15 - 20 GeV. This has
not been shown by any model and can indicate an interesting trend in the pressure
gradient developed inside a system.
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Fig. 1.14 The dv1/dy of protons, anti-protons and net-protons in Au+Au mid-central collisions at
BES energies [43]. The gray band representing UrQMD transport model shows a positive slope for
the dv1/dy of net-protons at all energies

Fig. 1.15 The dv1/dy for net-protons, net-Λ and net-kaons versus energy [50].
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1.5.5 A short summary of what have we learned from BES I

The BES I data analysis extended the µB reach of RHIC to the value of approximately
400MeV. The addition of the exploratory run with the fixed-target mode of operation
will allow STAR to extend µB range even further, to values of about 700-800 MeV,
during the second phase of the BES program. Both RHIC and STAR demonstrated
excellent performance at all energies run in the first phase of BES.

The most important results include:

• Several signatures demonstrated the dominance of parton regime at the BES
highest energies. These signatures either disappeared, lost significance, or lost
sufficient reach in the low energy region of the scan (NCQ scaling, φv2, high pT
suppression, etc.) indicating that the hadronic interactions became dominant at
lower energies.

• Both net-proton and net-Λ showed a double sign change in mid-rapidity dv1/dy,
as predicted for the possible first order phase transition, indicating the softening
of EOS around 11.5 - 19.6 GeV.

• Non-monotonic energy dependence of the κσ2 net-proton correlation function
suggests the signs of critical fluctuations.

The implications of these measurements in understanding the QCD phase struc-
ture, while broadly discussed in the community, are not yet resolved.

1.6 Fixed-target mode

The data clearly shows that observables are evolving strongly with energy at the
lowest energies accessible in collider mode at RHIC.

While continued theoretical effort is not yet able to explain the origins of the
evolution, it is crucial to precisely map and quantitatively address the behavior at
lower energies. RHIC cannot provide adequate luminosity at energies below 7.7 GeV
in the collidermode of operation. Therefore STARhas initiated the fixed-target (FXT)
program. An internal stationary target at the entrance of the STAR Time Projection
Chamber, ∼ 2 m from the center of the detector, was installed and ions circulating in
only one ring of the collider were used for collisions. The first exploratory run with
Au ions at injection energy and the stationary Au target provided Au+Au collisions
at √sNN = 4.5 GeV. Similar energies were studied in the 1990s during the heavy-ion
program at the Alternating Gradient Synchrotron (AGS), with top energy of√sNN =
4.9 GeV. Therefore, the data obtained with the STAR FXT program can be checked
against earlier obtained AGS results, providing validation for the FXT program. The
4.5 GeV Au+Au data from the STAR FXT run represents the first point at energies
so low in the new precision map of the QCD phase diagram.

In this chapter the preliminary results for Au+Au collisions at √sNN = 4.5 GeV
are presented, including the directed and elliptic flow of identified hadrons and
femtoscopy radii for pions [53].
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Fig. 1.16 presents slopes dv1/dy of midrapidity for protons, lambdas, kaons and
pions measured in Au+Au collisions as a function of √sNN . It includes newly mea-
sured point at √sNN = 4.5 GeV (FXT mode). The proton v1(y) slope measurement
at √sNN = 4.5 GeV lies within errors on a smooth interpolation between the same
observables from STAR’s beam energy scan in collider mode [30] and E895 [51, 52].
The highest E895 energy point at √sNN = 4.3 GeV agrees with the current FXT
measurement well within uncertainties. Proton and Λ directed flow agree within
errors at √sNN = 4.5 GeV, a pattern also observed by STAR at √sNN = 7.7 GeV and
above [50].
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Fig. 1.16 Beam energy dependence of directed flow dv1/dy at midrapidity for baryons (upper plot)
and mesons (lower plot) measured by several experiments ([45, 46, 47, 48, 49], [55, 56], [51, 52]).
FXT points [53] are slightly offset horizontally for clarity. Figure from ref. [54].
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The elliptic flow of identified particles (protons and pions) in Au+Au at √sNN =
4.5 GeV was studied, and while the elliptic flow of protons is compared with earlier
AGS data with very good agreement (Fig. 1.17), the elliptic flow of pions is a totally
new piece of information.

Fig. 1.17 Measured v2 of protons. Blue stars are STAR FXT data (0-30% centrality) and green
crosses are E895 data (12-25% centrality) [57]. Figure from ref. [58].
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Fig. 1.18 The excitation function of charged particles elliptic flow, v2, measured by several ex-
periments. The STAR FXT points (red and green star) is near the region where a change of slope
occurs. From ref. [54].
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Pion elliptic flow is published for the first time and compared with results at high
energies. Both positive and negative charged pions were analyzed together. Fig. 1.18
shows the excitation function of v2. The current results are consistent with trends
established by previously published data.

Another confirmation of agreement with the earlier results comes from HBT
analysis. Fig. 1.19 shows the excitation function of the three HBT radii (Rout , Rside

and Rlong) for the STAR FXT point at √sNN = 4.5 GeV, and E895 [59] and E866
experiments [60]. The Rside radius primarily reflects the spatial size of the pion
emitting source, whereas Rout convolved this with the emission duration of the
fireball [61, 62, 63]. The E895 and E866 points show a monotonically decreasing
beam energy dependence. The fixed-target STAR points are consistent with this trend
within errors.

2 3 4 5

3

4

5

6

R
 (

fm
)

out

2 3 4 5

3

4

5

6

R
 (

fm
)

  HADES

  E895

side

2 3 4 5
 (GeV)NNs

3

4

5

6

R
 (

fm
)

  STAR

  E866

long

Fig. 1.19 Excitation function of Rout , Rside and Rlong for three experiments: E895 [59], STAR
and E866 [60]. STAR points show systematic errors only, as statistical errors are smaller than
symbol size. Errors for E895 and E866 are statistical only. Figure from ref. [54].

Summarizing the first FXT run outcome:
The √sNN = 4.5 GeV data on proton flow and pion femtoscopy agree quantita-

tively with earlier measurements at similar energies. This is of crucial importance
because it provides confidence in the data systematics of the STAR experiment in
the novel fixed-target configuration.

The directed flow v1 of protons andΛ’s is strong and consistent with existing sys-
tematics at lower and higher energies. This is a particularly important measurement
as v1 of protons is one of the most intriguing BES I results. Both elliptic flow and
HBT results agree with the earlier trends established by the AGS experiments. Pion
v2 are measured for the first time at these energies.
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The FXT pilot run with Au+Au collisions at √sNN = 4.5 GeV demonstrated the
excellent capabilities of the STAR detector in data taking in FXT configuration and
justified the inclusion of the FXT configuration into the BES II program.

1.7 Beam Energy Scan phase II (BES II)

BES I data shows that RHIC "sits" at a "sweet spot" of the energy scale, in which
rapid changes occur in a number of signatures for energies up to approximately
20 GeV, while remaining surprisingly stable over two orders of magnitude up to
the LHC energy. Reported observations, although surely compelling physics-wise,
suffer from large systematic errors and inadequate statistics. These results, however,
provided a clear direction for the second part of the BES program with far better
statistics thanks to improvements provided by the electron cooling upgrade of RHIC
[34] and detector upgrades implemented in the STAR experiment, allowing for much
larger detector acceptance and even more excellent performance of the detector.

Additionally, the 4th goal was added to the list of major objectives of the BES
program. Namely, based on somewhat limited statistics, it was realized that the study
of the chiral symmetry restoration, which may affect the mass and width of the
%(770), ω(782) and φ(1020) vector mesons, can be undertaken via dilepton decays.

The BES II is in progress. From day one (January 2019) it became clear that both
RHIC and STAR are well prepared for all challenges.

The three major instrumental upgrades were implemented into the STAR detector
prior to the start ofBES II and all three are taking data successfully from the beginning
of the run.

Fig. 1.20 STAR detector with the BES II upgrades highlighted in red. The EPD and iTPC are
symmetric in STAR whereas the eTOF is only on the east side.
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These upgrades (highlighted in red in Fig. 1.20) are:

1. The inner TPC (iTPC) upgrade [64]:
The continued instrumentation of the inner parts of TPC sectorswas implemented,
which extends the pseudo-rapidity η coverage from (-1,1) to (-1.5,1.5), and allows
for lowering of the pT cut-off from ∼ 125 MeV/c to ∼60 MeV/c. It also provides
improvement in dE/dx (∼25%) and in momentum resolution (∼15% at large
momentum).

2. The Event Plane Detector (EPD) upgrade [65]:
The two azimuthally symmetric scintillator telescopes were placed symmetrically
to both sides of the center of the detector along the beam direction, allowing for
the significant improvment in event plane resolution: by a factor of approximately
2 in Au+Au collisions at √sNN = 19.6 GeV, and a factor of approximately 3 at
√

sNN = 7.7 GeV.
3. The eTOF (end-cap TOF) [66]:

The eTOF is a joint project of STAR and CBM collaborations. It was added to the
STAR set-up; eTOF covers the pseudo-rapidity region of (1.1,1.6) and improves
particle identification in the η acceptance region added by the iTPC. This will
particularly benefit FXT data.
RHIC is in the process of developing and testing the Low-Energy RHIC Electron
Cooler (LEReC) for beams at √sNN = 11.5 GeV and below (to be implemented
for runs in 2020 and 2021) to increase the luminosity by a factor of 4. Above
√

sNN = 14.5 GeV, the RHIC luminosity increase of about a factor of 3 is due to
improvements in bunch structure and β∗.

Summarizing, the Beam Energy Scan Program Phase II with Au+Au collisions
began in January of 2019. It extended the reach of the STAR experiment across an
important energy regime of high baryon densities, from √sNN = 19.6 GeV down
to 3.0 GeV, corresponding to baryon chemical potential µB ∼ 200 - 720 MeV.
The STAR BES II program is well defined. It aims for high precision studies of
the type of phase diagram and location of critical point. Installed detector upgrades
reduce systematic uncertainties and extend kinematic and PID range. RHIC upgrades
increase luminosity.

1.8 In to the future ...

The BES program at RHIC fully spans the most promising energy range of the
QCD phase diagram i.e. with the highest potential for discovery according to the
present understanding of the theory. The BES I data shows that several observables
associated with the formation of partonic phase at the top RHIC energies have been
turned-off at lower energies and that there, at the lower energies, hadronic interactions
dominate the scene. An important measurement towards establishing the position of
the critical point and the location of the 1st order phase transition has been made.
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Fig. 1.21 A number of experiments operating in different √sNN range will provide abundance of
data.

Fig. 1.22 Characteristics of the near future experiments: chemical potential range, energy, facility,
experiment, and start year [67].

These results provided a clear guidance for the second part of the BES program with
energies below 20 GeV.

With BES phase II the most exciting physics is still to come.
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STAR will not be alone in pursuing the study of QCD phase diagram in the
future. Figures 1.21 and 1.22 show plans for these studies in heavy ion experiments
at various facilities. In the US at the Brookhaven National Laboratory (RHIC-BES-
II, RHIC-FXT) and in Europe at CERN in Geneva (LHC (ALICE, LHCb), SPS
(NA61/SHINE)), JINR Dubna (NICA BM@N, NICA-MPD) and at GSI Darmstadt
(SIS18 (HADES/miniCBM), SIS100 (FAIR-CBM)).
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Chapter 2
The early stage of heavy-ion collisions

Jean-Paul Blaizot

Abstract The early stages of heavy ion collisions (HIC) are dominated by high
density systems of gluons that carry each a small fraction x of the momenta of the
colliding nucleons. A distinguishing feature of such systems is the phenomenon of
"saturation" which tames the expected growth of the gluon density as the energy
of the collision increases. The onset of saturation occurs at a particular transverse
momentum scale, the "saturation momentum", that emerges dynamically and that
marks the onset of non-linear gluon interactions. At high energy, and for large nuclei,
the saturation momentum is large compared to the typical hadronic scale, making
high density gluons amenable to a description with weak coupling techniques. This
lecture gives an introduction to some of the challenges faced in the study of such
dense systems of small x gluons, and of the progress made in addressing them. The
focus is on conceptual issues, and the presentation is both pedagogical, and critical.
Examples where high gluon density could play a visible role in HIC are briefly
discussed.

2.1 Introduction

Colliding atomic nuclei at high energies triggers the creation of rare forms of matter
that existed in our universe only in the first few microseconds after the big bang.
They are collectively referred to as the quark-gluon plasma (QGP). Initial attempts at
understanding such systems were based on the phenomenon of asymptotic freedom
in the theory of quantum chromodynamics (QCD), and a subsequent description as a
weakly interacting gas of particles. Our knowledge of QGP has evolved considerably
over time, with a new description as a perfect liquid of strongly interacting plasma

Jean-Paul Blaizot
Institut de Physique Théorique, CNRS/UMR 3681, CEA Saclay, F-91191 Gif-sur-Yvette, France
e-mail: jean-paul.blaizot@cea.fr

33

jean-paul.blaizot@cea.fr


34 Jean-Paul Blaizot

being the current state-of-the-art due to the results produced by RHIC and later the
LHC ultra-relativistic hadron collider experiments [1].

The dynamics of these collisions is very complex and differs significantly at high
and low energies. In the latter case it is sufficient to consider nuclei as a compound
object built out of nucleons (mostly neutrons and protons) and assume that no deeper
structure of these constituents exists. The nucleon interactions are well described
within this limit by meson exchange and the resulting nucleon-nucleon interaction
potential. As the energy increases, so does the number of mesons and hadronic
resonances, making the description of such collisions more difficult. At some point
the simplicity is recovered as quarks and gluons, the "true" degrees of freedom and
constituents of the nucleons, start to dominate. This is expected to happen at the
early stages of an ultra-relativistic collision, where quarks and gluons are freed from
the nuclear wave function and can be treated as free particles. In order to accurately
describe how quarks and gluons thermalize and form QGP that exhibits the observed
collective flow behavior, one needs to first understand the quark and gluon content
of a nucleus wave function at high energies.

When considering such wave functions, one needs to remember the importance
of the length and time scale, as well as the role of relativity. Due to the Lorentz
contraction, the two colliding nuclei appear flat in their center-of-mass frame. A
typical duration of a collision, understood as the time when the two nuclei overlap,
is therefore quite short. This is, however, not the only or even the most significant
modification arising from relativity that ought to be considered. The nucleon is a
composite object, made out of three valence quarks bound together by a gluon field.
This gluon field is accompanied by fluctuations, which in low-energy phenomena, are
extremely short-lived and therefore not directly visible. It can be simply accounted
for by the observable renormalization. In high-energy relativistic collisions, time
dilation amplifies their lifetime to a point where they can significantly influence the
collision itself. Therefore, the nucleons need to be considered as a cloud of virtual
particles. These are usually referred to as partons and, to some extent, considered
quasi real and independent.

The ultra-relativistic heavy-ion collisions offer us an opportunity to study dense,
many-body systems of quarks and gluons, and therefore to explore theQCDdynamics
in an unique setting. These studies are however very challenging.On the experimental
side, the complexity of the environment makes it difficult to correctly probe the
details of the theory. On the the theoretical side, the subject becomes very technical,
involving sophisticated formalisms with non-trivial mutual relations.

The goal of these lectures is to focus on several lines, where important progress
has been achieved in recent years and how they contributed to the shape of the field
and our overall knowledge of the particle physics.
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2.2 Hadron Wave Function

In this section, we discuss the interpretation of the hadron wave function at high
energies in terms of parton degrees of freedom. In general, its form depends on a
number of variables, such as the frame of reference or the chosen gauge. A very
good way of acquiring knowledge in this regime is to utilize the phenomenon of the
(DIS) of elementary particles on compound ones, such as hadrons.

2.2.1 Deep Inelastic Scattering

The initial state of heavy-ion collisions can be described in the general form

|ψi〉 =U (t, t0) |ψf 〉, (2.1)

where |ψi〉 describes all the informations about the considered state, U (t, t0) is an
evolution operator and |ψf 〉 is an unknownmany-body state of the countless produced
particles. Finding an explicit solution in this case is a hopeless endeavor. Instead,
what can be done is to focus on inclusive measurements with appropriately chosen
degrees of freedom based on the conditions of the experiment.

As an example, let us consider a central collision of two nuclei. The Lorentz
factor determining the influence of the relativistic effects is proportional to

γ ∼

√
s

m
. (2.2)

For a typical nucleon of mass m ≈ 1 GeV and
√

s ≈ 1 GeV, the γ factor is approxi-
mately equal to 1, which means that the physics of such collision is non-relativistic.
If, however,

√
s ≈ 10 GeV, γ increases by a factor of ten as well, which leads to a

Lorentz contraction of the nuclei. At the energies available at RHIC, γ ≈ 100, and
LHC, γ ≈ 1000 the constituents appear almost flat, due to the relativistic effects.
From HERA experiment at the DESY Research Center (see Fig. 2.1), we know that
the number of gluons in a proton increases with increasing

√
s, since for most par-

ticles their transverse momentum k⊥ ≤ 1 GeV and x ∼ 1/
√

s [2]. Therefore, at such
high collision energies, the main degrees of freedom are gluons.

Let us now consider the scattering of an electron on a proton, shown in Fig. 2.2.
The leading order contribution to this process is an elastic scattering of the electron on
the three partons (valence quarks) independently. In the next-to-leading order (NLO),
the electron emits a virtual photon γ? with momentum q, which is then absorbed by
a quark with momentum k. In this process the quark can be assumed to be massless.
Therefore we can write

k2 = (k + q)2 = 0 ⇒ 2k · q+ q2 = 0 (2.3)
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Fig. 2.1 The x dependence of the partonic distribution of a nucleon measured at HERA [2]. The
valence quarks (xuv , xdv ) dominate at large values of x, whereas their contribution vanishes in
favor of gluons (xg) and sea quarks (xS) at small values of x.

By denoting k = xP, where x is the nucleon momentum fraction carried by a quark,
and the momentum transfer Q2 = −q2, we can write

x =
Q2

2P · q
. (2.4)

The deep inelastic scattering on a nucleon can be described easily as an elastic
scattering on its constituent. This is a key feature of the parton model. Let us
introduce the invariant mass of the photon-proton system,

√
ŝ,

ŝ = (P+ q)2 ≈ q2+2P · q, (2.5)

where the approximation was made by neglecting the nucleon mass. From this, we
can show that

x =
Q2

ŝ+Q2 . (2.6)

For the deep inelastic scattering Q2 � ΛQCD, therefore the timescale is too short for
the strong interaction inside a proton to have meaningful effects. In the high energy
limit, ŝ � Q2 ⇒ x � 1, and so the constituents carry only a small fraction of the
total momentum. These conditions are known as the Gribov-Regge limit of QCD.

As seen in Fig.2.1, the valence quarks are the dominant partons in a proton
for high enough values of x. Gluons, however, dominate at low values of x. The
wave function of a valence quark may be understood as a superposition of gluonic
fluctuations of the form depicted in Fig.2.3, and can be expressed as
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Fig. 2.2 Deep inelastic scattering of an electron on a proton. The frame of reference is chosen in a
way that the proton is fast moving, whereas the photon’s longitudinal momentum is very small.

| |q〉〉 = a|q〉0+ b|qg〉+ . . . . (2.7)

These fluctuations are commonly called Fock states. Their lifetime may be approxi-
mated using the Heisenberg uncertainty principle

∆t ∼ 1/∆E . (2.8)

Assuming k � P, and hence x � 1, one gets

∆E = Ek +Ep−k −Ep =

√
k2
z + k2

⊥+ pz − kz − pz . (2.9)

In the regime where k⊥ � kz (x � 1), one can approximate Eq. (2.9) by

∆E ≈
k2
⊥

2xpz
, (2.10)

and hence, obtain an approximate expression for the lifetime of the fluctuation,
namely

∆t ≈
2xpz

k2
⊥

. (2.11)

Since x� 1, the fluctuations are very short-lived, however increasing the longitudinal
momentum pz , and effectively increasing the γ factor, increases the time dilatation
and the lifetime of the fluctuation.

The probability of the elementary process from Fig. 2.3 is
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Fig. 2.3 A gluonic fluctuation of a valence quark. The valence quark (solid line) emits a gluon
(curly line) with transverse momentum k and longitudinal momentum kz = xpz , where pz is the
transverse momentum of the valence quark.

dP '
1
π2αsCR

d2k
k2
⊥

dx
x
, (2.12)

where αs ≡ g2/(4π) is the strong coupling constant. In order to learn what is the
distribution of gluons in a proton and how it changes with energy we need to know
the evolution equation. We start from the integrated gluon distribution (number of
gluons in a quark)

xG
(
x,Q2

)
=

1
π
αsCF ln

(
Q2

Λ2
QCD

)
=

Q2∫
ΛQCD

d2k⊥
k2
⊥

φ (x, k⊥), (2.13)

where

φ (x, k⊥) =Q2 ∂xG(x,Q2)

∂Q2 (2.14)

is the unintegrated parton distribution. The formula is obtained by integrating Eq.
(2.12) from an infrared cut-off (ΛQCD) to the momentum scale at which the mea-
surement is done (Q2). There is no point to consider bigger wavelengths (smaller
energies) than the size of a proton, as partons should be confined. For a single valence
quark, Eq.(2.14) simplifies to

φ (x, k⊥) =
αsCF

π
≡ φq . (2.15)

where CF = (N2
c −1)/(2Nc). One should notice that the approximation for a single

valence quark is independent of k⊥ and x. When lnQ2 increases, the expression
αs lnQ2 ∼ 1 and the perturbative expansion breaks down. Higher terms must be
taken into account.

The relevant higher order diagrams are the so-called "simple" gluon-emission
cascades, where either the transverse or longitudinal momenta are ordered. The
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Fig. 2.4 A gluon cascade with ordered transverse (DGLAP, k1⊥ < k2⊥ < . . .kn⊥) or longitudinal
(BFKL, k1z > k2z > . . . > knz ) momenta.

former case is known as the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP)
cascade [3, 4, 5, 6], while the latter corresponds to the Balitsky–Fadin–Kuraev–
Lipatov (BFKL) cascade [7, 8, 9]. As we move down the cascade, ki⊥ < k(i+1)⊥ in
DGLAP, and kiz > k(i+1)z in BFKL. From Eq. (2.11) it is evident that the lifetime of
a fluctuation decreases along the cascade.

2.2.2 DGLAP evolution equation

DGLAP is a cascade that takes into account corrections of order ∼
(
α lnQ2)n. The

equation that describes the evolution of such cascade (ignoring the subleading quark
contribution at small enough values of x) reads

∂

∂Q2

[
xG

(
x,Q2

)]
= C

1∫
x

dz
z

[
zG

(
z,Q2

)]
, (2.16)

where

C =
αs

(
Q2) CF

πQ2 . (2.17)

The r.h.s. of this equation has a clear probabilistic interpretation. It is the probability
that a gluon, which carries momentum fraction z > x emits another gluon. Due to
its perturbative character, it is only valid at the high Q2 scale and only its variation
is explicitly calculable. Nevertheless, it plays an important role in the description
of hadron structure and hadron spectroscopy, which is probed for instance in the
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deep-inelastic-scattering experiments. Its details may be understood by looking into
the collinear factorization property, which is shortly described in the next subsection.

2.2.3 Collinear factorization

The idea behind the collinear factorization is to separate different timescales of
the interaction. The non-perturbative effects connected with long timescales are
computed separately from short timescale effects. The latter happens when the
running coupling constant αS is small, which allows to use perturbative techniques.
An example of such perturbative phenomena is the inclusive minijet production in
heavy-ion collisions. Its contribution to the total energy of the collision is expected
to be important [10, 11, 12]. The cross-section of this process can be written in the
following form

dσ
dp2
⊥

=

∫
dx1

∫
dx2 x1G

(
x1, µ

2
)

x2G
(
x2, µ

2
) dσ̂gg→gg

(
ŝ, µ2)

dp2
⊥

, (2.18)

where xG
(
x,Q2) is a gluon distribution function and σ̂gg→gg

(
ŝ, µ2) is an ele-

mentary parton-parton cross-section, calculable using perturbative techniques. Such
factorized formula describes a product of two probabilities. The probability of find-
ing gluons, inside of colliding hadrons, carrying momentum fractions x1 and x2
of respective hadron momentum, as well as the probability of producing a jet with
transverse momentum p⊥ out of these gluons. The µ2 factor is the factorization scale,
and it has to be large enough to justify the factorization. Such formulae are used, e.g.,
in Monte Carlo simulations of particle production in nucleus-nucleus collisions [13].
In the context of heavy-ion collision physics the collinear factorization is used to
describe the production of so-called hard probes, such as heavy flavor quarks, W±
and Z bosons. The process of hard probe production through parton-parton interac-
tions is a medium-independent phenomenon due to its very short timescale. There
are, however, hard probes produced in nucleus-nucleus interactions, which involve
parton densities that cannot be factorized [14].

2.2.4 BFKL evolution equation

Let us now consider a case where with increasing the energy of the nucleon, the
momentum scale remains bounded. This causes 1/x to decrease, and eventually
reaches a regime where αs ln(1/x) ∼ 1, and the corresponding large logarithms need
to be resumed. This can be done using the BFKL equation [7, 8, 9], which gives
a rise to a cascade similar to DGLAP, but with a different ordering of the various
emissions, as indicated earlier. Both cascades are shown in Fig. 2.4. In BFKL, the
differential gluon density is described by
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∂φ (y,k)
∂y

=
αsCA

2π2

∫
d2p
(2π)2

k2

p2 (k−p)2
[2φ (y,p)−φ (y,k)], (2.19)

where y = ln (1/x) is the rapidity. In analogy to Eq.(2.19), the above equation
has a probabilistic interpretation. First part on the right hand side, proportional
to k2d2p/(p2(k−p)2)), is the probability for a gluon with momentum k to split into
two gluons of momenta p and k−p, respectively. The first term in brackets is the
sum of all the terms that arise from p→ (k,p− k) and p+ k→ (k,p) splittings.
The last term is the rate at which a gluon with momentum k splits into gluons with
momentum p and k−p. The BFKL equation predicts an exponential growth of the
gluon density. This may be understood as a color charge accumulation along the
cascade, which causes an increase in the strength of consecutive emissions [15].

2.2.5 Saturation momentum

In the DGLAP case, the parton density grows as lnQ2, whereas the size of new
partons decreases as 1/Q2. Eventually, the area occupied by partons in the transverse
plane starts to decrease, and so does the resulting number of partons produced in
the DGLAP evolution. These partons become weakly coupled as a result, which
allows for perturbative techniques to be applied. In contrast, the BFKL evolution
happens with bounded Q2. The size of partons remains approximately constant in
the transverse plane. This, together with the exponential growth predicted in the
BFKL evolution, leads to a fully occupied transverse plane. Notice that for large
Q2 (or small 1/x) partons overlap in longitudinal direction. Such system becomes
effectively strongly coupled, even though the parton-parton coupling strength might
not be large itself.

When the overlap in the transverse plane happens, one should expect the DGLAP
evolution to be corrected by gluon-splitting processes, namely

Q2 ∂

∂Q2

[
xG

(
x,Q2

)]
=
αsCA

π

1∫
x

dz
z

zG
(
z,Q2

)
−

4α2
sC2

A

π2 (
N2−1

)2 Q2

1∫
x

dz
z

z2G(2)
(
z,Q2

)
,

(2.20)

where, in the second integral, z2G(2)
(
z,Q2) is a two-gluon density, which can further

be approximated by

x2G(2)
(
x,Q2

)
=

2
3

[
xG

(
x,Q2) ]2

πR2 . (2.21)

Differentiating it by ln x one obtains [16]



42 Jean-Paul Blaizot

Fig. 2.5 The illustration of different parton evolution regimes described by the DGLAP and BFKL
equations. The DGLAP equation corresponds to increasing Q2, whereas the BFKL evolution
corresponds to approximately constant value of Q2 and decreasing x. The dotted line represents
the saturation boundary.

∂2xG
(
x,Q2)

∂ ln (1/x)∂ lnQ2 =
αsCA

π
xG

(
x,Q2

)
−

8
3
α2
sC2

A

N2−1

[
xG

(
x,Q2) ]2

R2Q2 (2.22)

Notice that the above approximation differs from Eq. (2.16) by the second term,
which accounts for the gluon recombination. It is also important to note that this term
is only of the order of α2

s . Now it becomes obvious that the saturation happens when
the evolution stops and Eq. (2.22) is equal to zero. This means that the saturation
momentum scale is approximately given by

Q2
s ≈ αs

xG
(
x,Q2)
πR2 . (2.23)

Both evolutions are clearly separated by the saturation momentum (2.23), with
DGLAP being reliable for the transversemomenta k⊥much higher that the saturation
scale, and the BFKL at k⊥ of the order of Qs . Eq. (2.22) is no longer valid when
the perturbation theory breaks down, i.e., when the interaction energy is of the order
of the gluon kinetic energy. Fig. (2.5) illustrates the separation of the two parton
evolution regimes by the saturation momentum Qs .
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The formof Eq.(2.23) allows us tomake a number of observations. Firstly, It shows
that the saturationmomentum squared is proportional to the transverse gluon density,
and since the latter grows with energy, so does the former. Additionally we would
expect the gluon density to be proportional to the number of nucleons in a nucleus.
Since R2 ∼ A2/3, Q2

s grows like A1/3. Finally, since the running coupling αs is small
for high Q2

s , the weak coupling techniques are still applicable for saturated gluonic
systems, despite the large parton density. An attempt at estimating the saturation
effects in nucleus-nucleus collisions was made in [17] based on this fact.

2.3 Propagation of Fast Partons in Dense QCD Matter

In heavy-ion collisions, a typical projectile (i.e. a fast parton propagating in nuclear
matter) can be approximated as a collection of non-interacting partons. These partons
follow essentially straight trajectories. This sets the underlying assumption behind
the eikonal approximation [18, 19, 20, 21].

In this section we focus on a simple example of a projectile, that is, a color
dipole made of a quark-antiquark or gluon-gluon pair in a color singlet state. We
will investigate how such a dipole probes the state of the target in the eikonal
approximation, where parton propagators take the form of Wilson lines. First, we
take the average of the Wilson lines over the state of the target in the weak field
approximation where thoseWilson lines can be expanded. Subsequently, we shall do
the same in the strong field regime with the help of multiple scattering calculations.

Such color singlet dipoles can be encountered in various physical phenomena.
They can be a result of a fluctuating photon during deep inelastic scattering, a
quark-antiquark pion state or even a constituent of charmonium, etc. The multiple
scattering calculations are a useful tool that allows for the unitarization of the
interaction between the dipole and the target. This allows to relate the effects of
saturation and momentum broadening.

2.3.1 Eikonal approximation, Wilson lines

Before proceeding, let us assume that the projectile is moving to the right (and
therefore the target is moving to the left), and that the momentum transfer during the
interaction is small. It means that in the first approximation the projectile does not
change its transverse momentum, hence its trajectory is not affected and it follows
a straight path while propagating through the target. Such trajectories are called
Wilson lines, and take the following form

U (x) = T exp
©«ig

x+∫
−∞

dz+A−a
(
z+,x

)
ta

ª®®¬, (2.24)
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z

t

AB

Fig. 2.6 Light-cone space-time coordinates for a collision of a projectile B with a target A. Due
to Lorentz contraction, the target’s width in x+ direction in negligibly small. The x+ coordinate
is the longitudinal coordinate, whereas x− is the time coordinate for the target. This coordinate
association interchanges for the projectile.

where T denotes the path ordering, A−a (z
+,x) is the color field of the target, and

ta is the color matrix. We use the light-cone coordinates, xµ = (x+, x−,x), where
x is a vector in the transverse plane and x± = (t ± z)/

√
2), see Fig. (2.6). We shall

denote cases where x+→∞ simply as Ux . We fix the gauge by setting A+ = 0, so
the only relevant component of the gauge field of the target is A− (x+,x). The Wilson
line (2.24) is defined for a quark in the fundamental representation. It can be also
written similarly for a gluon in the adjoint representation. The eikonal vertex and
propagation are shown in Fig.(2.7). The coupling between a parton (quark) and the
gluon field is given by the following interaction Hamiltonian

Hint = g

∫
x

q̄(x)γµAµaq(x), (2.25)

where

γµAµ = γ+A−+γ−A+− γ̄ Ā⊥ (2.26)

for the light-cone coordinate system. In the above equation, the second term cancels
due to our particular choice of the gauge, whereas the last one cancels in the eikonal
approximation due to negligibly small motion in the transverse directions. Eq. (2.26)
then reduces to

γ+A−→ v+A−. (2.27)
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A�a (p0 � p)

p0p v+ta

Fig. 2.7 The single eikonal vertex of a parton (quark) in the target’s color field A−a is shown in
the left figure. The momentum p is directed along the + in the light-cone coordinate system. In
the eikonal approximation the + component of momentum is conserved. In the right figure shows
propagation of a parton in a color field, which has to be resummed in terms of Wilson line in the
case of a strong field coupling.

In the eikonal approximation, the p+ component is conserved (the projectile does
not exchange this component of its momentum with the target). This comes from the
fact that the field A− is independent of x− for the interaction-time period. The field
A− is "visible" to the projectile only at x− ≈ 0.

2.3.2 Deep Inelastic Scattering in Dipole Frame

Fig. 2.8 Deep inelastic process in a reference frame, where photons can be viewed as virtual
quark-antiquark pairs.

Let us now return to the deep inelastic scattering in order to look at the process,
where photon has a large longitudinal momentum, i.e., the dipole frame. We have
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already looked at this process in the Bjorken frame, which resembles the partonic
structure of the target. Alternatively, the dipole frame allows to exhibit the color
field. In this frame, it is convenient to look at photon in terms of Fock components,
namely in terms of qq̄ fluctuations (see Fig. 2.8). The total cross-section in the dipole
frame takes the following form [22]

σγ?p

(
x,Q2

)
=

1∫
0

dz
∫
r

���ψ (
Q2, z,r

)���2σdip (r) . (2.28)

The function ψ
(
Q2, z,r

)
corresponds to the wave function of a qq̄ pair with mass Q2

of the virtual photon, the transverse distance r between q and q̄, and the fraction of
the photon longitudinal momentum z that is carried by quark. The cross-section σdip
accounts for the strong interaction of the dipole with the target. It can be evaluated
in terms of the scattering matrix

S (b,r) =
1

Nc
〈tr

(
UxU†y

)
〉, (2.29)

where the Wilson lines correspond to the propagation of the quark (antiquark) at
position x (y) in the transverse plane, and the average is taken over the target field.
The equation (2.28) once again factorizes and can be viewed as a product of two
probabilities. The first one, given by the square of the light-cone wave function of the
virtual photon, represents the probability that the photon splits into a quark-antiquark
pair. The second part, represented by the dipole cross-section, is the probability that
this dipole interacts with the target. Let us denote the impact parameter of the dipole
b = (x+y)/2 and r = x−y. Then, the cross-section in the eikonal approximation may
be written in terms of the scattering matrix (2.29), namely

σdip = 2
∫

d2b (1−ReS (b,r)) . (2.30)

We have to emphasize that all formulas derived here are done in the aforementioned
eikonal approximation and with separation of different time scales, which in turn
allows for factorization.

2.3.3 The dipole-nucleon S-matrix

In this part we will see how the S-matrix can be indirectly calculated by considering
the momentum broadening effect of a parton propagating in a thick target. To do
this, lets start with the probability that a parton entering the target with an impact
parameter b and transverse momentum p0 = 0 leaves it with a different transverse
momentum, p. The amplitude of this process is given by
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x

eix(p0−p)〈ψn,p, βUx |ψ0,p0, α〉, (2.31)

where

Ux = Peig
∫

dz+ A−a (z
+,x+)ta . (2.32)

The initial state of the target is denoted by ψ0, and the final state by ψn. Indices α and
β refer to the initial and final parton color states. The probability can be calculated
by squaring the amplitude, averaging over the initial color, summing over the final
color and summing over the final states of the target,

1
Nc

∑
α

∑
β

∑
nucleus

∫
x

∫
y

e−p(x−y)〈ψn, β|Ux |ψ0, α〉〈ψn, β|Uy |π0, α〉. (2.33)

The last bracket may be rewritten as

〈ψn, β|Uy |π0, α〉 = 〈ψ0, α |U
†
y |πn, β〉, (2.34)

which allows us to write Eq. 2.33 as

1
Nc

∑
α

∫
x

∫
y

e−p(x−y)〈ψ0, α |U
†
yUx |ψ0, α〉 =

1
Nc

∫
b

∫
r

e−ipr〈Tr
(
UxU†y

)
〉ψ0

=

∫
b

∫
r

e−iprS (b,r), (2.35)

therefore

P (b,p) =
∫
r

e−iprS (b,r) . (2.36)

The probability is normalized in a way that∫
b

P (b,p) =
1

Nc
Tr〈〈U(b)U†(b)〉〉 = S(b,r = 0) = 1. (2.37)

This equation reflects the property of color transparency. Notice that the size of the
dipole r is conjugate to the momentum p. The relation between momentum broad-
ening and the S-matrix element of a dipole has been obtained in the strict eikonal
approximation (with constant transverse coordinates assumed). This approximation
can be easily relaxed (see e.g. [23]). It holds even when one includes the next-to-the-
leading-order soft gluon radiation (soft gluon exchange between dipole constituents).
However, higher terms cannot be included (a more in-depth discussion on this point
is available in [24]).
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Fig. 2.9 Diagrams contributing to the dipole-nucleon interaction in the two gluon exchange ap-
proximation. The dipole is represented by the two parallel lines at the top of each diagram. Gluons
are drawn with curly lines.

Furthermore, knowing that1

S (b,r) = e−
1
4 Q

2
sr2

(2.38)

we get by Fourier transform

P(b,p) ∼ e−4p2/Q2
s . (2.39)

Here, we deliberately ignored the dependence on the gluon distribution at scale r⊥,
hence assumed constant Qs . This relation can be interpreted as a diffusion in mo-
mentum space with Qs understood as the diffusion constant. Q2

s can be therefore
interpreted as the square of the average momentum acquired by the parton after
penetrating the medium by a length of L. This is typically denoted as [25]

Q2
s = q̂L. (2.40)

The above calculation shows an example of an observable expressed as a matrix
element of a color dipole (a product of two Wilson lines in a color singlet configura-
tion). In order to complete this calculation we need to describe the color dipole itself
(i.e. the state of the target and the fluctuations of its color field). Those fluctuations
can be related to the integrated gluon distribution. To do that, we start by considering
the scattering of a color dipole on a nucleon. We assume that the color field of this
nucleon is weak enough for perturbative calculations to be applicable. The leading
order approximation of this process is a two gluon exchange. The calculations make
sense if the dipole size is small, that is if r⊥ � r0 where r0 is the size of the nucleon.

The matrix element expressed in term of Wilson lines reads

S (x,y) =
1

Nc
〈trUxU†y〉. (2.41)

With the weak field assumption, the Wilson line can be expanded in powers of gA,
namely

1 This relation will be derived in the following subsection.
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Ux ≈ 1+ ig
∫

dx+ A−a(x
+,x)ta −

1
2
g2

∫
x+1 ,x

+
2

P{A−a(x
+
1 ,x)t

aA−b(x
+
2 ,x))t

b}, (2.42)

and analogically for U†y . The leading order contribution to S is the second order
term in g, as the first order term involves the average color field of a nucleon which
is 0. The various contributions of UxU†y are shown in Fig. 2.9. By noticing that
1/NcTr(tatb) = δab/2Nc we can rewrite Eq. (2.41) in the form

S =
1

Nc
Tr〈UxU†y 〉 = 1+

g2

2Nc

∑
a

∫
x+1 ,x

+
2

〈N |
(
A−a(x)− A−a(y)

) (
A−a(x

−)− A−a(x
−)

)
|N〉.

(2.43)

In order to do that one needs to realize that the dipole probes the field only at
very short distances. The various A−a(x

+,x) operators are separated by space-like
distances, and because of that they commute. In the covariant gauge ∂µAµ = 0 and
Fi−
a = ∂

i A−a, therefore

A−a(x
+
1 ,y)− A−a(x

−
1 ,x) = riFi−(b), (2.44)

where r i = xi − yi . Assuming the field of the target varies smoothly over the size of
the dipole we can perform the angular average

S(b,r) ≈ 1−
g2

8Nc
r2
⊥

∑
i

∑
a

∫
x+1 ,x

+
2

〈N |Fi−
a (x

+
1 ,b)F

i−
a (x

+
2 ,b)|N〉 (2.45)

≈ 1−
αsπ

2

2Nc
r2
⊥

xGN (x,Qi)

πR2 . (2.46)

We introduced the integrated gluon distribution of the nucleon, xGN (x,Qi), and
ignored the dependence on the impact parameter (i.e. we have assumed that the gluon
density doesn’t change in the transverse area occupied by the nucleon).

The relation between the integrated gluon density and the correlator of the color
electric field is

xG(x,Q2) =

∫ Q2
dk2
⊥

4π2 〈F
i−
a (k

−,k)Fi−
a (−k−,−k)〉 (2.47)

where

〈F i−
a (k

−, k)F i−
a (−k

−,−k)〉 =
∫

dx+dy+
∫

x,y

e−ik
−(x+−y+)eik⊥(x⊥−y⊥) 〈F i−

a (x
+, x)F i−

b (y
+, y)〉.

(2.48)
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Setting both of the field coordinates to be equal b in Eq.(2.45) is equivalent to
assuming an upper cutoff |x− y| ≤ 1/Q2 in the x− y integral. At the same time
an integration over b = (x+ y)/2 evaluates to πR2 assuming 〈Fi−

a (x
+)Fi−

b
(y+)〉 is

independent of b. In analogy we can perform the integration over x+ and y+ as an
integration over (x++ y+)/2 (over the longitudinal size of the nucleon) and x+− y+.
The resulting value of k− will fit the value of x = k−/p− in the gluon distribution,
where p− is the minus component of the nucleon momentum. The value of k−

depends on the process. An analysis of the relevant choices influencing this value is
given in [25].

By taking Eq. (2.45) and applying it to Eq. (2.30) we can calculate the dipole-
nucleon cross section in the two-gluon exchange approximation [26, 27]

σdip(r⊥) =
π2α

Nc
r2
⊥xGN (x,Q2), (2.49)

where

Q2 ∼
1
r2
⊥

. (2.50)

The quadratic dependence on the dipole size r⊥ is a characteristic feature of gauge
theories. It is related to the phenomenon of color transparency [22, 27, 28, 29]
(see [30] for a review) already mentioned earlier - when the size of a dipole is small,
it appears as a color neutral object to the field of the target and it does not interact
with it (S(0) = 1).

It needs to be noted that the term small or large in reference to the size of a
dipole means in reference to the relevant scale. From Eq. (2.45) we see that the
scale is proportional to the gluon density per unit transverse area. In a collision of a
dipole with a large nucleus the gluon density from the dipole perspective can become
large and invalidate the 2-gluon exchange approximation, unless the collision can
be treated as independent. In that case the large gluon density can be remedied by a
multiple scattering calculation.

2.3.4 Multiple scattering, momentum broadening, saturation

An important observation one canmake at this point is that the square of the modulus
of the scattering matrix, |S (b,r)|2, can be interpreted as a probability that the dipole
will avoid any interaction. We shall refer to this as survival probability. Note that
we have already obtained this probability for the case of a nucleon target by use of
perturbative techniques. It can be also derived in a calculation involving multiple
scattering, where all the collisions are assumed to be independent [31], which may
be achieved by the addictiveness of the gluon density. The result is

|S (b,r)|2 = S2 (b,r) = e−L/λ, (2.51)
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where

1
λ(r⊥)

= ρσdip(r⊥), (2.52)

and ρ is the nucleon density, λ the mean free path, L is the length traveled by the
projectile through the target.

For the dipole-nucleus interaction, Eq. (2.51) can be rewritten as follows

S (b,r⊥) = e−L/2λ = e−
1
2 Lρσdip(r⊥) = e−

1
4 Q

2
sr2
⊥, (2.53)

where the projectile saturation momentum, Q2
s , is given by

Q2
s =

2π2αs
Nc

LρxGN

(
x,

1
r2
⊥

)
=

2π2αs
Nc

A
πR2 xGN

(
x,

1
r2
⊥

)
. (2.54)

Recall the use of Eq. (2.53) in the previous subsection. Similarly, the target satura-
tion momentum can be obtained by multiplying the above equation by a factor of
CA/CF . The saturation momentum is of similar form to previously derived one (see
Eq. (2.23)), and grows with L (or A1/3). Hence, for fixed dipole size, the interac-
tion grows as the nucleus gets larger. Multiple scattering gives a simple interaction
mechanism, which exhibits the saturation phenomenon.

2.3.5 Phenomenological dipole model

So far we have learned that the interaction between a dipole and the target is mostly
influenced by the dipole size and the saturation momentum. The latter plays a role of
a separator between the dilute (r⊥Qs � 1) and saturated regime (r⊥Qs � 1). We also
learned that it scales with the gluon density in the target. Golec-Biernat and Wüsthoff
parametrized the deep inelastic dipole cross-section, assuming that the energy de-
pendence is fully encapsulated in the saturation momentum [32],

σ (x,r⊥) = σ0

(
1− e−

1
4 Q

2
s (x)r2

⊥

)
, (2.55)

where

Q2
s(x) =Q2

0

( x0
x

)λ
. (2.56)

Such a simple model is already in very good agreement with the experimental data,
e.g., from early HERA for x < 10−2 and moderate Q2, taking into account diffrac-
tion [33]. The way the x dependence is expressed in the equation only through
the saturation momentum is known as "geometrical scaling". This phenomenon is
shown in Fig. 2.10. It provides an important evidence for the existence of a saturation
momentum. Fits of HERA data that include recent developments in non-linear evo-
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function of a priori the two variables r and x, Tqq̄(r,b ≃ 0;x) is
actually a function of the single variable r2Q2

s (x) up to inverse
dipole sizes significantly larger than the saturation scale Qs(x).
In formulae, one can write

(12)Tqq̄(r,b;x) = S(b)T
!
r2Q2

s (x)
"
,

where we have introduced the impact parameter profile S(b).
Typically, S(b) = e−b2/R2

p where Rp is the transverse radius
of the proton. When performing the b integration in formulae
(6), (7) or (10), this contributes only to the normalization via a
constant factor

#
d2b S(b) = Sp , characterizing the transverse

area of the proton. If r2Q2
s > 1 then T = 1 and the scaling is

obvious. We insist that the scaling property (12) is a non-trivial
prediction for r2Q2

s ≪ 1, when T is still much smaller that 1. Of
course the geometric scaling window has a limited extension: at
very small dipole sizes, deep into the leading-twist regime, the
scaling breaks down. Universal scaling violations [20] due to x

not being small enough have also been derived. Recently, a new
type of scaling violations has been predicted [8,21], this one
eventually arising when x becomes even smaller, transform-
ing the geometric scaling regime into an intermediate energy
regime.

In this Letter, we shall consider the case of exact scal-
ing (12). As already mentioned, the resulting prediction for the
DIS total cross-section is in very good agreement with experi-
mental measurements [3] (see also [22]). Our goal is to further
test the geometric scaling regime by considering its predic-
tion for diffractive observables. But, as a reminder, let us start
with the total cross-section. Neglecting quark masses, one can
rewrite the cross-section (6) as

σ
γ ∗p→X
tot

!
x,Q2"

= 2Sp
αemNc

π

$

f

e2
f

∞%

0

r̄ dr̄

1%

0

dz
&
fT(z)K2

1
!'

z(1 − z)r̄
"

(13)+ fL(z)K2
0
!'

z(1 − z)r̄
"(

T

)
Q2

s (x)

Q2 r̄2
*

,

where we have introduced the functions fL(z) = 4z2(1 − z)2

and fT(z) = (z2 + (1 − z)2)z(1 − z) and rescaled the size vari-
able |r| to the dimensionless variable r̄ = Q|r|. We obtain the
geometric scaling of the total cross-section at small x:

(14)σ
γ ∗p→X
tot

!
x,Q2" = σ

γ ∗p→X
tot (τ ), τ = Q2/Q2

s (x).

This has been seen confirmed by experimental data [3] with
Qs(x) given by

(15)Qs(x) = Q0

)
x

x0

*−λ/2

, Q0 ≡ 1 GeV

and the parameters λ = 0.288 and x0 = 3.04 × 10−4 taken
from [4]. In order to illustrate it, Fig. 1 is an update of the origi-
nal plot which shows the cross-section σ

γ ∗p→X
tot as a function of

τ with the latest data of the different experiments which provide
measurements at x < 0.01: the H1 [23], ZEUS [24], E665 [25]
and NMC [26] Collaborations. Except for one E665 point, the

Fig. 1. The total cross-section σ
γ ∗p→X
tot as a function of τ for x < 0.01. The

data are the most recent by the H1, ZEUS, E665 and NMC Collaborations. Only
statistical uncertainties are shown.

data do lie on the same curve. This is even true at low values of
Q2, for which one could have expected scaling violations do to
the charm quark mass, but one can see on Fig. 1 that these are
not sizable (see also [27]).

Let us now consider the diffractive cross-section (7). It can
be rewritten

dσ
γ ∗p→Xp
diff

dβ

!
β, xP,Q2"

= Sp
αemNc

2πβ2

$
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f

1%
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dz z(1 − z)

(16)×
$

λ=L,T

fλ(z)I
2
λ

!
z,β,Q2

s (xP)/Q2"

with the following integral
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!'
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(17)× T

)
Q2
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,

where IT contains K1 and J1 Bessel functions and IL contains
K0 and J0. So, another signature of the saturation regime of
QCD should then be the geometric scaling of the diffractive
cross-section at fixed β and small xP:

dσ
γ ∗p→Xp
diff

dβ

!
β, xP,Q2" = dσ

γ ∗p→Xp
diff

dβ
(β, τd),

(18)τd = Q2/Q2
s (xP).

Fig. 2.10 The total cross-section σ
γ?p→X
tot plotted against τ ≡ ln

(
Q2/Q2

s (x)
)
. Figure taken

from [42].

lution equations were done in [34, 35, 36]. One can also find more comprehensive
discussion on the dipole model in [37, 38, 39, 40, 41].

The observation of geometrical scaling is perhaps the best available experimental
evidence of the existence of the saturationmomentumand the saturation phenomenon
itself. It will be shown later that it is a natural consequence of the non-linear approach
that takes saturation into account. A similar phenomenon is expected to appear in
d-Au collisions at RHIC and p-Pb collisions at the LHC [43].

2.4 Propagation in Random Fields

In the previous sections we discussed the propagation of high energy partons in
the eikonal approximation expressed as Wilson lines in the color field of the target.
The field fluctuations were associated with the gluon density, which allowed us to
obtain the S-matrix for the dipole-nucleus interaction. Here, let us however proceed
differently and assume that, in the time scale of the interaction, the fluctuations of
the color field of the target can be ignored and the field can be approximated as a
classical background field. One still has to calculate the average over events as the
value of that classical background field might change from one event to another.
Such average for an observable O given with a distribution W is

〈O〉 =

∫
DA W [A]O [A] . (2.57)
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The probability to find the background field A at a given event is, in general, hard to
handle and therefore its form has to be a priori assumed. In the following sections
we shall discuss this idea introduced for a simple Gaussian ansatz in the McLerran-
Venugopalan model [44, 45]. An important feature of the model is that it exhibits a
saturation originating from the gluon field self-interaction. It bears strong similarities
to the QCD stochastic vacuum approach from [19]. An alternative way of calculating
averaged Wilson lines non-perturbatively is to take the strong coupling limit in the
AdS/CFT framework [46], but this approach will not be discussed in these lecture
notes.

2.4.1 McLerran-Venugopalan model

Before proceeding into the details of the model, let us recall that the electromagnetic
field created by an electric charge e moving in the negative direction of the z axis, at
the origin of the transverse plane is given by{

E i (x+,x) = e
2π

xi⊥
x2 δ (t + z)

Bi (x+,x) = e
2π

ε i j x
j
⊥

x2 δ (t + z) .
(2.58)

The above equations, in a gauge where A+ = 0, can be rewritten in term of one of
two equivalent gauge potentials

Ai (x+,x) = 0
∂+A− (x+,x) = 0
A− (x+,x) = α (x+,x),

(2.59)

or 
A− (x+,x) = 0

Ai (x+,x) = −
x+∫
−∞

dy+∂iα (y+,x),
(2.60)

with α (x+,x) obeying the Poisson equation.

−∂2
⊥α(x

+,x) = eδ(x+)δ(2)(x) (2.61)

These gauge potentials are related by a gauge transformation independent of x−,

Aµ −→ Aµ +
1
e
∂µθ

(
x+,x

)
. (2.62)

The fields (2.58) play a role of the electromagnetic wave analog - they are transverse
and orthogonal to each other.
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The McLerran-Venugopalan model generalizes this idea to the non-abelian case,
i.e. the field Aµ has to fulfill the following Yang-Mills equations[

Dµ,Fµν
]
= Jν;

[
Dµ, Jµ

]
= 0; Dµ = ∂mu− igAµ, (2.63)

where Jµ plays the role of a color source carried by the valence quarks in the
nucleus. Due to the non-abelian gauge symmetry, Jµ depends on the choice of the
gauge. Let us assume that the nucleus is moving in the negative direction near
the light-cone (x+ = 0). Also, assuming the covariant gauge ∂µAµ = 0, let us define
Jµ(x+,x)= δµ−ρ(x+,x), where ρ is a color charge density.Due toLorentz contraction,
this density sharply jumps along the light-cone axis x+ = 0. This allows it to be
approximated with a Dirac delta. The valence quark density can be then written as

ρa(x+,x) = g
∑

i = 1N valδ(x+i )δ(x−xi)ta(i), (2.64)

where ta(i) is a color matrix in the fundamental representation, Nval = ANc is the
number of valence quarks in a nucleus with the atomic number equal to A.

The most important assumption of the McLerran-Venugopalan model is that the
correlations arising from the valence quarks grouping into color singlet nucleons
are neglected [47]. The color charges of valence quarks are uncorrelated and their
density distribution is aGaussian given by the density-density correlation [48, 44, 49]

〈ρa(x+,x)ρb(y+,y)〉 = δabδ
(
x+− y+

)
δ (x−y) µ

(
x+,b

)
, (2.65)

where the last term µ (x+,b) is the density of valence quarks, and b is the impact
parameter. By integrating both sides of the above equation over x and y, one arrives
at

µ =
g2

2Nc

Nval

πR2 =
g2

2
A
πR2 , (2.66)

where the factor 1/Nc = 2/NcTrtatb comes from the color singlet projection. Anal-
ogously to QED, the color field of valence quarks is fully transverse. In the gauge
(2.59), which is equivalent to the covariant gauge ∂µAµ = 0, the field strength tensor
has a form

Fi−
a = ∂

iαa, (2.67)

where αa = A−a obeys the Poisson equation

−∇2
⊥αa

(
x+,x

)
= ρa

(
x+,x

)
. (2.68)

One may verify that the current J− is conserved. The above equation yields the
following relation between fields and charges in the covariant gauge
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〈αa
(
x+,x

)
αb

(
y+,y

)
〉 = δabδ

(
x+− y+

)
µ
(
x+

) ∫
k

dk
eik·(x−y)

k4
⊥

. (2.69)

The integral part is obviously infrared divergent and requires a cut-off at a scale that
is characteristic to the confinement effects (k⊥ . ΛQCD), which pronounces the fact
that the color fields are screened at distances higher than that scale.

2.5 Non-linear Evolution Equations

The MV model provides a way to calculate the interaction of an elementary dipole
with the random color field of the nucleus. The calculations were done in strict
eikonal approximation and with a Gaussian probability for the random field. The
final result is independent of the rapidity interval between the dipole and the nucleon.
The rapidity dependence appears when one takes into account radiative corrections
(i.e. emission of soft gluons during the interaction process). In this section we will
perform that exact task.

2.5.1 Dipole Operator in a Fixed Background

In order to learn about the role of radiative corrections we shall consider the radiated
gluons as either corrections of the dipole wave function or as fluctuations of the
targets color field. In principle these approaches are equivalent, but they lead to
very different descriptions. When the gluons modify the dipole, its evolution will be
expressed by a cascade of dipoles representing successive soft gluon emissions. On
the other hand, modifying the target is a complicated, even in some cases impossible,
operation. We will not attempt to do it directly. Rather, we will view the target as a
random color field with some probability W[A] that a given field configuration A(x)
occurs during an event. The gluon modification is then assumed to be fully expressed
by the change of W[A] and its form can be derived self-consistently.

We start with the S-matrix of a color dipole

S(x,y) =
1

Nc
tr

(
UxU†y

)
(2.70)

where

Ux = Peig
∫ ∞
−∞

dz+αa (z
+,x)ta (2.71)

and

αa(z+,x) = A−a(z
+,x). (2.72)
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Fig. 2.11 An illustration of the process leading to the evolution of the interaction of a dipole with
the nucleus (shaded area). In the large Nc limit the gluon can be represented by a quark-antiquark
pair (double line in the right image). The interaction with the target of the dipole-gluon system is
then equivalent to an interaction with a pair of independent dipoles. The dashed lines indicate the
color flows, representing the two color singlets emerging from the gluon emission.

The field of the target A−a(z
+,x) is considered a fixed background field. We fix the

gauge so that A+ = 0 and A− , 0.
We assume that the nucleus is moving with rapidityY0 < 0 and denote the rapidity

interval between the dipole and the nucleus as Y , therefore the rapidity of the dipole
isY +Y0. We assume that the dipole rapidity is large, however αsY � 1, which allows
us to describe the process as an interaction of the bare dipole with the target. To
study radiative corrections we will need to depart from the form of Eq.(2.70), in
particular we will need to include the rapidity dependence of the S-matrix.

When the dipole rapidity increases by dY , the probability of emitting a gluon dur-
ing the interactionwith the target increases by dP ∼ αdY . This is depicted in Fig. 2.11.
The dipole therefore transforms into a dipole-gluon system, whose propagation in
the target field in principle differs from that of a single dipole. The leading order
graphs contributing to the Y -dependent S-matrix are shown in Fig. 2.12. Since the
emitted gluons are soft we can treat them using the eikonal approximation (both the
emission vertex and the in-target propagation). This results in an S-matrix equation
of the form

∂YSY (x,y) = −
αsNc

2π2

∫
d2zKxyz [SY (x,y)− SY (x,z)SY (z,y)], (2.73)

where

Kxyz =
(x−y)2

(x− z)2 (y− z)2
. (2.74)

For detailed calculations of the above equation one can read [50]. The term propor-
tional to Kxyzd2zdY gives the probability that a two-color-charge dipole located at
position x and y will emit a gluon at position z [51].
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Fig. 2.12 Evolution of a dipole following an increase in rapidity. The top diagram represents the
bare dipole interacting with the field of the target (shaded area). The second row represents virtual
corrections to the wave function of the dipole. The corrections on the right hand side are not drawn.
The last line represents genuine interactions of a dressed dipole with the target. The propagator of
the soft gluon is an eikonal Wilson line.

The explicit calculation of the diagrams from Fig.2.12 yields divergent expres-
sions. The origin of this divergence is the integration over longitudinal momentum
k+ of the emitted gluon, usually of the form

∫
dk+/k+. Cutoffs need to be introduced

at both ends of the integral. In the previous equations it is assumed that this cutoff
grows as dY (recall that k+ = k⊥ey/

√
2).

The right hand side of Eq. (2.73) can be given a probabilistic interpretation. We
already know that (α/2π)Kxyzd2zdY is the probability of splitting the dipole. In
the limit of a large number of colors it is convenient to interpret this splitting as
a production of two new dipoles, and therefore making them the basic degrees of
freedom [51, 52]. Eq. (2.73) can be written as

SY+dY = SY (1−dP)+ S2
YdP. (2.75)

This means that either the dipole splits with probability dP and the resulting S-matrix
is that of two independent dipoles scattering off the color field A− of the target, or it
does not split (probability 1−dP) and the S-matrix stays the same.

Based on this interpretation we can understand the projectile as a cascade of
dipoles [51] that interact with the target independently (see also [53, 54]). The
evolution of the inclusive one body distribution (dipole density) is given by [55]

∂YnYxy =
αs
2π

∫
z

(
KxzynYxz +KzyxnYzy −KxyznYxy

)
. (2.76)
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where nYxy is the density of dipoles with end points x and y at rapidity Y. The
probabilistic interpretation of this equation is that the dipole [xy] has a chance to
split into dipoles [xz] and [zy] or remain the same, in analogy to Eq. (2.75). The
above equation is formally identical to the BFKL equation, and similarly predicts an
exponential growth of the number of dipoles in the projectile wave function with an
increase of rapidity.

Eq. (2.73) is closed and therefore solvable for a particular realization of the
random color field. This is not very useful for a number of reasons (despite being
attempted for example in [56]). As mentioned before, this equation describes the
interaction of a cascade of independent dipoles with a color field. It ignores possible
interactions between the dipoles themselves. Even if we consider a set of just two
dipoles Sx1y1 Sx2y2 , the evolution of this object would involve radiative corrections
coming from an exchange of gluons between dipoles in addition to independent
dipole propagation. Speaking more plainly [Sx1y1 Sx2y2 ]

Y , SYx1y1 SYx2y2 . This leads to
more complex color structures commonly called quadrupoles, sextupoles etc. The
explicit form of equations resulting from these objects can be found in [57, 58].

Additional problem is that when taking the field-averaged value of S, and therefore
turning it into a real physical quantity, on top of the possible radiative corrections
one introduces additional correlations arising from the fact that all dipole offspring
propagate in the same color field. After taking the average, 〈S2〉 , 〈S〉2, the equation
is not closed anymore. In fact, it becomes the first equation of an infinite hierarchy,
coupling the correlators of an arbitrary number of Wilson lines [59].

2.5.2 Balitsky–Kovchegov equation

The Balitsky-Kovchegov equation [59, 60] is obtained from Eq.(2.73) assuming
that, in the large Nc limit, one can neglect the correlations between two propagating
dipoles that originate from the same background field, namely

〈Sy
x,zSy

z,y〉 ≈ 〈S
y
x,z〉〈S

y
z,y〉. (2.77)

This means that Eq.(2.73) can be approximated as follows

∂y 〈S
y
x,y〉y0 = −

αsNc

2π2

∫
z

Kxyz{〈S
y
x,y〉y0 − 〈S

y
x,z〉〈S

y
z,y〉y0 } (2.78)

Eq.(2.78) possesses two fixed points, which can be identified by writing the equation
schematically

∂yS+ S(1− S) = 0. (2.79)

The fixed points are then equal to S = 0 and S = 1, with S = 0 corresponding to
the black disk limit, and S = 1 to the color transparency. By variating the equation
around these fixed points, S→ Sfp + δS, one gets
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∂yδS = −(1− S)δS+ SδS, (2.80)

and finds that S = 0 corresponds to the stable solution, whereas S = 1 to the unstable
one. For a further analysis of the latter fixed point, let us denote S = 1−T . Eq. (2.78)
then turns into

∂yTxy =
αsNc

2π2

∫
z

Kxyz〈Txz+Tzy−Txy−TxzTzy〉 (2.81)

In the first approximation, around fixed points, the term quadratic in T may be
safely dropped. Eq. (2.81) is the BFKL equation in the coordinate space. We have
argued in previous sections that the solution of the BFKL evolution equation grows
exponentially with rapidity. One can associate the growth of the scattering amplitude
with the growth of the dipole density. This, in turn, increases the probability of the
interaction of the initial dipole. On the other hand, it can be also attributed to the
change in the properties of the target, i.e., the growth of the saturation momentum.
The projectile knows nothing about the target, except of a scale that enters the dipole
cross-section, which is one of the characteristics of the interaction.

Turning to the fixed point S = 0, one notices that with the system evolving,
the density of dipoles increases, and eventually the probability that two dipoles
interact becomes close to unity. Here, the saturation occurs because the density of
the dipoles in the projectile increases to the point where two dipoles tend to interact
simultaneously with the target.

2.6 Conclusions

From all of the above considerations we can clearly see a striking feature of the high
gluon density systems, namely the phenomenon of saturation. It can manifest itself
in various ways, the slowing down of the growth of the gluon distribution function
with increasing energy, the cross section unitarization, specific color correlations etc.
Saturation defines a particular scale, the saturation momentum, which correspond-
ingly also has multiple interpretations: separation scale for dilute and dense partons,
perturbation theory threshold, momentum broadening for partons propagating in
medium, color correlation length etc. This saturation momentum emerges naturally
from the non linear evolution equations that control the growth of gluon densities. Its
value is typically Qs � ΛQCD leading to a reasonably small coupling constant and
therefore making dense systems of partons amenable to a weak coupling description.

Seeing how the saturation momentum is the only important scale at high energies,
it must play an important role in the phenomenology of DIS and heavy ion collisions.
It is from heavy ion collision experiments that we obtained the best evidence of its
existence, the geometric scaling phenomenon. Efforts are being made to identify
robust features that can be directly related to high density gluonic systems and in
fact a consistent and coherent phenomenology is emerging. Still, much needs to be
done, especially in terms of small-x parton systems.
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Completing the picture requires more theoretical work. Current state-of-the-art
frameworks put emphasis onWilson lines emerging from the eikonal approximation.
They typically describe the propagation of the partons of a projectile through the
color field of a target. Without them the description of propagation in strong fields or
multiple scatteringwould be impossible. Averaging this field is in general impossible,
except by using models such as MV. The variation with energy of this average is
governed by non linear evolution equations and currently a great deal of effort is
being made to improve them. There are still many challenges in high energy physics
to be resolved, but progress is being made.
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Chapter 3
Hydrodynamic description of ultrarelativistic
heavy-ion collisions

Wojciech Florkowski

Abstract In this chapter, recent theoretical developments of relativistic hydrodynam-
ics applied to ultrarelativistic heavy-ion collisions are briefly reviewed. In particular,
the concept of a formal gradient expansion is discussed, which is a tool to compare
different hydrodynamic models with underlying microscopic theories.

3.1 Introduction

The data collected in heavy-ion experiments performed at RHIC and the LHC are
interpreted as the evidence for formation of an equilibrated strongly interacting
matter that exhibits collective, fluid-like behavior. This new state of matter has been
named a strongly interacting quark-gluon plasma (QGP). Theoretical description
of plasma space-time evolution is based on vast applications of relativistic viscous
hydrodynamics whose methods and applicability range are now very intensively
studied.

In these lectures, several new developments within relativistic hydrodynamics
used in the context of heavy-ion physics are presented. These developments refer,
in particular, to: 1) the very concept of relativistic hydrodynamics as a universal
description of systems approaching local equilibrium, 2) different formulations of
relativistic hydrodynamics and methods that can be used to make comparisons
between such formulations, and 3) the physical concept of early hydrodynamization
that has replaced recently the idea of early thermalization of matter produced in the
collisions.

The field of relativistic hydrodynamics is very broad and very actively analyzed at
the moment, so these lectures cover necessarily only a few topics. For a general text
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that tries to answer the question what relativistic hydrodynamics is we refer to [1].
Other recent reviews on relativistic hydrodynamics used for heavy-ion collisions
can be found in [2, 3, 4, 5, 6]. The classical text on hydrodynamics is [7] and
its modern version can be found in [8]. Several textbooks are also available now
that discuss relativistic hydrodynamics as a part of heavy-ion physics [9, 10, 11].
The connections between hydrodynamics, heavy-ion physics and string theory are
discussed in [12, 13, 14].

In the remaining part of Introduction we introduce the standard model of heavy-
ion collisions, discuss basic hydrodynamic concepts, define perfect-fluid and Navier-
Stokes hydrodynamics, and present the insights from the AdS/CFT correspondence
and the kinetic theory in the relaxation time approximation (RTA).

3.1.1 Standard model of heavy-ion collisions

Nowadays, one speaks often about the standard model of ultrarelativistic heavy-ion
collisions, which separates the space-time evolution of the producedmatter into three
stages.

The first stage, lasting for about 1–2 fm/c after the initial impact, describes the
matter that is highly out of equilibrium. To large extent, during this early time, the
initial conditions for further evolution of matter are fixed. They can be determined
by using, for example, the Glauber model which is based on simple geometric
concepts [11]. In this case, the initial energy density of the system in the transverse
plane reflects the distribution of nucleons in the colliding nuclei. In the first stage
the hard probes are emitted: heavy quarks, jets and energetic photons. From a new
theoretical perspective, the first stage can be called the hydrodynamization stage, i.e.,
the stage where the produced matter becomes eventually well described by equations
of viscous hydrodynamics.

The second stage describes the hydrodynamic expansion of matter and lasts for
about 10 fm/c (for central collisions of large nuclei). During this stage, a phase
transition from the quark-gluon plasma to a hadronic gas takes place. It is built into
the hydrodynamic equations through the use of the appropriate equation of state [15].
The hydrodynamic expansion leads to local equilibration, namely, to the situation
where dissipative processes become negligible. The evidence for local equilibration
comes from numerous successes of so called thermal models which analyze the
ratios of hadronic abundances, for example, see [16] and references therein.

The final, third stage of the evolution of matter is called the freeze-out and
describes decoupling of strongly interacting gas of hadrons into individual particles
that are finally detected in heavy-ion experiments. In this lecture we shall not discuss
the freeze-out process which is analyzed in a separate lecture by Ryblewski. We
shall not discuss the effects of finite baryon density either, just concentrating on the
collisions at the top available energies at RHIC and the LHC.
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hydro expansioninitial conditions
hadronic

freeze-out

hydrodynamization

STANDARD MODEL (MODULES) of HEAVY-ION COLLISIONS

Glauber or CGC or AdS/CFT viscous THERMINATOR or URQMD

FLUCTUATIONS IN THE INITIAL STATE / EVENT-BY-EVENT HYDRO / FINAL-STATE FLUCTUATIONS

EQUATION OF STATE = lattice QCD

1 < VISCOSITY < 3 times the lower bound

Fig. 3.1 Schematic view of the standard model of heavy-ion collisions where the evolution of
matter is separated into three stages (description in the text).

3.1.2 Basic hydrodynamic concepts

In classical physics hydrodynamics deals with liquids in motion. It is a subdiscipline
of fluid mechanics (fluid dynamics) which deals with both liquids and gases [7].
Liquids, gases, solids and plasmas are states of matter, characterized locally by
macroscopic quantities, such as energy density, temperature or pressure. States of
matter differ typically by compressibility and rigidity – liquids are less compressible
than gases, solids are more rigid than liquids. We learn at school that a typical
liquid conforms to the shape of its container but retains a (nearly) constant volume
independent of pressure. A classical, natural explanation of different properties of
liquids, gases, solids and plasmas is achieved within atomic theory of matter.

It is important for modern applications that hydrodynamics, similarly to thermo-
dynamics, may be formulated without explicit reference to microscopic degrees of
freedom 1. This is important if we deal with a strongly interacting QGP interacting
matter — in this case neither hadronic nor partonic degrees of freedom seem to be
adequate degrees of freedom.

The information about the state of matter is, to large extent, encoded in the
structure of its energy-momentum tensor (equation of state, kinetic (transport) co-
efficients). This structure may be a priori determined by modeling of heavy-ion
collisions. We are in some sense lucky that this scenario has been indeed realized.
This is so, because the created system indeed evolves toward local equilibrium state,
as we pointed out in the previous section discussing the applicability of thermal
models.

The current understanding is that hydrodynamics can be treated as an effective
theory describing approach of physical systems toward local equilibrium [1]. Dur-
ing such an equilibration process different modes in the system are excited, which

1 This point of view will be explicitly presented below in Sec. 4.3.3.
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can be classified as either transient or long-lived ones. The former are called the
non-hydrodynamic modes, while the latter are called hydrodynamic ones. Genuine
hydrodynamic behavior is attributed to the hydrodynamic modes, whose lifetime can
be made larger by lowering the spatial variations of various physical variables such
as energy density or pressure.

From this perspective it may come as surprise that hydrodynamic models used at
themoment to analyze the heavy-ion data are based on the systems of equationswhich
include both non-hydrodynamic and hydrodynamic modes. This is so because such
models are constructed as approximations to microscopic theories which naturally
include all kinds of excitations. The hydrodynamic modeling reveals the authentic
hydrodynamic behavior of the systems only if it is not sensitive to the transient
modes [17, 18, 19].

3.1.3 From global to local equilibrium

As hydrodynamical behavior is characteristic for system approaching equilibrium let
us introduce first the concepts of global and local equilibrium which are defined by
the specific forms of the energy-momentum tensor. The global equilibrium energy-
momentum tensor in the fluid rest-frame is given by the expression [7]

TµνEQ =
©«
EEQ 0 0 0

0 P(EEQ) 0 0
0 0 P(EEQ) 0
0 0 0 P(EEQ)

ª®®®¬ . (3.1)

Here we assume that the equation of state is known, so the equilibrium pressure P
is a given function of the energy density EEQ. In an arbitrary frame of reference we
have

TµνEQ = EEQuµuν −P(EEQ)∆
µν, (3.2)

where uµ is a constant velocity, and ∆µν is the operator that projects on the space
orthogonal to uµ, namely 2

∆
µν = gµν −uµuν, ∆µνuν = 0. (3.3)

The concept of local equilibrium is introduced by allowing the variables E and uµ

to depend on the spacetime point x

Tµνeq (x) = E(x)u
µ(x)uν(x)−P(E(x))∆µν(x). (3.4)

Here, the subscript “eq” refers to local thermal equilibrium. The energy-momentum
tensor (3.4) describes perfect fluid. Local effective temperature T(x) is determined

2 We use the metric tensor gµν = diag(+,-,-,-).
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by the condition that the equilibrium energy density at this temperature agrees with
the non-equilibrium value of the energy density, namely

EEQ(T(x)) = Eeq(x) = E(x). (3.5)

The variablesT(x) and uµ(x) are fundamental fluid/hydrodynamic variables. The rel-
ativistic perfect-fluid energy-momentum tensor (3.4) is the most general symmetric
tensor which can be expressed in terms of these variables without using derivatives.

Dynamics of the perfect fluid is determined by the conservation equations of the
energy-momentum tensor

∂µTµνeq = 0. (3.6)

These are four equations for the four independent hydrodynamic fields (T(x) and
three independent components of uµ(x)). In this way one obtains a self-consistent
theoretical framework. It is important to notice that dissipation does not appear in the
perfect-fluid dynamics. The projection of Eq. (3.6) along uν(x) leads to the entropy
conservation law

∂µ(Suµ) = 0. (3.7)

The quantity S is the entropy density. The other three components in Eq. (3.6)
correspond to the non-relativistic Euler equation.

3.1.3.1 Landau and Bjorken models

The two famous perfect-fluid hydrodynamic models of particle production were
formulated in the past by Landau [20] and Bjorken [21]. Till now we refer frequently
to them discussing different initial conditions used for hydrodynamic equations.
In the Landau model [20], the matter produced in a collision forms initially a
highly compressed disk. The equations of perfect fluid are then used to determine
a one-dimensional expansion of matter along the collision axis. The Landau initial
conditions correspond to so called full stopping scenario with high initial baryon
number density in the central part of the collision region. On the other hand, in the
Bjorken model we deal with so called transparency regime and typically negligible
baryon number density in the central region. The Bjorken model [21] is motivated
by the observation that fast particles are produced later and further away from the
collision center than the slow ones. It is possible to account for this effect in the
hydrodynamic description by imposing special initial conditions. In the Bjorken
model they are implemented by the assumption that hydrodynamic expansion is
invariant with respect to longitudinal Lorentz boosts (commonly known as boost
invariance).

A popular expectation is that the Landau model is more appropriate for low-
energy collisions, while the Bjorken model is suitable for description of high-energy
processes. In practice one encounters sometimes Landau-like features at high ener-



68 Wojciech Florkowski

gies and Bjorken-type features at low energies. For example, the rapidity distribution
of the produced pions has usually (at low and high energies) a Gaussian shape that
naturally follows from the Landau model. This means that real modeling should be
done with advanced three-dimensional hydro codes rather than with simple analytic
models. The latter can be used to make simple estimates. In particular, the Bjorken
model is commonly used to make an estimate of the initial energy density in the
central region at the time when matter becomes equilibrated. Such estimates usually
indicate that this energy is much larger than the critical energy corresponding to the
phase transition.

3.1.4 Navier-Stokes hydrodynamics

In order to include dissipation in hydrodynamics, one adds a dissipative part Πµν to
the perfect-fluid form of the energy-momentum tensor and constructs the complete
Tµν as

Tµν = Tµνeq +Π
µν, (3.8)

where Πµνuν = 0, which corresponds to the Landau definition of the hydrodynamic
flow uµ

Tµνuν = E uµ = Eeq uµ . (3.9)

It is useful to further decompose Πµν into two components,

Π
µν = πµν +Π∆µν, (3.10)

where Π is the bulk viscous pressure (the trace part of Πµν) and πµν is the shear
stress tensor. The latter is symmetric, πµν = πνµ, traceless, πµµ = 0, and orthogonal
to uµ, πµνuν = 0.

In the Navier-Stokes 3 theory, the bulk pressure and shear stress tensor are given
by the gradients of the flow vector

Π = −ζ∂µuµ, πµν = 2ησµν . (3.11)

Here ζ and η are the bulk and shear viscosity coefficients, respectively, and σµν is
the shear flow tensor defined as

σµν = ∆
µν
αβ∂

αuβ, (3.12)

where the projection operator ∆µναβ has the form

3 Claude-Louis Navier, 1785–1836, French engineer and physicist, Sir George Gabriel Stokes,
1819–1903, Irish physicist and mathematician. The relativistic versions of their hydrodynamic
equations were introduced by Eckart and Landau.
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∆
µν
αβ =

1
2

(
∆
µ
α∆

ν
β +∆

µ
β∆

ν
α

)
−

1
3
∆
µν
∆αβ . (3.13)

The shear viscosity describes the fluid’s reaction to the local change of its shape,
while the bulk viscosity describes the reaction to a change of volume. For conformal
systems, the bulk viscosity vanishes

0 = Tµµ = E −3P︸  ︷︷  ︸
=0

−3Π+ π
µ
µ︸︷︷︸
=0

= −3Π, Π = 0. (3.14)

In the Navier-Stokes theory the complete energy-momentum tensor has the struc-
ture

Tµν = Tµνeq + π
µν +Π∆µν = Tµνeq +2ησµν − ζθ∆µν (3.15)

and we use again four equations,

∂µTµν = 0, (3.16)

for four unknowns: T(x) and three independent components of uµ(x). It turns out,
however, that the use of (3.15) in the conservation laws (3.16) leads to problems con-
nected with causality and stability of the solutions [22, 23]. Therefore, the framework
based on (3.15) and (3.16) should be abandoned in most of practical applications.

At this place we note that the form (3.15) can be treated as an expansion of the
energy-momentum tensor in gradients of T and uµ(x) around local equilibrium up
to the terms of the first order in gradients

Tµν = Tµνeq + π
µν +Π∆µν = Tµνeq +2ησµν − ζθ∆µν︸             ︷︷             ︸

first order terms in gradients

. (3.17)

One can try to generalise this approach by adding further gradients

Tµν = Tµνeq +2ησµν − ζθ∆µν︸             ︷︷             ︸
first order terms in gradients

+ .......................︸              ︷︷              ︸
second order terms in gradients

+ . . . (3.18)

It turns out, however, that this strategy does not lead to any improvements. As the
matter of fact, as indicated by Heller, Janik, and Witaszczyk [24], this type of the
gradient expansion is an asymptotic series with the convergence radius zero. We
shall come back to the formal aspects of the gradient expansion in Sec. 9.6.

Although the approach based on (3.15) and (3.16) suffers from many conceptual
and practical problems, the form (3.15) turns out to be a very good approximation to
many energy-momentum tensors of the systems approaching local equilibrium. The
resolution of this paradox lies in the observation that Eqs. (3.15) and (3.16) include
only hydrodynamic modes, while microscopic theories include both. Therefore,
hydrodynamic models used for interpretation of the data should go beyond the
simple scheme based on (3.15) and (3.16).



70 Wojciech Florkowski

3.1.5 Insights from AdS/CFT

By replacing the quark sector of QCD by a matter sector consisting of 6 scalar fields
and 4 Weyl spinor fields one obtains a Yang-Mills theory which is conformal and
finite N= 4 SYM theory. In 1990s Maldacena [25] and other authors (Gubser et
al. [26], Witten [27]) realized that this quantum field theory, taken in the ’t Hooft
limit, is a string theory that can be studied with the methods of classical gravity.

Although QCD andN= 4 SYM is quite different (apart from the gluon sector), at
sufficiently high temperatures these differences become less prominent. In particular,
the two theories seem to have a small value of the shear viscosity to entropy density
ratio. For heavy-ion physics the important point is thatN= 4 SYMprovides a reliable
means of observing how hydrodynamic behavior appears in a strongly coupled
nonequilibrium system.

In the studies of thermalization, one considers commonly the difference of pres-
sures components for a one-dimensional, boost-invariant expansion,

R ≡
PT −PL

P
. (3.19)

Here PL (PT ) is the pressure acting along (transversly to) the beam direction and
P is the equilibrium pressure corresponding to the effective temperature T of the
system. Introducing a dimensionless variable

w = τT(τ), (3.20)

where τ =
√

t2− z2 is the proper time and T is the effective temperature, and the
dimensionless function

f (w) =
τ

w

dw
dτ

(3.21)

we find [28, 29]

f (w) =
2
3
+

R
18
. (3.22)

Computing f (w) within N= 4 SYM at late times one finds [30]

f (w) =
2
3
+

1
9πw

+
1− log2
27π2w2 +

15−2π2−45log2+24log2 2
972π3w3 + . . . . (3.23)

The first term in this expansion corresponds obviously to the perfect-fluid case
with R = 0. The second term describes a correction due to the shear viscosity that
corresponds to the famous Kovtun-Son-Starinets lower bound [31]

η

S
=

1
4π
. (3.24)
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We note that this value is smaller than that of any other known substance, including
superfluid helium.

The expansion of f (w) contains only inverse integer powers of w

f (w) =
∞∑
n=0

fnw−n. (3.25)

The computation of further coefficients fn was done and showed that this series has
zero convergence radius [24]. Thus, the series (3.25) cannot be treated as a good
approximation for the exact functions f (w). Nevertheless, the first terms become a
very good approximation for the exact solutions at late times. This agreement may
be attributed to the real hydrodynamic behavior manifested by the system evolving
toward local equilibrium. Interestingly, the agreement between exact solutions and
the first terms in (3.25) sets in at rather early times (inversely proportional to
the initial effective temperature) when the system is anisotropic in the momentum
space [28, 29]. This observation led to the concept of early hydrodynamization of
matter that replaced the idea of early thermalization.

Let us note that the idea of early thermalization was introduced in the context
of perfect-fluid hydrodynamics used to describe the RHIC data. The hydrodynamic
fits favoured early starting time (∼ 0.5 fm/c) of the evolution. Since perfect-fluid
hydrodynamics assumes local equilibrium, successful perfect-fluid fits with early
starting time suggested early thermalization. The situation has changed with the use
of viscous codes. Although the shear viscosity (divided by the entropy density) is
small, the initial flow gradients are large and this leads to large corrections to the
equilibrium pressure.

3.1.6 RTA kinetic equation

Several results discussed below refer to the kinetic-theory approach in the relaxation
time approximation. Thus, before we continue our discussion of heavy-ion phe-
nomenology and various hydrodynamic concepts, it is useful to define this frame-
work.

The Boltzmann kinetic equation in the relaxation time approximation has the
form

pµ∂µ f (x, p) = C[ f (x, p)], (3.26)

where the collision term is given by the expression [32]

C[ f ] = pµuµ
f eq− f
τrel

. (3.27)

In the case of Boltzmann (classical) statistics, the equilibrium background distribu-
tion is
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f eq =
gs

(2π)3
exp

(
−

pµuµ
T

)
, (3.28)

where T is an effective temperature; T is chosen locally in such a way that f eq(x, p)
yields the same energy density as f (x, p), which is consistent with Eq. (3.5).

For boost invariant systems, Eq. (3.26) is reduced to a simple differential equa-
tion [33, ?, 35, 36]

∂ f (τ,u,v)
∂τ

=
f eq(τ,u,v)− f (τ,u,v)

τeq
, (3.29)

where we have introduced the variables u = tpL − zE and v = tE − zpL [37, 38], and
the equilibrium distribution function equals

f eq(τ,u, pT ) =
gs

(2π)3
exp

©«−
√
(u/τ)2+ p2

T

T

ª®®¬ . (3.30)

The formal solution of Eq. (3.30) is

f (τ,u, pT ) = D(τ, τ0) f0(u, pT )+

τ∫
τ0

dτ′

τeq(τ′)
D(τ, τ′) f eq(τ′,u, pT ). (3.31)

where D is the damping function

D(τ2, τ1) = exp
−

τ2∫
τ1

dτ′′

τeq(τ′′)

 (3.32)

and f0 denotes the initial distribution.
The RTA kinetic theory has become a popular tool in many theoretical studies

because: 1) the simple form of the collision term allows for straightforward calcu-
lations of the kinetic coefficients [39, 40, 41], 2) the knowledge of exact solutions
can be used to verify which hydrodynamic model is the best approximation of the
kinetic-theory results [35, 36, 42, 43], 3) the results described in this section can be
generalised to the case of finite particle mass [44], which allows for studies of the
bulk pressure and shear-bulk coupling effects [45], 4) the formal gradient expansion
can be done for this model [46] and compared with similar expansions done for
hydrodynamic approaches.
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3.2 Basic dictionary for phenomenology

In this section we very briefly discuss how hydrodynamic modeling of heavy-ion
collisionmay bring us information about properties of strongly interacting QGP such
as the viscosity coefficients η and ζ , and the equation of state.

3.2.1 Glauber model

The Glauber model treats a nucleus-nucleus collision as a multiple nucleon-nucleon
collision process (for a review of this approach see, for example, Ref. [11]). In this
approach, the nucleon distributions in nuclei are random and given by the nuclear
density profiles (Woods-Saxon densities for large nuclei), while the elementary
nucleon-nucleon collision is described by the total inelastic cross section σNN. In
the original formulation, the Glauber model was applied to elastic collisions only.
In this case a nucleon does not change its properties in individual collisions, so all
nucleon interactions can be well described by the same cross section. In subsequent
applications of the Glauber model to inelastic collisions, one assumes that after
a single inelastic collision an excited nucleon-like object is created that interacts
basically with the same inelastic cross section with other nucleons. The starting point
for the Glauber model is the eikonal approximation – the classical approximation
to the angular momentum l, that is applied to the standard expansion of the elastic
scattering amplitude.

The Glauber model can be used to determine the probability of having n inelastic
binary nucleon-nucleon collisions in a nucleus-nucleus collision at the impact pa-
rameter b. The Glauber model can be also used to calculate the number of nucleons
that participate in a collision. To be more precise one distinguishes between the
participants which may interact elastically and the participants which interact only
inelastically. The latter are called the wounded nucleons [47].

The results obtained within the Glauber model can be directly used as an input for
hydrodynamics. In this case, one assumes that the initial energy density (or entropy
density) is proportional to the density of sources (for particle production) that are
identified with binary collisions and wounded nucleons. In many calculations one
simply uses a linear combinations of the density of binary collisions and wounded
nucleons to define the initial entropy density in hydrodynamic codes. This procedure
assumes implicitly equilibration (in the case where the perfect-fluid hydrodynamics
is used) or hydrodynamization (if viscous hydrodynamics is used) of matter at the
starting time when hydrodynamic equations are initialized.
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3.2.2 Harmonic flows

At high energies one usually distinguishes between the longitudinal direction (along
the beam axis) and the transverse plane (orthogonal to the beam). Then, one intro-
duces the transverse mass of the produced particles as

mT =

√
m2+ p2

T =

√
m2+ p2

x + p2
y . (3.33)

The measure of the longitudinal momentum of a particle is rapidty

y =
1
2

ln
(E + pL)

(E − pL)
= arctanh

( pL

E

)
= arctanh (vL) . (3.34)

The region y ≈ 0 in the center-of-mass frame of the colliding nuclei is called the
central region. At ultrarelativistic collisions, in this region the energy density of the
produced particles is the highest, while the baryon number density is the lowest (this
feature can be easily explained in the color-flux-tube models in which the baryon
number is carried by the ends of the tubes, while the baryon free matter is produced
by the tube decays, see also our comments about the Bjorken model in Sec. 3.1.3.1).
The central region is a very suitable place for making basic comparisons between
various model predictions and the data. Since the baryon number density in this
region may be neglected, the equation of state characterising matter in this region
can be obtained directly from lattice simulations of QCD [15].

The produced particles are characterized by their spectra in rapidity and transverse
momentum, which are commonly written in the form

dN
dyd2pT

=
dN

2πpT dpT dy

[
1+

∞∑
k=1

2vk cos
(
k(φp −Ψk)

) ]
. (3.35)

The angle φp is the azimuthal angle of the three-momentum in the transverse plane,
whereas the anglesΨk define reaction planes (different for each value of k). Equation
(3.35) is nothing other but the Fourier decomposition of the transverse-momentum
distribution, with the harmonic flow coefficients vk characterising the strength of
different types of the transverse-momentum anisotropy (v1, v2, and v3 are called the
directed, elliptic [48], and triangular flow [49], respectively).

A great accomplishment of hydrodynamic modeling of heavy-ion collisions is
the explanation of the measured values of the harmonic flows [6], in particular of
the elliptic flow [48]. In the hydrodynamic approach, the non-zero values of vk
reflect asymmetries in the initial distribution of the energy density — hydrodynamic
evolution transforms asymmetry of the initial shape of the collision region into
asymmetry of the measured momentum distribution. Very important physical role is
played here by fluctuations in the initial state, which lead to non-zero values of odd
harmonic coefficients.

It turns out, that the hydrodynamic predictions of the magnitude of the elliptic
flow are sensitive to the assumed value of the shear viscosity [50]. This allows for
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quantitative determination of the shear viscosity to the entropy density ratio that lies
in the range 1/(4π) ≤ η/S ≤ 2.5/(4π) [51], which is very close to the AdS/CFT
lower bound (3.24). The measurements of the correlations between produced pions
give information about the space-time extensions of the produced system, which are
affected by the system’s equation of state. This allows for experimental selection
of the proper equation of state, which turns out to be consistent with the lattice
simulations of QCD [52, 53]. In the coming years, the bulk viscosity can be also
estimated by the experiment data, so that the two main kinetic coefficients of the
QGP will be determined [54, 55].

3.3 Viscous fluid dynamics

3.3.1 Müller-Israel-Stewart theory

Let us now turn to discussion of different hydrodynamic frameworks. In the Navier-
Stokes theory, the bulk pressure and the shear stress tensor are defined directly by
the effective temperature and the form of the hydrodynamic flow, see Eq. (3.11). As
we have mentioned above, this leads to conceptual and practical problems if such
a framework is applied to model physical processes (problems with causality and
stability).

In theMüller-Israel-Stewart theory [56, 57, 58], the bulk pressure,Π, and the shear
stress tensor, πµν , are promoted to independent dynamic variables which satisfy the
following two differential equations

ÛΠ+
Π

τΠ
= −βΠθ, (3.36)

Ûπ 〈µν〉 +
πµν

τπ
= 2βπσµν . (3.37)

Here τΠ and τπ are called the relaxation times and the coefficients βΠ and βπ are
chosen in such a way that η = βπτπ and ζ = βΠτΠ . The dots on the left-hand sides
of (3.36) and (3.37) denote the convective time derivative uµ∂µ and the angular
brackets denote contraction with the projector ∆µναβ defined by Eq. (3.13). In the case
where the terms with the dots are negligible compared to the terms containing the
relaxation times, one reproduces the Navier-Stokes limit.

It is interesting to study initial dynamics of a system that is uniform in space but
anisotropic in the momentum space. In this case θ = 0 and σµν = 0 at the initial time,
however, initial values of Π and πµν are, in general, different from zero. According
to Eqs. (3.36) and (3.37) the initial dynamics of such a system is described by
exponential decays of Π and πµν . The timescales for these decays are set by τΠ and
τπ , respectively. This example illustrates a common situation, where initial dynamics
of a system is dominated by transient, fast decaying modes. Such modes are known
in the literature as non-hydrodynamic modes — the modes whose frequency ω(k)
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does not vanish in the limit where the wave vector k vanishes. The modes satisfying
the condition ω(k) → 0 for k→ 0 are known as hydrodynamic modes.

During the time evolution of a system toward local and possibly global equilib-
rium, at first the non-hydrodynamic modes play a role and later the hydrodynamic
modes become important. The behavior dominated by hydrodynamic modes corre-
sponds to genuine hydrodynamic behavior that can be described by a few effective
parameters such as the viscosity coefficients η and ζ .

Structures such as Eqs. (3.36) and (3.37) appear naturally if hydrodynamic
equations are derived from the kinetic theory.As thematter of fact, in such derivations
more terms are found than those appearing in (3.36) and (3.37). For example, many
viscous hydrodynamic models of heavy-ion collisions have the structure [59, 60, 61,
62]

ÛΠ+
Π

τΠ
= −βΠθ −

ζT
2τΠ
Π ∂λ

(
τΠ
ζT

uλ
)
, (3.38)

Ûπ 〈µν〉 +
πµν

τπ
= 2βπσµν −

ηT
2τπ

πµν ∂λ

(
τπ
ηT

uλ
)
. (3.39)

In the following we shall refer to Eqs. (3.38) and (3.39) by the acronym MIS.

3.3.2 DNMR theory

In order to check which terms should appear in the hydrodynamic equations one
should introduce certain expansion parameters and count their powers. In the context
of the kinetic theory (treated as an underlying microscopic theory for an effective,
hydrodynamic description) such an expansion has been rigorously performed by
Denicol, Niemi, Molnar and Rischke (DNMR) [63, 64, 65].

In their works, DNMR derive a general expansion of the phase space distribution
function δ f (x, p) = f (x, p) − feq(x, p) in terms of its irreducible moments. In the
second step, exact equations of motion for these moments are derived. In general,
there is an infinite number of such equations and one deals with infinite number of
coupled differential equations in order to determine the time evolution of the system.
However, substantial reduction of the number of equations is possible, if the terms
are classified according to a systematic power-counting scheme in the Knudsen and
inverse Reynolds numbers 4. As long as one keeps terms of second order (in both
parameters) the equations of motion can be closed and expressed in terms of only
14 dynamical variables.

The DNMR formalism can be applied for a general collision term. In the case
where one uses a simplified RTA form of the collision term, see Sec. 3.1.6, and
neglects vorticity, the DNMR equations have the following structure

4 The Knudsen number is the ratio of the characteristic microscopic and macroscopic scales de-
scribing the system. The inverse Reynolds numbers count the corrections in powers of

√
πµνπµν/P

and Π/P.
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ÛΠ+
Π

τΠ
= −βΠθ − δΠΠΠθ +λΠππ

µνσµν, (3.40)

Ûπ 〈µν〉 +
πµν

τπ
= 2βπσµν − δπππµνθ − τπππ 〈µγ σν〉γ +λπΠΠσ

µν . (3.41)

The terms δΠΠ , λΠπ , δππ , τππ , λπΠ are new kinetic coefficients (compared to MIS).
Their form follows directly from the RTA collision term. An interesting feature of
Eqs. (3.40) and (3.41) is the presence of coupling between the bulk and shear
sectors — terms proportional to λΠπ and λπΠ [45].

3.3.3 BRSSS theory

The DNMR approach constructs hydrodynamic equations in a direct relation to the
kinetic theory. It is possible, however, to construct hydrodynamic equations without
reference to any microscopic model or theory. An example of such a formulation for
conformal systems is the method worked out by Baier, Romatschke, Son, Starinets,
and Stephanov (BRSSS) [66]. In this formulation one constructs first the shear stress
tensor out of gradients of the effective temperature T and the flow vector uµ. This
construction is based on the gradient expansion and includes all terms up to the
second order which are allowed by the Lorentz and conformal symmetry. Among
several allowed terms, the expression for πµν contains the term Ûσµν . Using the first
order relation between πµν andσµν , namely the Navier-Stokes relation πµν = 2ησµν ,
one can replace the term Ûσµν by an expression containing Ûπµν . In thisway, one obtains
a dynamic equation for the shear stress tensor, which has the form familiar from the
MIS or DNMR theories.

What is important in the BRSSS approach is that it does not refer directly to
any microscopic theory. The kinetic coefficients that appear in this approach should
be matched to any underlying theory or the experiment. If one neglects the terms
icluding vorticity and space-time curvature, the BRSSS equation take the form [66]

Π = 0, (3.42)

Ûπ 〈µν〉 +
πµν

τπ
= 2βπσµν −

4
3
πµνθ +

λ1

τπη2 π
〈µ
λ π

ν〉λ. (3.43)

Equation (3.42) reflects the fact that we deal with conformal systems. The term λ1
is a new kinetic coefficient.

3.3.4 Anisotropic hydrodynamics

As we have discussed above, viscous hydrodynamics can be derived as expansion
of the underlying microscopic kinetic theory in the Knudsen and inverse Reynolds
numbers around the local equilibrium state [65]. This type of expansion may be
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questioned in the situation where space-time gradients and/or deviations from the
local equilibrium are large. The goal of the anisotropic hydrodynamics program is
to create a dissipative hydrodynamics framework that is better suited to deal with
such cases (for a recent review see [5]).

The initial ideas of anisotropic hydrodynamics were introduced in Refs. [67, 68],
see also [69, 70]. They were restricted to the boost-invariant, one-dimensional case.
The framework of [67] was based on the energy-momentum conservation law and
used a specific ansatz for the entropy source term that defined the off-equilibrium
dynamics. The approach of [68] was based on the kinetic theory, and employed the
zeroth and first moments of the Boltzmann kinetic equation in the relaxation time
approximation.

Subsequent developments of anisotropic hydrodynamicswere basedmainly on the
kinetic theory and can be classified as perturbative and non-perturbative schemes. In
the perturbative approach [71, 72, 73] one assumes that the phase-space distribution
function has the form f = fRS + δ f , where fRS is the leading order described by
the Romatschke-Strickland form [74], accounting for the difference between the
longitudinal and transverse pressures, while δ f represents a correction. In this case,
advancedmethods of traditional viscous hydrodynamics (followingDNMR) are used
to restrict the form of δ f and to derive hydrodynamic equations. In this way non-
trivial dynamics may be included in the transverse plane and, more generally, in the
full (3+1)D case. In the non-perturbative approach one starts with the decomposition
f = faniso + δ f , where faniso is the leading order distribution function given by the
generalised RS form. In this case, all effects due to anisotropy are included in
the leading order, while the correction term δ f is typically neglected. The latest
development in this direction is known as the anisotropic matching principle [75].

Anisotropic and viscous hydrodynamics predictions have been checked against
exact solutions available for the Boltzmann kinetic equation in the relaxation time
approximation. Such studies have been done for the one-dimensional Bjorken geom-
etry [35, 36, 44] and for the Gubser flow that includes transverse expansion [42, 43].
Such studies showed that anisotropic hydrodynamics better reproduces the results of
the underlying kinetic theory than the standard viscous hydrodynamics. In addition,
important constraints on the structure of the hydrodynamic equations and the form
of the kinetic coefficients have been obtained within such studies.

3.4 Gradient expansion

3.4.1 Formal aspects

It is very much convenient to have a formal method that allows for making com-
parisons between different hydrodynamical models and, more generally, between
hydrodynamic models and close-to-equilibrium behavior of microscopic theories
for which hydrodynamic models are regarded as good approximations. Such method
exists and is based on the formal expansion of the energy-momentum tensor in
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underlying microscopic
model or theory

phenomenological
hydrodynamic model

gradient expansion

gradient expansion

fixing parameters

of hydrodynamic model

Fig. 3.2 Schematic illustration of the gradient expansion as a formal tool that can be used for
comparisons between microscopic theories and phenomenological hydrodynamic models. Such
comparisons can be used to transfer the knowledge about the kinetic coefficients from the micro-
scopic theory to hydrodynamic frameworks.

gradients of T and uµ (around its local equilibrium form),

Tµν = Tµνeq +powers of gradients of T and uµ . (3.44)

It is important to emphasise that elements of the gradient expansion are present
in various methods used to derive hydrodynamic equations from the underlying
microscopic theories. For example, the counting in the Knudsen number or the first
step in the BRSSS method refer to the number of gradients of T and uµ. However,
such derivations include usually other arguments or assumptions that allow for
construction of a self-consistent system of equations. In contrast to such derivations,
the gradient expansion of the energy-momentum tensor (3.44) is not useful for
finding approximate solutions of the microscopic theory. It should be regarded rather
as a formal tool to make comparisons between different theories and to check their
close-to-equilibrium behavior. This is illustrated schematically in Figs. 3.2 and 3.3.

In the first case, see Fig. 3.2, one performs the gradient expansion of the energy-
momentum tensor for a specified microscopic theory and a phenomenological hy-
drodynamic model (the latter can be taken, for example, in the BRSSS formulation
that has unspecified values of the kinetic coefficients). The comparison of the two
expansions allows for fixing the values of kinetic coefficients in the hydrodynamic
model that can be later used to approximate the close-to-equilibrium behavior of
the microscopic theory. This strategy has been used in heavy-ion modeling by using
the value of the shear viscosity obtained from the SYM theory in the hydrodynamic
codes. In the second case, see Fig. 3.3, one can use the gradient expansion to check
the internal consistsncy between the underlying theory and the hydrodynamic model
which has been constructed as its close-to-equilibrium approximation.
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underlying microscopic
model or theory

gradient expansion

Knudsen and inverse Reynolds numbers expansion

hydrodynamic model

gradient expansion

gradient expansion

fixing parameters

of hydrodynamic model

Fig. 3.3 Schematic view how the gradient expansion can be used to check the internal consistency
between kinetic theory and the hydrodynamic model that has been derived as its approximation (for
example by making a simultaneous expansion in the Knudsen and inverse Reynolds numbers.)

3.4.2 RTA kinetic model with Bjorken geometry

Performing the gradient expansion in a general case is quite complicated but the
calculations become doable in the cases where the flow pattern is restricted by
certain symmetries. This is the case of the Bjorken-type geometry, where expansion
of matter is one-dimensional and boost invariant.

In this section we consider the case where the underlying theory corresponds to
the conformal RTA kinetic model. For this model the gradient expansion has been
performed recently by Heller, Kurkela and Spalinski [46]. Their results can be com-
pared with the expansions done for the hydrodynamic models, for which we use the
MIS, DNMR and BRSSS versions. For the Bjorken geometry the only independent
component of the shear stress tensor is its longitudinal component φ = −πzz . The
equation expressing the energy and momentum conservation is common to all the
hydrodynamic frameworks and reads

τ ÛE = −
4
3
E +φ. (3.45)

On the other hand, the dynamic equation for φ depends on the hydrodynamic frame-
work. For the MIS case with the RTA kinetic equation one finds

τπ Ûφ =
4η
3τ
−

4τπφ
3τ
−φ. (3.46)

For the DNMR framework, again with the RTA kinetic equation, we have

τπ Ûφ =
4η
3τ
−

38
21

τπφ

τ
−φ. (3.47)

Finally, for the BRSSS approach one finds

τπ Ûφ =
4η
3τ
−
λ1φ

2

2η2 −
4τπφ

3τ
−φ. (3.48)
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For conformal systems, the relaxation time should scale inversely with the tem-
perature, namely

τrel =
c
T
, (3.49)

where c is a constant. For the RTA kinetic equation one can connect the relaxation
time with the ratio of the shear viscosity to the entropy density [39]

c =
5η
S
, (3.50)

thus, adopting the value of the η/S ratio (for example as 1/(4π), see Eq. (3.24) we
fix c.

Constructing the gradient expansion for hydrodynamic models we expand T , E
and φ around the Bjorken solution. For example, in the case of T we use the series

T = T0

( τ0
τ

)1/3
(
1+

∞∑
n=1

(
c

T0τ0

)n
tn

( τ0
τ

)2n/3
)
, (3.51)

where τ is the proper time and τ0 is the initial proper time for which the initial
Bjorken temperature is T0. Using similar expansions for E and φ we find the ex-
pansion coefficients and may construct the gradient expansion of Tµν . However, as
demonstrated in [28, 29] it is better to analyze the expansion of the function f (w)
defined in Sec. 3.1.5.

The results for the coefficients fn obtained for the RTA kinetic model and various
hydrodynamic formulations are shown in Table 1. We can see that both BRSSS and
DNMR agree with the exact results up to the second order in n 5. There are, however,
differences in obtaining such agreement in the two cases. For the BRSSS framework
the agreement has been achieved by using the same value of the viscosity (as in
the RTA model) and by fitting the λ1 parameter in (3.48) — we remember that
BRSSS does not specify the kinetic coefficients, thus, they can be adjusted to any
microscopic model. For the DNMR approach the agreement is a consquence that
the kinetic coefficients used in (3.47) follow from the RTA model. Table 1 shows
also the results for MIS, which agree only up to the first order. This indicates that
the MIS framework is incomplete (in the second order).

3.5 Closing remarks

Success of relativistic viscous hydrodynamics as a basic theoretical tool used to
model heavy-ion collisions triggered broad interest in formal aspects of this frame-
work and relations between hydrodynamic models and underlying microscopic theo-

5 We note that it is possible to get the agreement up to the third order if the third-order dissipative
hydrodynamics formulated in [76] is used.



82 Wojciech Florkowski

n RTA BRSSS DNMR MIS
0 2/3 2/3 2/3 2/3
1 4/45 4/45 4/45 4/45
2 16/945 16/945 16/945 8/135
3 −208/4725 −1712/99225 -304/33075 112/2025
3 −0.044 −0.017 -0.009 0.055

Table 3.1 Expansion coefficients fn for the RTA kinetic model and various hydrodynamic frame-
works.

ries. In these lectures we discussed a few topics related to formal gradient expansion
and mutual relations between different hydrodynamic models. For a discussion of
other issues we refer to the articles mentioned in Introduction.
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Chapter 4
Three lectures on QCD phase transitions

Robert Pisarski

Abstract In this chapter the contents of three lectures is presented which elucidate
aspects of phase transitions in QCD.

In the first lecture, we discuss chiral symmetry and different types of phase tran-
sitions, likewise possible sigma models for chiral symmetry and the chiral anomaly.
Speaking about gauge theory, people usually start with a deconfinement, because it
is a fundamental feature of QCD. But we would like to start with chiral symmetry
because its degrees of freedom (pions, kaons, etc.) are very well-known and we will
use them to describe some properties of the phase transitions.
We begin with a brief summary of the knowledge about flavor and chiral symmetries,
describing what they are in a very elementary way. Then we consider a two-flavor
case, where at finite temperature there is a second order transition. Going further,
we consider the case of three flavors, where because of the cubic terms, at least in
the chiral limit we are bound at first order phase transition. In the last section we
discuss the influence of the tetraquarks on the chiral phase transitions, showing the
recent results from the lattice.

The second lecture is about deconfinement in pure gauge theories. At the be-
ginning, we describe the order parameters of the phase transitions in a pure gauge
theory. We also explain what deconfinement really means. At last, we present a
matrix model in a pure gauge and compare it with lattice results.

In the third lecture a presentation of a chiral matrix model is given. The predicted
equations of state for the chiral symmetry restoration and deconfinement transitions
are compared to the recent lattice QCD results.

Robert Pisarski
Department of Physics, Brookhaven National Laboratory, Upton, New York 11973, USA, e-mail:
rob.pisarski@gmail.com
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4.1 Chiral symmetry and phase transitions in QCD

4.1.1 Flavor and chiral symmetries

4.1.1.1 Flavor symmetries

In particle physics, we have a bunch of copies of different flavors. There are neutrons
and protons in the case of hadronic matter or different flavors of quarks (up, down
etc.) in QGP.

Consider a single, massive quark with a QCD Lagrangian:

L = q̄ /Dq+mq̄q+
1
4

G2
µν; (4.1)

/D = γµ(∂µ − igAµ). (4.2)

In general, dynamics in QCD is generated by gluons, but for now we can ignore them
and with certain simple assumptions we concentrate on global symmetries, which
are independent of any point in spacetime. Then for a system with Nf quark flavors,
the Lagrangian takes the following form:

Lqk =

N f∑
i=1

q̄i /Dqi +mq̄iqi . (4.3)

At each point in spacetime, there is a symmetry of rotating quarks into one another,

qi→Ui jqj . (4.4)

where U is a unitary matrix, det(U) = 1, U†U = 1. Due to the last condition, the
mass term, mq̄q, is invariant under the symmetry transformations, U(Nf ). There are
unitary Nf ×Nf matrices with Nf = 2 or 3 (for QCD, the relevant flavors of quarks
are up, down and strange).

By group theory, U(Nf ) = SU(Nf )×U(1), where U(1) is a quark number. There
are SU(2) or SU(3) isospin symmetry for two or three flavors respectively, and also
U(1) symmetry, where all the quarks rotate in the same manner,

qi→ eiθV qi . (4.5)

4.1.1.2 Chiral symmetry

Let us now briefly discuss what chiral symmetry is. In 4 dimensions we have Dirac
matrices which anticommute with each another, e.g. γ0γ1 = −γ1γ0. There is also a
matrix γ5 = γ0γ1γ2γ3, γ2

5 = 1, that anticommutes with any single Dirac matrix.
We introduce chiral left- and right-handed projectors, PL and PR,
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PL,R =
1
2
(1±γ5), (4.6)

which satisfy the following relations:

PLPR = PRPL = 0, (4.7)
PL +PR = 1. (4.8)

An operator is called a projector if

P2
L,R = PL,R . (4.9)

We define chiral field by acting with a left- or right-handed projector on the quark
field:

qL,R = PL,Rq. (4.10)

In case of the antiparticle, in Minkowski spacetime, the projector is flipped
because γ5 anticommutes with γ0 and also because of the Lorentz symmetry, q̄ =
q†γ0,

q̄L,R = q̄PR,L . (4.11)

Using the properties (5.103 - 5.105), we can show that the kinetic term in the
Lagrangian (1) is chirally symmetric,

q̄ /Dq = q̄ /D(PL +PR)q = q̄PR /DPLq+ q̄PL /DPRq = q̄L /DqL + q̄R /DqR . (4.12)

We end up with two parts which involve the left- and right-handed fields separately.
This is a basic origin of the chiral symmetry. We started with a simple isospin
symmetry, but, in fact, the system has a larger symmetry.

The mass term is not invariant under the projection operation,

q̄q = q̄(PL +PR)q = q̄RqL + q̄LqR . (4.13)

Only if m = 0, the Lagrangian is invariant under SU(3)L × SU(3)R.
It was already mentioned that we can rotate all the fields by a phase that rotates

left- and right-handed fields in the same manner (5.101). This is a vector symmetry,
U(1)V . We can also rotate left- and right-handed fields in different ways when
rotations have opposite signs

qL,R→ e±iθAqL,R (4.14)

This type of symmetry is known as an axialUA(1) symmetry. It plays a central role in
chiral symmetry in QCD because the breaking of U(1)A (the axial anomaly) makes
the η′ meson heavy.

In general, U(1) is a quark number, which we can ignore at T = 0, µ = 0 (T is a
temperature, µ is a quark chemical potential). For µ, 0,U(1) can also be broken by a
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chiral superconductivity. In the case of massless quarks, we start with full chiral sym-
metry, SU(Nf )L × SU(Nf )R ×U(1)×U(1)A. For Nf flavors in SU(Nf )L × SU(Nf )R
each of the fields rotates by an SU(Nf )L,R matrix, which is a very straightforward
generalization of the usual isospin symmetry. For non-zero masses generated dy-
namically, the symmetry is broken spontaneously to SU(Nf )V ×U(1).

Because of the axial anomaly and topological fluctuations, such as instantons,
dyons etc.,U(1)A is broken dynamically. However, the fluctuations producingU(1)A
symmetry breaking are suppressed dynamically at high temperatures. Moreover,
they vanish by the very high powers of the temperature: 1/T7 in pure gauge theory
and 1/T8 or 1/T9 in QCD. Then the breaking of U(1)A is completely turned off
and can be ignored. Whether this is true by the chiral phase transition, we can only
understand it from numerical simulations on the lattice.

4.1.2 Second order transitions for two flavors

Let us start with the simplest possible model of chiral symmetry breaking for two
quark flavors. Consider the field φ0, called also σ, and fields φa, which are pions:

φ0 ∼ σ ∼ q̄q; (4.15)
φa ∼ q̄taγ5q (4.16)

with Pauli matrices ta,a = 1,2,3.
We introduce φ = (φ0, φa), where fields φ0 and φa have spin parity JP = 0+ and

JP = 0− respectively. To simplify the calculations, we rewrite the representation of
SU(2)×SU(2) as an O(4) vector symmetry: SU(2)×SU(2) ∼O(4). For three flavors,
there is no such a trick and one has to write down a more complicated matrix model.
Having O(4) vector symmetry, we can obtain a mass term and a quartic coupling of
the potential,

V(φ) = −
m2

2
φ2+

λ

4
(φ2)2. (4.17)

There is no cubic coupling in this case, because it would not be invariant under O(4)
transformations.

We take the mass term to be negative, so the potential decreases, and the field
gets some non-zero value. In very high temperatures and with a large value of the
field, the potential rises up again. We expand it around 〈φ0〉 = σ0, 〈φ

a〉 = 0 to find
the minima:

∂V

∂σ
= 0 =⇒ σ0 = 0 or

m2

λ
. (4.18)

By expansion to quadratic order, we find that the mass term of sigma field has
positive values, m2

σ = 2µ2. This is a stable minimum, which is supposed to be
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symmetric under the change of σ→−σ. We also find that the pions are massless,
m2
π = 0, which corresponds to the Goldstone’s theorem and spontaneously broken

continuous symmetry.
If we add to (5.119) a linear term, ∼ hσ, then the m2

σ changes, m2
σ = 2µ2+O(h),

but also the pions become massive proportionally to the field, m2
π ∼ h. This is a very

good description of what we believe happens with pions in QCD: background field
h is proportional to the bare quark mass and thus gives masses to the pions.

4.1.2.1 Chiral phase transition for massless pions

To understand what the phase transition is and how it varies at different temperatures,
we consider the potential (5.119). At zero temperature, m2 is negative, in order to
break the symmetry. This is shown in Fig. 9.13.

At some point, both effective mass squared and field expectation value vanish
and we get a point with second order phase transition (Fig. 9.14). The couplings in
(5.119) increase with temperature, so at very high T , both the m2 and λ are positive.
Then the minimum is at the origin and chiral symmetry is restored (Fig. 9.15).

This is one of the simplest phase transitions with the universality class of O(4).
The properties of the second order phase transitions are believed to be universal and
are known directly from experiments.

Fig. 4.1 T = 0 : m2 < 0, 〈φ〉 , 0 Fig. 4.2 T =Tχ : m2 = 〈φ〉 = 0 Fig. 4.3 T �σ0 : m2 > 0, 〈φ〉 = 0

4.1.2.2 Chiral phase transition with massive pions

To describe QCD we should add to the potential a term linear in the field:

V(φ) = −
m2

2
φ2+

λ

4
(φ2)2− hφ0. (4.19)

Despite the general structure of V(φ), in presence of linear term we can zoom
the potential near the origin and for very small φ, it will always take the form shown
in Fig. 9.16.
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Fig. 4.4 A shape of the potential (5.124) zoomed near the origin.

With a linear term, one can never flatten the potential or get infinite correlation
lengths for any value of mass and coupling. Even if m2 vanishes, the potential would
not become flat.

It tells us that the expectation value of the field is non-zero at any temperature,
〈φ〉 , 0. At T = 0 〈φ〉 is large and at high temperatures 〈φ〉 ∼ 1/T2, so 〈φ〉 varies
smoothly from large to small values. This implies that the chiral transition is always
a cross over. Because of the smooth changes of 〈φ〉, there are also no rapid changes
of the entropy or other thermodynamic quantities.

4.1.2.3 Complete theory for two flavors

To get a complete theory for two flavors we consider mesons from (5.113, 5.115)
and add the other degrees of freedom that are missing:

φ0 ∼ q̄q, iq̄γ5q; (4.20)
φa ∼ q̄taγ5q, iq̄taq, (4.21)

where iq̄γ5q is associated with the η meson and carries spin parity JP = 0+, and
iq̄taq is associated with the a0 meson, JP = 0−.

The field φ0 represents isosinglets σ (mσ ∼ 500 MeV) and η (mη ∼ 550 MeV);
φa is a complex valued field, which corresponds to the isotriplet of π’s and a0’s
(mπ ∼ 140 MeV, ma0 ∼ 980 MeV).

We can certainly take the previous model and complete it by a complex conjuga-
tion of the field so that it now has twice as many degrees of freedom. The symmetry
of the model is notO(4) anymore, butO(8), because we have 4×2 d.o.f. The effective
potential now contains terms, that are invariant under different symmetries.

The terms invariant under O(8) are:

V(φ) = −
m2

2
φ∗ ·φ+

λ

4
(φ∗ ·φ)2. (4.22)
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There are terms that are not invariant under O(4) or O(8), but only under
O(4)×O(2), for example:

−λ2(φ
∗)2φ2. (4.23)

The O(2) symmetry is essentially related to the U(1)A symmetry described previ-
ously.
V(φ) can also have terms that are invariant under O(4) only, those are the quartic

terms and a mass term:

VA(φ) = −m2
A

(
(φ∗)2+φ2

)
. (4.24)

4.1.2.4 Axial anomaly for two flavors

Weare going to show a simple understanding of the axial anomaly,which is necessary
to break theU(1)A symmetry, and ensure a heavy η state.We rewrite the combination
(5.128) in terms of the component fields, explicitly

φ = (σ+ iη, πa + iaa
0 ). (4.25)

Such an assignment makes the η meson heavy:

VA = m2
A(−σ

2+η2−π2+a0
2). (4.26)

That was the original understanding of the axial anomaly provided by t’Hooft.
He showed that instantons and similar configurations force the η mass to increase.
As we know, η is much heavier than pions as it should be (kaons are neglected here).
The anomaly also pushes mσ down, which is less appreciated phenomenologically.
Actually, we consider massless pions, so the model has an exact symmetry of O(4).
We can add a term linear in sigma, ∼ hσ, and compute mass splitting between η and
π, as well as between a0 and σ mesons:

m2
η −m2

π = m2
a0 −m2

σ . (4.27)

From the above relation, it is clear, that because of the anomaly mη increases and
mσ becomes smaller. The question now is: if the linear term, ∼ hσ, is small over the
chiral phase transition or large?

If the anomaly is large at Tχ during the phase transition, then the η and a0
decouple. Otherwise, the nature of the chiral transition might change. Unlikely, the
anomaly has to become very small.
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4.1.2.5 Chiral symmetry for three flavors

Let us go further and discuss the chiral symmetry for a three-flavor case, which is
not so obvious as it was for Nf = 2. The Lagrangian of massless quarks coupled to
a gauge field can be decomposed into left- and right-handed parts:

Lqk = q̄ /Dq = q̄L /DqL + q̄R /DqR; (4.28)

qL,R =
1±γ5

2
q. (4.29)

We have a global flavor symmetry of SU(3)L × SU(3)R ×U(1)A, where U(1)A is
defined by the following rotations of the left- and right-handed quarks:

qL,R→ e∓iα/2UL,R qL,R . (4.30)

We take right-handed quark and left-handed antiquark and form them into a color
singlet, the simplest order parameter for chiral symmetry breaking,

Φ
ab = q̄bA

L qaA
R , (4.31)

where a,b denote flavor and A is a color index.
Under the axial U(1)A symmetry, field Φ transforms as

Φ→ eiαURΦU†L . (4.32)

At T = 0, U(1)A is broken dynamically by instantons and other fields to Z(3)A
symmetry. The easiest way to see it is to take the determinant ofΦ and multiply it by
a constant phase, e3iα. For three flavors, Φ is a 3×3 matrix, so we get 3 subspaces.
If we take α = 2πi/3, then the field detΦ (called also ’t Hooft instanton vertex) is
invariant under Z(3)A:

detΦ→ e3iα detΦ. (4.33)

As it was already mentioned, U(1)A symmetry is always broken dynamically, but
when T →∞, in a dilute instanton gas model, U(1)A is approximately restored as
sim1/Tn with n = 7...9.

4.1.2.6 Sigma models for χ symmetry

Let us now write down the possible sigma models for chiral symmetry. We consider
a special case and take Φ to be 3×3 diagonal complex matrix, so it has 18 d.o.f.,

Φ =
©«
φ1 0 0
0 φ2 0
0 0 φ3

ª®¬ . (4.34)
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FieldΦ transforms under Gcl = SU(3)L × SU(3)R ×U(1)A, as it is shown in (5.136).
To construct the sigma model, we need to classify all possible terms by the

symmetry. The simplest terms are invariant under O(6), those are the powers of the
trace:

trΦ†Φ = |φ1 |
2+ |φ2 |

2+ |φ3 |
2; (4.35)

(trΦ†Φ)2 = (|φ1 |
2)2+2|φ1 |

2 |φ2 |
2+ (|φ2 |

2)2+ ... (4.36)

For the full Φ, the model becomes O(18) invariant because of the 18 d.o.f.:

VO(18) = m2trΦ†Φ+λO(18)(trΦ†Φ)2. (4.37)

There is one other quartic term which contains no cross terms, so clearly is not
invariant under O(18):

tr(Φ†Φ)2 = (|φ1 |
2)2+ (|φ2 |

2)2+ (|φ3 |
2)2. (4.38)

It is invariant under the smaller symmetry of SU(3)L × SU(3)R. Those are the only
terms we can write down involving two or four powers of the field.

However, we can also construct a term linear in the field. It is invariant under
SU(3)L × SU(3)R, but not invariant under the axial U(1)A,

VA = κ(detΦ+detΦ†) = κ(φ1φ2φ3+φ
∗
1φ
∗
2φ
∗
3). (4.39)

The determinant detΦ is invariant under the chiral symmetry transformation,

detΦ→ det(URΦU†L) = detΦ. (4.40)

If we choose Φ→ e2πi/3Φ, then it is also invariant under Z(3)A,

detΦ→ (e2πi/3)3 detΦ = detΦ. (4.41)

The breaking of U(1)A to Z(3)A again represents the chiral anomaly.
For all the fields, a full sigma-model Lagrangian will have the following effective

potential:

Ve f f = m2trΦ†Φ− κ(detΦ+ c.c.)3+λtr(Φ†Φ)2+λO(18)(trΦ†Φ)2, (4.42)

where m2 < 0.
Remember,Φ is a complex 3×3 matrix with 18 d.o.f. Half of them has spin parity

JP = 0−, those are a singlet, η′, and 8 fields: 3 π s, 4 K s, and η. Another half has
JP = 0+: one singlet, σ0, and 8 fields: 3 a0 s, 4 <’s, and a σ8.

We now consider the simplest case and neglect mass differences between up,
down and strange quarks. Then the field matrix is completely diagonal and has an
explicit SU(3) symmetry:
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〈Φ〉 = φ0
©«
1 0 0
0 1 0
0 0 1

ª®¬ (4.43)

We also assume there is no background field, so the chiral symmetry is exact. Sponta-
neous breaking of this symmetry produces 8 Goldstone bosons, mπ = mK = mη = 0.
The axial anomaly splits an additional Goldstone boson which makes the η′massive,
m2
η′ ∼ <φ0 , 0. All the fields with spin parity JP = 0+ are massive too.
We can add a term linear in background field to make the Goldstone bosons

massive:

Ve f f →Ve f f − trHΦ, (4.44)

where H is SU(3) symmetric matrix defined as:

H = h©«
1 0 0
0 1 0
0 0 1

ª®¬ . (4.45)

Adding a term (4.44) breaks the chiral symmetry, but SU(3) symmetry is pre-
served. So there are only four non-zero masses: mπ = mK = mη , mη′ ; ma0 = m< =
mσ8 , mσ0 . One can show that as it was in case of two flavors (4.27), masses satisfy
a simple relation:

m2
η′ −m2

π = m2
a0 −m2

σ . (4.46)

The chiral anomaly moves η′ up from the π, but also moves singlet σ down from the
a0.

4.1.3 Three flavors: cubic terms rule the roost

4.1.3.1 Chiral transition for three flavors

To see what the chiral transition is like, let us consider an expectation value (4.43),
and a field H (4.45), which are both diagonal matrices up to various constants. The
effective potential now is equal to

Ve f f (φ0) = 3m2φ2
0−2κφ3

0+3(λ+3λO(18))φ
4
0. (4.47)

There are no linear terms, but cubic term is very important. It squeezes the potential
between its left- and right-handed parts giving a maximum at φ0 = 0 (Fig. 4.5).

Trying to flatten the potential we can also assume that the mass term vanishes,
m2 = 0. However, because of the cubic term, the potential still has a critical point as
it is shown in Fig. 4.6. We can compare this shape of the potential with a previous
case (Fig. 9.14), where for a second order transition, without cubic invariance, we
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can always flatten the potential. This is an important point one should remember:
with a cubic term it is impossible to get a second order transition.

Fig. 4.5 T = 0 : m2 < 0, 〈φ〉 ,
0, looks like <= 0

Fig. 4.6 m2 = 0: critical point
because of the cubic term

So let us focus on the first order phase transition, for which the typical potential
has two degenerate minima and a barrier in between (Fig. 4.7). In order to get this,
one should have a positive mass term in (4.47), balanced with a negative cubic term
and a positive quartic term. Then the potential has a bump related to the interface
tension between two degenerate minima: at the origin and at φ , 0. Here < is invariant
under Z(3)A symmetry transformations, but not invariant under U(1)A. Therefore, <
must vanish as T →∞. For the physics near Tχ it is important how big < is at Tχ.

At high temperature, a large positive m2 dominates everything and the expectation
value of the field vanishes, which is shown below in Fig. 4.8.

Fig. 4.7 Form2 > 0, first order
transition occurs at Tχ .

Fig. 4.8 At hight T , m2 domi-
nates, 〈φ〉 = 0.

4.1.3.2 QCD and 2+1 flavors

Let us now discuss what actually happens in QCD. We know that pions are much
lighter than kaons. This transforms into the fact that the up and down quark masses
are much less than the mass of the strange quark: mup ∼ 5 MeV, mdown ∼ 10 MeV,
mstrange ∼ 100 MeV. These values were obtained from the lattice QCD and detailed
phenomenological analysis.
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One may ask: if the up quark mass is a half of down quark mass, how an isospin
symmetry is such a good symmetry? This is a very interesting question, and the
answer partly comes from the axial anomaly. Because of the and the axial anomaly,
we can take mud = (mu +md)/2. In order to see the effects of the large difference
between up and down quark masses, the axial anomaly would have to become small.
To break the symmetry, we add a linear term to the potential (4.47),

Vh = −trH(Φ+Φ†). (4.48)

We take it to be diagonal between up and down quark directions, but not in strange
quark direction,

H = h©«
mud 0 0

0 mud 0
0 0 ms

ª®¬ . (4.49)

We then obtain a realistic mass spectrum, e.g. mπ ∼ 140 MeV, mK ∼ 495 MeV,
mη ∼ 540 MeV , mη′ ∼ 960 MeV. There is a big difference between η and η′ masses,
explicitly due to the axial anomaly. If we put the masses into (4.47), we find the value
of the < coefficient, <∼ 4500 MeV. This is a huge number in comparison to the scale
of the σ-model parameters, so the axial anomaly in vacuum has a big effect.

One can also show, according to Goldstone’s theorem, that the squares of
pion and kaon masses are proportional to the quark mass, m2

π ∼ mud,m2
K ∼ ms ,

mud/ms ∼ 1/27.
The expectation value of the field is proportional to the pion and kaon decay

constants, 〈φud〉 = fπ/2 ∼ 46, 〈φs〉 = fK/2 ∼ 56,

〈Φ〉 =
©«
φud 0 0

0 φud 0
0 0 φs

ª®¬ . (4.50)

Although the mass of the strange quark is much larger than up and down, the
difference in the expectation values is not so big. Also, the ratio of the λ couplings
from (4.42) is λ ∼ 50� λO(18) ∼ 1.

4.1.3.3 Background field: big or small?

Let us consider what the order of phase transition would be, depending on the value
of the background field. Schematically, the full possible potential with a background
field and a cubic term is equal to

V = −hφ+m2φ2− κφ3+λφ4. (4.51)

Now, the main question is: what kind of the transition we can get? Because of
the linear term, we can never get a minimum at φ = 0, but we can still get the first
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order transition (Fig. 4.10). At the beginning, the potential decreases, because of
the negative linear term. Then the mass term is positive, so the potential increases.
It goes down again because of the cubic term. Two minima of the potential can be
degenerate, so there is a first order phase transition, shown as a bump between the
small and big value of φ.

On the other hand, there is a possibility, that the anomaly term will never be
big enough and what we basically have is the potential that for all temperatures
looks like it is shown in Fig. 4.9. For such a potential, the expectation value of φ
changes smoothly with temperature. There is no first order transition, but for a large
value of h we may have a peak in chiral susceptibility. And the question is basically
the following: if the transition is dominated by small background field, and we can
have a first-order transition, or by large background field, where then it is a smooth
crossover. It is still unknown for QCD, what the case might be.

Fig. 4.9 For small h, true first
order transition.

Fig. 4.10 For a large h, smooth
crossover.

The lattice QCD appears to indicate, that the background field is small. One
expects the cubic term to always drive the transitions first-order and for small enough
masses it absolutely must be so, 〈detΦ〉 = φ2

ud
φs . So, eventually, if we are really

close to the chiral limit, the transition must be the first order.
Lattice also presents that the chiral transition is a crossover at Tχ = 154±10 MeV.

And it leads us to draw a Columbia phase diagram (Fig. 4.11).
If we are close to the chiral limit, where quark masses are small, we should have

a first-order transition because of the cubic invariance. If the quark masses are big,
then the background field is also big and the transition is just a crossover. And the
lattice indicates that QCD lies in this region. The question is, where is the boundary
line in between?

If we indicate the up and down quark masses to vanish identically, the boundary
would be along the y-axis. For small ms , we have three flavors and near the origin,
the transition should be first order. On the other hand, if ms is very big, then we can
neglect it and consider a model with just two flavors. Then the transition becomes
second order starting from the tricritical point. Therefore, we guess there is a line of
the second order transition which separates a first order transition from a crossover.

In fact, if you classify the transitions by their universality classes, above the
tricritical point (TCP, „tric” in Fig. 4.11) the transition should be in the universality
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class of O(4), and below TCP it should be O(2). This kind of details is necessary to
understand that we have some first-order transitions near the origin, a line of second
order transitions and then a crossover. The reason why we should have a second
order boundary line is simple: as we go from first order transition to crossover, the
potential becomes flat, which indicates a second-order transition.

To sum up, cubic term drives the transition first order. And we absolutely expect
that for sufficiently small quark masses there could be a first order transition sepa-
rating first-order region from the crossover. On the other hand, at present, the lattice
does not see any evidence of a first order transition.
From the recent results [3], the boundary line can not be first order until the pion
mass at least has a value of mπ ∼ 50 MeV.

Fig. 4.11 Columbia phase diagram: schematic phase transition behavior of N f = 2+1 QCD for
different choices of quark masses (mu,d,ms ) at µ = 0. Two critical lines separate the regions
of first-order transitions (light or heavy quarks) from the crossover region in the middle, which
includes the physical point [7].

4.1.3.4 Critical endpoint?

We can also discuss the boundary of the transitions in the plain of temperature and
chemical potential. By a simple one-loop calculation it is clear, that quark loops
generate a negative quartic term, stabilized by a positive sextic term. Basically, it
comes from the fact that fermion loops always have a minus sign. So we consider a
following effective potential:

V = −hφ+m2φ2− κφ3+ (λ−λqk)φ
4+λ6φ

6. (4.52)
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If λqk becomes big enough, it turns the quartic term negative and if quartic term
dominates, the potential takes the form shown in Fig. 4.10. We have a first order
transition occurring between two non-zero expectation values of φ. If this happens,
in a plane of (T, µ) the transition start as a crossover but eventually become first-
order after the critical endpoint for sufficiently small temperatures and high chemical
potentials (Fig. 4.12). This was first pointed in [2] and later studied in [32].

Fig. 4.12 A sketch of the QCD phase diagram.

4.1.3.5 Swept under the rug

The second order transitions can be classified according to their universality classes.
It depends only on the dimensionality (here spatial dimension is equal to 3) and
symmetry. For two flavors, assuming the quartic coupling in (4.52) is positive, we
have a second order phase transition, so the universality class is O(4). Of course, this
is true in the vacuum and does not have to be true at non-zero temperature. We also
assume the anomaly is relatively large near Tχ, otherwise, the symmetry changes as
O(4) →O(4)×O(2).

In 4− ε dimensions we could get the first order transition (O(4)×O(2)), induced
by the fluctuations. The quartic coupling λ then would flow to the negative values.

Direct solutions of conformal symmetry in 3 dimensions, provided recently in
[27, 28], indicated that there may be a new fixed point for O(4) ×O(2). However,
this calculation is done only to leading order in ε, in 4− ε dimensions, so why we
should trust it in 3 dimensions is not clear.

There is also an unclear situation in studies of the relationship between the
anomaly and Tχ, even in the effective models, there is no good control over what
might happen in this relation [16], [17], [22]. The lattice suggests, the anomaly is
non-zero at Tχ but it still should be proved theoretically.
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4.1.4 Tetraquarks and the chiral transition

4.1.4.1 Diquarks and tetraquarks for two flavors

The subject of diquarks turn us back to the suggestion of Jaffe in 1979: for a
quark-quark scattering, the most attractive channel is antisymmetric in both color
and flavor indices. This happens because quarks are fermions, which are naturally
antisymmetric.

Consider a two-flavor case and a diquark (state made from a pair of quarks),

χA
L = ε

ABCεab(qaB
L )

TC−1qbC
L , (4.53)

where A,B,C denote color and a,b are flavor indices.
Remember, in the very previous case we took quark-antiquark to form a singlet.

Also in contrast to (5.136) we now insert a charge conjugation operator,C−1, in order
to get a spin-0 state. For two flavors, diquark χA

L is a color triplet and flavor singlet.
Another kind of diquark we can get is χA

R (from two right-handed quarks). Both χL
and χR are singlets under Z(2)A.

We can then form a complex valued tetraquark field by taking the left-handed
diquark and complex conjugated righthanded diquark field. It gives us a color singlet:

ζ = (χA
R )
∗ χA

L . (4.54)

4.1.4.2 Sigma models and tetraquarks for two flavors

The tetraquark field, ζ , is a singlet under flavor and Z(2)A. It is useful to split ζ
into its real and imaginary parts, ζr and ζi , which are even and odd under parity
transformation respectively. QCD is even under parity, so only even powers of ζ can
appear in the Lagrangian. We write down the potential, which depends on the real
part of the tetraquark field only,

VA
ζr
= hr ζr +m2

r ζ
2
r + κr ζ

3
r +λr ζ

4
r . (4.55)

Hence, the expectation value 〈ζr 〉 will always be non-zero.
There are couplings of the tetraquark field to the usual chiral field, which are

U(1)A invariant,

Vζφ = κζφ
∗ · φ+ . . . (4.56)

This kind of coupling was first written down by F. Giacosa. The tetraquark ζr is just
a massive field with a vacuum expectation value, nothing special because there is a
lot of singlet fields which we can couple to the chiral field. So for two flavors, we do
not expect anything interesting to happen from tetraquarks.
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4.1.4.3 Tetraquarks for three flavors

For three flavors, things get very interesting. We can take two left-handed quarks and
bind them together,

χaAL = ε
abcε ABC(qbB

L )
TC−1qcC

L . (4.57)

Because of the ε ABC , the tetraquark field will be a color anti-triplet. We also have
εabc , which tells us that χaAL is an antitriplet in flavor.

We now pair left- and right-handed diquarks in exactly the sameway as we formed
the original chiral field (5.136),

ζab = (χaAR )
∗ χbAL . (4.58)

Tetraquark field ζ transforms identically to Φ under Gχ = SU(3)L × SU(3)R. The
reason why diquarks are interesting in case of three flavors is simple − these are
fields in identically the same representation as the original chiral field. The axial
charges are different because these are diquarks. If we define Φ to have a +1 charge
under U(1)A, a diquark field ζ gets a charge -2. This plays a very important role in
the possible effective model terms.

The simplest term that we can get was first pointed out in [6] and then later in
[23]. Since ζ and Φ are in same representation of Gχ, they transform in exactly the
same manner and we can take a direct mixing between them:

VA
ζΦ,2 = m̃2tr(ζ†Φ+Φ†ζ). (4.59)

Such a term does violate U(1)A symmetry. One can easily see that it is invariant
under a Z(3)A, because of the Φ and ζ charges, 1−(−2)=3. For this kind of mixing
term, everything will be a combination of the usual chiral fields and diquark fields.

There is lot of terms that we can get, for example, extra dozen couplings. We
write down a cubic term,

V∞ζΦ,3 = κ∞ε
abcεa

′b′c′
(
ζaa

′

Φ
bb′
Φ

cc′ + c.c.
)
. (4.60)

It is invariant under U(1)A, what can be shown in the following way: Φbb′ and Φcc′

have charges +1 and the background field ζaa′ has charge −2, so 1+1−2=0. Because
of the invariance,V∞ζΦ,3 will persist at arbitrarily high temperatures.

4.1.4.4 Mirror model at T = 0

We already know the spectrum of the field Φ,

Φ = π,K, η, η′;a0, κ,σ8,σ0. (4.61)
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Now we consider a tetraquark field that includes couplings of all the states above,

ζ = π̃, K̃, η̃, η̃′; ã0, κ̃, σ̃8, σ̃0. (4.62)

Thus, ζ has the same flavor symmetry and spin parity as Φ.
The general model has about 20 couplings [13, 14, 15], [29]. To emphasize the

basic physics we instead study a mirror model, whereΦ and ζ start with the identical
couplings: the same mass squares, cubic and quartic terms,

VΦ = m2tr(Φ†Φ)− κ(detΦ+ c.c.)+λtr(Φ†Φ)2; (4.63)
Vζ = m2tr(ζ†ζ)− κ(det ζ + c.c.)+λtr(ζ†ζ)2. (4.64)

The only coupling between these two sectors is a following mass term:

VA
ζΦ,2 = m̃2tr(ζ†Φ+Φ†ζ). (4.65)

It mixes the usual diquarks with tetraquarks, π↔ π̃,K↔ K̃ , etc. Hence, it is simple
to diagonalize the mass matrix.

We can then write down the spectrum of the „mirror” model. Since Φ and ζ are
mixed, by Goldstone’s theorem we can only obtain 8 Goldstone bosons. In the chiral
limit, assuming m̃2 < 0, the mass eigenstates are

π, π̃ = 0,−2m̃2; η′, η̃′ = 3κφ,3κφ−2m̃2; (4.66)
a0, ã0 = m2+ κφ+6λφ2± m̃2; σ0, σ̃ = m2−2κφ+6λφ2± m̃2 (4.67)

None of the fields are pure diquarks or tetraquarks, all of them are mixtures ofΦ and
ζ . Having the masses, we obtain a generalized type of t’Hooft relation:

m2
η′ +m2

η̃′ −m2
π −m2

π̃ = m2
a0 +m2

ã0
−m2

σ −m2
σ̃ . (4.68)

Remember, we argued that mass splitting of the η′ and π has the opposite sign
between σ and a0 (4.46). Now it is a sum between all different states. If we have
a lot of occasions of these states, (4.68) is easy to satisfy. Even in case of a single
coupling, all the masses would be split by the mixing term. And so at non-zero
temperature, the thermal masses of Φ and ζ fields can not be equal to each other.

4.1.4.5 Two chiral transitions with tetraquarks?

With tetraquarks, it is possible to get two phase transitions in a chiral limit (Fig.
4.13). Because φ and ζ are mixed with one another, at a lower temperature, Tχ̃, we
can have a first-order transition, where both the order parameters jump.

On the other hand, we can have one true chiral phase transition, where the
tetraquark condensate marks a crossover (Fig. 4.14). It changes very smoothly and
then jumps to zero at exact chiral limit, Tχ. There is no symmetry changing at
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Fig. 4.13 In chiral limit, Tχ , two chiral
phase transitions may appear.

Fig. 4.14 Single chiral phase transition,
tetraquark crossover.

this point, but as a first order transition, it would be a true thermodynamic phase
transition. Unfortunately, it is very sensitive to the parameters of the model.

4.1.4.6 Columbia phase diagram for light quarks. Tetraquarks in the plane of
(T, µ)

Let us now discuss two implications of the presence of tetraquark in QCD. First,
the lattice suggests that for sufficiently light quarks there is a region with two chiral
phase transitions in the Columbia phase diagram (Fig. 4.15). The whole problem is
that this region is much smaller than we have expected.

Fig. 4.15 Columbia phase diagram in
presence of tetraquarks.

Fig. 4.16 QCD phase diagram in a
plane of (T, µ) changed by tetraquarks.

The second implication is that the diquark fields are identical to the order pa-
rameters for color superconductivity. It is not a direct relationship, because in color
superconductivity we have a pairing between two quarks, and tetraquark field is a
gauge invariant square of a chiral condensate. The order parameter for color-flavor
locking is (4.57), where pairing is between left- and right-handed quark momenta, k
and −k respectively. In a classical QCD phase diagram, the chiral crossover line ends
at the critical endpoint (CEP) and meets the first order chiral line (Fig. 4.16). But
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tetraquarks suggest a natural connection between the line of color superconductivity
and a crossover line for the tetraquark condensate. If we want to find the CEP, we
need to have an effective model with the right σ-meson, but σ becomes massless at
the CEP, which was shown in [32].

4.2 Deconfining phase transition in pure gauge theories

4.2.1 Polyakov loop and hidden global symmetries

4.2.1.1 Hidden symmetry

There is an idea, that each local gauge theory has a hidden global symmetry. In QCD,
there is a local SU(3) gauge symmetry, which defines transformations of the gauge
field Aµ(x) as:

Aµ(x) →
1
−ig
Ω
†(x)(∂µ − igAµ(x))Ω(x). (4.69)

Gauge transformation Ω(x) differs at each x, so we can take an arbitrary SU(3)
matrix and change it at each point in space-time.

Let us consider the simplest possible gauge transformation, which will be the
same at each point in space-time. Then the derivative term in (5.98) does not enter
and the gauge field transforms as:

Aµ(x) →Ω†Aµ(x)Ω. (4.70)

Here Ω(x) = Ω, global gauge transformations are a subset of the local ones. Trans-
formation (5.117) corresponds to the rotations between different colors of quarks.

The Ω transformation has to be SU(3) matrix, so it should have detΩ = 1. If
detΩ , 1, it would beU(1) gauge theory. We consider a diagonal matrix, where each
element is a third root of unity,

Ω1 =
©«
e2πi/3 0 0

0 e2πi/3 0
0 0 e2πi/3

ª®¬ = e2πi/31 (4.71)

Because detΩ1 = (e2πi/3)3 = 1, it is SU(3) matrix.

4.2.1.2 Global Z(3) symmetry

Ω1 is proportional to the unit matrix, so the gauge potential is invariant under the
following transformation:
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Aµ(x) →Ω
†

1 Aµ(x)Ω1 = e−2πi/3 Aµ(x)e2πi/3 = Aµ(x). (4.72)

However, quarks transform nontrivially, since they pick up a phase,

q(x) →Ω(x)q(x); (4.73)
Ω1q = e2πi/3q , q. (4.74)

In a pure gauge theory, without dynamical quarks, there is a global Z(3) symmetry
hidden in SU(3). It is characterized by three possible phases, which are the roots of
unity:

Ω1 = e2πi/3, Ω2 = e−2πi/3, Ω3 = 1. (4.75)

It is clear thatwithout quarks an absolutemeasure of confinement or deconfinement is
related to Z(3) symmetry. For systemswith quarks, this measure is only approximate.
And the question is: is it a good or bad approximation for QCD, is Z(3) symmetry
badly or only approximately broken?

4.2.1.3 Lines and Loops

Consider the Wilson line, running up in the imaginary time direction,

L(x) = P exp
(
ig

∫ 1/T

0
A0(x, τ)dτ

)
, (4.76)

where A0 is an effective potential, P denotes path ordering. L(x) corresponds to a
propagator of an infinitely heavy test quark.

Under a gauge transformation, Wilson line transforms as

L(x) →Ω†(x,1/T)L(x)Ω(x,0). (4.77)

BecauseΩ depends on different times now, we can choose the gauge transformations
of gluons to be periodic up to Z(3) transformations only,

Ω(x,1/T) = e2πi/3
Ω(x,0). (4.78)

This means, that the gauge transformation of the Wilson line can be different at
different times. But such changes do not change gluons, because they are invariant
under Z(3) transformations (5.99).

If we take Wilson line (5.100) in the fundamental representation, then its trace
(called also Polyakov-Susskind loop) is invariant up to Z(3) phase factors,

l(x) =
1
3

trL(x) → e2πi/3l(x) (4.79)
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So l(x) is invariant under the local gauge transformations, but under the global
gauge it transforms by one of the factors of Z(3) symmetry.

4.2.1.4 Confinement as Z(3) domains. Deconfinement at non-zero temperature

Typically, people say that confinement appears due to some infinite mass, but it
is not. It appears because in the confining vacuum there are randomly disordered
domains of different Z(3) phases. Suppose, we have a domain with a global phase
equal to 1, and two other with phases e±2πi/3. The propagator of a test particle goes
through the vacuum and picks up the phases arbitrary manner with equal probability.
The average of all phases is equal to zero, and propagator is non-trivial at each of
the randomly taken phases,

〈propagator〉 ∼ 〈loop〉 = 0; (4.80)
e2πi/3+ e−2πi/3+1 = 0. (4.81)

So confinement is not an infinitely heavy effectivemass, but it is a phase decoherence.
Let us discuss how an expectation value of the Polyakov loop depends on the

temperature (Fig. 4.17). At zero temperature, an expectation value of the Polyakov
loop vanishes, 〈loop〉 = 0. In contrast, asT→∞, the perturbative fluctuations should
become small and the coupling runs like g2(T) ∼ 1/log(T). Hence, an effective
potential A0 is also small, 〈loop〉 ∼ 1. Therefore, we have two phases: the confining
phase (no dynamical quarks), where the loop is strictly zero, T < Td : 〈loop〉 = 0 and
deconfining phase, T > Td : 〈loop〉 > 0.

Fig. 4.17 The behavior of the Polyakov loop expectation value depending on the temperature

For three colors we expect the transition to be first order, because of the cubic
invariance coming from Z(3) symmetry. It was also proved to be first order from
numerical simulations on the lattice for any number of colors, N ≥ 3.
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4.2.2 Z(3) interface tension, potential for A0

4.2.2.1 Z(3) degenerate vacua

Consider a simple, but very particular example of a classical field,

Acl
0 =

2πT
3g

qt8, (4.82)

where t8 is a following SU(3) matrix:

t8 =
©«
1 0 0
0 1 0
0 0 −2

ª®¬ . (4.83)

If we take q = 1,2, or 3, we get Z(3) states, which we are already familiar with,

L(Acl
0 ) = e2πi j/31. (4.84)

But what happens in case of any arbitrary constant q? We can compute a field
strength tensor,

Gµν = ∂µAν − ∂νAµ − ig[Aµ, Aν]. (4.85)

For q = const, the above derivative terms vanish. Because Aµ is a diagonal matrix
commuting with itself, as a constant, diagonal field the strength tensor would be
Gµν = 0. Such a result can not be true, because if we have Z(3) symmetry, there
should definitely be 3 vacua.

We will show how this degeneracy at the classical level is lifted by quantum
effects. We suggest to use a background field method [1], taking a classical field, Aµ,
and expanding it to one loop order about quantum fluctuations,

Aµ = Acl
µ + Aqu

µ ; (4.86)

Acl
µ = δµ0

2πT
3g

qt8. (4.87)

Such a semi-classical expansion should be valid at high temperature [5], [20].
By using the background field method we should choose some gauge and expand

to the quadratic order. It then turns out that the result is independent of the gauge
(not obvious) and we get a term

Squ =
1
2
tr log(−D2

cl), (4.88)

where Dcl , is a propagator in the background field. This is true for the above classical
field only. We need to evaluate an action of Dcl

µ on some quantum fluctuation:
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Dcl
µ Aqu

ν = ∂µAqu
ν − ig[Acl

µ , A
qu
ν ]. (4.89)

This is complicated, because this is a non-Abelian gauge. AtT , 0, the time derivative
is equal to

i∂0 = po = 2πTn, n = 0,±1,±2... (4.90)

Similarly, the integration over dk0 depends on n now,∫
dk0
2π
→ T

∑
n

. (4.91)

4.2.2.2 Tricks to compute

There is a problem with a calculation of the commutator between classical field and
quantum fluctuation, [Acl

0 , A
qu
ν ] (5.121). Because t8 (15) is a non-trivial diagonal

matrix, let us use ladder generators to rewrite it. For SU(2),

t+4 =
©«
0 0 1
0 0 0
0 0 0

ª®¬ ; t−4 =
©«
0 0 0
0 0 0
1 0 0

ª®¬ . (4.92)

These generators satisfy:

tr(t+4 t−4 ) = 1; (4.93)
tr(t+4 t+4 ) = tr(t

−
4 t−4 ) = 0. (4.94)

One can show that the commutator between t8 and one of the ladder generators gives
the ladder generator back, namely

[t8, t±4 ] = ±3t±4 . (4.95)

Then the calculation of [Acl
0 , A

qu
ν ], where the fields are SU(3) matrices, also can be

simplified to

Dcl
0 Aqu,4±

ν = ∂0 Aqu,4±
ν − ig[Acl

0 , A
qu,4±
ν ] = −2iπT(n± q)Aqu,4±

ν , (4.96)

We chose the normalization such that in background field A0, all energies p0’s
get shifted from 2πT× integer (as it would be in case of a free field theory) to
2πT ×(integer+ q), q = const.

We then obtain the potential we need,

Vqu(q) = 4 tr log((p+0 )
2+p2); (4.97)

p+0 = 2πT(n+ q). (4.98)
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It looks exactly like in case of free particles, except the energies are shifted by the
factor of q = const.

Having a structure of the trace of the logarithm (5.129), the first thing we should
do to simplify it is a differentiation,

∂

∂q
Vqu(q) = 8(2πT)tr

p+0
(p+0 )

2+p2 . (4.99)

The next step is to calculate the trace. Usually, at finite temperature we first
calculate the summation and then integrate it, but in case of the loop we first integrate
over spatial p and then perform the sum,

(16πT)T
∞∑

n=−∞

∫
d3p
(2π)3

p+0
(p+0 )

2+p2 = −16π2T4
∞∑

n=−∞

(n+ q)|n+ q | (4.100)

There is the n2 term under the sum above, and to be able to calculate it, we
introduce zeta functions,

ζ(r,q) =
∞∑
n=1

1
(n+ q)r

. (4.101)

We rewrite the sum (5.132) over all n into positive n only, paying attention on the
summation limits,

∞∑
n=−∞

(n+ q)|n+ q | = ζ(−2,q)− ζ(−2,1− q). (4.102)

There is a useful identity which contains the derivative over q,

ζ(−2,q) = −
1

12
d

dq
q2(1− q)2. (4.103)

We already differentiated over q in (4.99) in order to get the sum (5.134), so we can
integrate it back to obtain

Vqu(q) =
8πT4

3
q2(1− q)2. (4.104)

4.2.2.3 Lifting the degeneracy

We finally get a potential (5.136), generated by quantum fluctuations that lift the
degeneracy of Z(3) vacua (Fig. 4.18). The above potential is only valid for 0 ≤ q ≤ 1,
and for other q it is periodic. At q = 0 V(0) includes the free energy of massless
gluons, −8π2T4/45.

The variable q is periodic, because for q = 0,3 Wilson line is the same,
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Fig. 4.18 Vacua of Z(3) symmetry.

L(q) = e2πiq/31 = 1 for q = 0,3. (4.105)

There are also non-trivial Z(3) vacua, q = 1 and 2. Hence, they are degenerate,
together with q = 0,3 it gives us a Z(3) symmetry.

4.2.2.4 Z(3) interface tension. A tunneling problem

We now consider a tunneling problem, for example between two different vacua,
q = 0,1. Assume, we have a box of the length Z in one (spatial) direction. It has two
degenerate vacua at the opposite sides of the box, which is shown in Fig. 4.19. Using
the potential (5.136), in weak coupling, we can compute an interface tension with a
finite energy, ∼ Vtr .

Fig. 4.19 A tunnel with two different vacua, q = 0, q = 1 and corresponding to them Wilson lines
L = 1, L = e2π i/31.

Now let q, which was a constant previously, become spatially dependent, q(z).
Then we get something non-trivial already at the classical level. The classical action
now has a form

1
2
tr(Gcl

µν)
2 ∼

( dAcl
0

dz
)2
=

8π2T2

3g2
( dq

dz
)2
. (4.106)

We balance the classical term (4.106), which is proportional to 1/g2, with a
quantum potential (5.136), proportional to g0,

Scl +Vqu = Vtr
8π2T3

3g

∫
dz̃

( ( dq
dz̃

)2
+ q2(1− q)2

)
; (4.107)

z̃ = gT z. (4.108)

As a result we get an action in between, ∼ 1/g = 1/
√
g2, with a following factor
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σZ(3) =
8π2

9
T3√
g2
. (4.109)

We are dealing with a tunneling problem similar to an instanton, but at the same
time it is different because it has a factor of 1/

√
g2 instead of 1/g2.

One additional trick was done here, namely, we assumed that q(z) is slowly
varying, approximately constant. It implies a wide interface between two sides of a
box, ∼ 1/(gT). At small g, this should be a good approximation.

Such a rescaling example is useful not only for tunneling problem but also for
calculations in effective field theory near Tc .

4.2.2.5 Lattice: Z(N) interfaces = ’t Hooft loop

The lattice simulations have shown, that semi-classical Z(N) interface tension works
well up to very high temperatures,∼ 10Tc . It was shown in [24] that such a recoupling
(4.109) corresponds to the ’t Hooft loop.

For N ≥ 4, there are several interface tensions satisfying a semi-classical relation
down to Td [9], σ̃k = k(N − k)σ̃1/(N −1).

Fig. 4.20 A comparison of the lattice result to a semi-classical, σ̃lat t/σ̃semi−cl, depending on a
temperature. Works very well at high T , fails near Tc [18].

4.2.3 Results from the lattice, pure glue and not

4.2.3.1 Lattice: renormalized loop, no quarks

Let us make some comments on the lattice data shown in Fig. 4.21. For T < Td there
is a confined phase where 〈loop〉 = 0. Then as temperature increases, the situation
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changes. AsTd→ 4Td , the renormalized loop takes values between 1/2 < 〈loop〉 < 1,
and we have a broad region of "semi" QGP, partially deconfined phase. There is a
perturbative QGP above the temperatures of 4Td , where 〈loop〉 ∼ 1.

Fig. 4.21 Lattice data for the renormalized triplet loop in pure glue. For a defined mass scale,
Td ∼ 260 MeV [21].

4.2.3.2 Lattice: renormalized loop, with quarks

In presence of dynamical quarks, Z(3) symmetry is broken and the vacua q = 1,2
are no longer degenerate (Fig. 4.22). At q = 0,3 the vacua remain the same with a
Wilson loop L(q) = e2πi j/31 if q = j.

Fig. 4.22 For a theory with quarks, the vacua q = 1, q = 2 are no longer degenerate.

Dynamical breaking of Z(3) symmetry can be also shown in values of the renor-
malized Polyakov loop. For a model with quarks, 〈loop〉 , 0 at any T , 0.

There is a very elegant analysis provided by [30] using the gradient flow. In lattice
QCD for 2+1 flavors, the chiral transition is a crossover, which occurs at Tχ ∼ 155
MeV. There is a problem with an extremely small value of the Polyakov loop near Tχ
(Fig. 4.23). As temperature increases, we get to a broad region where 〈loop〉 < 1. If
we would take it as a phase value, it would indicate a partially deconfined phase, a
semi-QGP, until the temperature of ∼ 3Tχ. There are a couple of questions, namely,
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why does HRG fail at T ∼ 140 MeV and why chiral symmetry breaking occurs in a
partially confined phase?

Fig. 4.23 Renormalized Polyakov loop cor-
responding to flow time f = f0 for all lattice
ensembles [30].

Fig. 4.24 Polyakov loop scaled by the ratio
of the Casimir operator for Nτ = 8 [30].

We can measure renormalized Polyakov loops in any representation. It appears to
satisfy a universal scaling relation, both in pure glue and with quarks.

In case of pure glue it was first shown in [21] that the value of the loop, scaled by an
appropriate power of the Casimir, is approximately constant. Further investigations
for quarks with 2+1 flavors were done in [30] and shown in the Fig. 4.24.

Let us make some comments about pure gauge theory. In the Fig. 4.25 we have a
plot of the interaction measure, where the dimensionless quantity e−3p/T4 (e is the
energy density, p is a pressure) depends on the temperature. The plot is characterized
by a high peak, which starts just above the deconfinement temperature, Td . This is
valid for pure SU(3) gauge theory with no quarks, the transition is weakly first order.

Fig. 4.25 The trace anomaly on Ns/Nt = 8 lattices for various lattice spacings in the transition
region [8].
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Looking at Fig. 4.25, we can interpret a long tail of the peak in a very simple
way. As Td → 4Td , the leading correction to the ideal gas (∼ T4) is just a factor of
T2. This can be shown by plotting (e−3p)/T2T2

d
, which is approximately flat over a

wide region, Td < T < 10 Td (Fig. 4.26). The pressure has the following form [8]:

p(T) ∼ #(T4− cT2T2
d ), c ≈ 1. (4.110)

Term ∼ T2 corresponds to the pressure of the deconfined strings, which is approxi-
mately constant for all SU(N).

Fig. 4.26 Normalized trace anomaly multiplied by T 2/T 2
d
[8].

There are lattice results obtained in [10], which show that in 2+1 dimensions we
again get a hidden scaling, ∼ T2 (Fig. 4.27). Then the pressure has a structure

p(T) ∼ #(T3− cT2Td), c ≈ 1. (4.111)

4.2.4 Matrix model for pure glue theories

4.2.4.1 Path to

Let us now briefly discuss an isomatrix model for pure gauge theory. Because
〈Wilson line〉 is a matrix, it can be diagonalized. We already introduced a diagonal
matrix t8 (5.108), now we introduce

t3 =
©«
1 0 0
0 −1 0
0 0 0

ª®¬ . (4.112)
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Fig. 4.27 In the deconfined phase there exists a temperature regime, in which the trace of the
energy-momentum tensor appears to be proportional to T 2. This is exhibited very clearly by the
linear behavior of the data displayed in this plot [10].

There are 2 diagonal generators in SU(3) gauge theory: t3 and t8. Paths along the
last one are related to Z(3) transformations. We consider paths in t3 direction and get
a diagonalized Wilson loop,

L = e2πiqt3/3 =
©«
e2πiq/3 0 0

0 e−2πiq/3 0
0 0 1

ª®¬ . (4.113)

Normalized trace of the Wilson loop is equal to:

l =
1
3
tr L =

1
3

(
1+2cos

(2πq
3

))
. (4.114)

At q = 1, we get the confining vacuum, 〈loop〉 = 0.

4.2.4.2 Matrix model for pure glue

Consider a perturbative potential of the ideal gas with a previous potential for q
(5.136):

Vpert (q) =
2π2

3
T4

(
−

4
15
+

∑
a,b

q2
ab(1− qab)2

)
, qab = |qa − qb |mod 1.(4.115)

To the above potential we add a non-perturbative potential proportional to T2

[12],
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Vnon(q) =
2π2

3
T2T2

d

∑
a,b

(
− c1qab(1− qab)− c2q2

qb(1− qab)2+
4

15
c3

)
(4.116)

The lattice QCD indicates, that over most of the semi-QGP, T > 1.2Td , the constant
term, ∼ c3, dominates [12]. We thus expect that q′s are most important at the narrow
transition region, T < 1.2Td (Fig. 4.25 and Fig. 4.26).

By choosing 2 free parameters, c1 = .88, c2 = .55, c3 = .95, we can fit the lattice
data on the latent heat, (e−3p)/8T4. The results are shown in the Fig. 4.28.

We can also compare thematrixmodel to the lattice results for the interface tension
(Fig. 4.29). The model gives a very good result for two colors but significantly differs
from the semi-classical approach, particularly near the transition temperature, Td .

Fig. 4.28 Fitting the lattice data on the latent heat [4, 11] with two-parameter matrix model.

Fig. 4.29 Fitting the lattice data for the interphase tension [18, 19] with a matrix model for two
and three colors.

The matrix model does not fit to the renormalized Polyakov loop, which is
shown in Fig. 4.30. From the model, transition region is narrow, ∼ 1.2Td , and
lattice indicates, that the loop is wide, up to ∼ 4Td [21].
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Fig. 4.30 A comparison of the matrix model results for different parameters with a renormalized
Polyakov loop from the lattice [21].

4.2.4.3 Gross-Witten-Wadia transition and matrix models at infinite N

Classically, at first order transition, we always get a barrier for two minima of the
potential (see Fig. 7 form the first lecture). In particular models at N = ∞, the
potential looks different at the transition (Fig. 4.31). The values of the Polyakov
loop, l = (1/N) · tr L, vary from l(T−c ) = 0 to l(T+c ) = 1/2, but the potential remains
flat between them.

Fig. 4.31 The effective potential depending on the values of the Polyakov loop.

We can solve SU(N) at N =∞ [25, 31]. We take the potential as a sum of two
terms,

Ve f f (q) = d1V1+ d2V2, (4.117)

where

Vn(q) =
∫

dq
∫

dq′ρ(q)ρ(q′)|q− q′ |n(1− |q− q′ |)n. (4.118)
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Ifwe take derivatives of the equation ofmotion,we can show that at deconfinement
temperature, Td , there is a universal eigenvalue density,

ρ(q) = 1+ cos(2πq), q : −1/2→ 1/2. (4.119)

In pure gauge, at finite N , we can solve the model numerically and find two
minima of the potential, at 〈l〉 = 0 and 〈l〉 ∼ 1/2. We obtain a standard first-order
transition with nonzero interface tension in between (Fig. 4.32).

Fig. 4.32 The potential versus traced Polyakov loop. As N →∞, the barrier disappears and the
interface tensions vanish.

There is lattice data suggesting that the interface tension might vanish at infinite
N ,

αod

N2T3
d

= 0.14−
0.10
N2 , (4.120)

where αoq is an interface tension [26]. Unfortunately, it vanishes relatively slowly,
so one has to look at rather large N to see this phenomenon.

4.3 Chiral matrix models for QCD

4.3.1 The Quark-Gluon Plasma near the critical temperature

In the region of low temperatures of T = 0 to T ∼ 130 MeV the Hadron Resonance
Gas Model and chiral perturbation theory describe the physics of hadronic matter.
For temperatures T > 300 MeV the physics is governed by resumed perturbation
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theory, Hard Thermal Loops at three loop order. However, in Heavy Ion Collisions
experiments the expanding medium for most of the time has the temperature close to
the QCD critical temperature Tc . This happens regardless of how high is the initial
temperature Ti . To make an estimate let us assume the Bjorken hydrodynamics
T ∼ 1/τ1/3 and note that as Ti →∞ one gets 〈T〉 → 3

2Tf , where Tf = 160 MeV is
the freeze-out temperature. Using the data for RHIC: Ti = 400 MeV and for LHC:
Ti = 600 MeV we get respectively 〈T〉 = 215 MeV (RHIC) and 〈T〉 = 227 MeV
(LHC). This constitutes the need for constructing a model of semi-QGP, the region
near the transition temperature.

4.3.2 Effective Lagrangians for chiral symmetry

For three massless quark flavours the quark contribution to the QCD lagrangian
reads

Lqk = q̄ /Dq = q̄L /DqL + q̄R /DqR , (4.121)

where the left and right projections are defined in a standard way

qL,R =
1±γ5

2
q . (4.122)

On a classical level the full global symmetry group is SU(3)L × SU(3)R ×U(1)A.
with the following transformation laws

qR→ e−ia/2ULqL , qR→ e+ia/2URqR . (4.123)

The simplest order parameters for chiral symmetry breaking are

Φ
ab = qbA

L qaA
R , (4.124)

where the indices a,b . . . stand for the flavour, and A,B . . . for the colour. The trans-
formation law for the Φ order parameter reads

Φ→ e+iaURΦU†L . (4.125)

On a quantum mechanical level, at zero temperature the axial symmetry U(1)A is
broken by instantons to Z(3)A. The t Hooft instanton vertex

detΦ→ e3iadetΦ , (4.126)

is invariant under the residual Z(3)A symmetry. At very hight temperatures the axial
symmetry is restored with power law temperature dependence ∼ T7−9.

We can start with a standard linear sigma model lagrangian for the Φ field

VΦ = m2tr(Φ†Φ)− cA(Φ+ c.c)+λtr(Φ†Φ)2 , (4.127)
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that includes the mass term (m2) as well as anomaly braking term (cA). In addition
a simple quartic interaction term is added (λ) 1. In order to describe the the explicit
chiral symmetry breaking of real QCD we should also the term linear in the quark
masses

V0
H = −tr(H(Φ†+Φ)) . (4.128)

All we are going to do is to add to the quark part of the QCD lagrangian 4.121 the
chirally invariant coupling to the effective field Φ

L
qk
Φ
= q̄( /D+ µγ0+ y(ΦPL +Φ

†PR))q , (4.129)

with a new parameter y. In the /D operator we include the background A0 ∼ q
field. For the gluonic degrees of freedom we use the non-perturbative potential
with Td = 270 MeV. This temperature is not the pseudo-critical temperature Tc of
semi-QGP.

So the model lagrangian is a sum of the two parts discussed above and the
potential constructed previously for the gluon fields. The latter one consists of two
components: the perturbative gluon part, and the potential derived for the qa variables

Vpert =
2π2

3
T4

(
−

4
15
+

∑
a,b

q2
ab(1− q2

ab)

)
, (4.130)

where qab = |qa − qb |mod1. On top of that we add a non-perturbative term

Vnon =
2π2

3
T2T2

d

∑
a,b

(
−c1qab(1− qab)− c2q2

ab(1− q2
ab)+

4
15

c3

)
, (4.131)

described in the previous lecture. Let us stress that Td = 270 MeV is not a free
parameter. In summary, the above model admits only one free parameter, namely the
Yukawa coupling y.

There are a few minor complications one has to take into account. Because we
are including dynamical quarks we have to add new counterterms. Assuming that
chiral symmetry breaking occurs, i.e., 〈Φ〉 = φ and m = yφ we get

3m4

16π2

( 1
ε
+ ln

( M2

m2

))
, (4.132)

at one-loop order. The above is an ultraviolet divergent term in 4− ε dimensions at
T = 0, and M is the renormalization mass scale. To account for this effect we add the
following logarithmic term to the the model

V ln
Φ = κtr

[
(Φ†Φ) ln

( M2

Φ†Φ

)]
. (4.133)

1 Note, that we drop the tr(Φ†Φ)2 term.
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To one-loop order κ = 3y4/(16π2), but we keep it as a free parameter. The effect of
this term on physics is very small, and it significantly complicates the computations.
From now on κ = 0.

The interesting and subtle effects appear when we analyse the symmetry breaking
terms in the high temperature limit. The usual term gives

Veff = −hφ+
1
12

y2T2φ2+ . . . , (4.134)

when T →∞. The first term is explicit symmetry breaking while the second comes
from fermion fluctuations. However, at hight temperatures the symmetry is restored
which mean that both terms of Eq. (4.134) have to balance, which implies that

φ ∼
12h
y2T2 , mqk ∼ yφ ∼

1
T2 . (4.135)

This gives the wrong quark mass scaling, which is expected to be temperature
independent.

We solve this problem by adding temperature dependent terms by hand so that
for T →∞ the asymptotics is

Veff = −hφ+
y

6
m0T2φ+

1
12

y2T2φ2+ . . . . (4.136)

NowwhenT→∞ one has φ ∼m0/y and in turn mqk ∼m0 as expected. In the present
model of QCD we need to be bit more clever and add the following term

VT
h = −

mqk

V

(
tr

1
D+ µγ0+ yΦii

���
T,0
−(T = 0)

)
. (4.137)

4.3.3 Solution at T = 0

Let us first consider the SU(3) symmetric case, hu = hd = hs . The spectrum of
particles consists of pseudo-scalar (0−) singlet η′ and octet π, the scalar (0+) singlet
σ and a0 octet. As expected the ’t Hooft relation is satisfied

m2
η
′ −m2

π = m2
a0 −m2

σ . (4.138)

If the cA > 0 then anomaly moves η′ up from the π , but also moves σ down from
the a0.

Let us denote

〈Φ〉 = (Σu,Σd,Σs) , (4.139)

and using the following, experimentally determined quantities
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fπ = 93 MeV, mπ = 140 MeV, mK = 495 MeV, (4.140)
mη = 540 MeV, mη

′ = 960 MeV .

we fix the model parameters

Σu = 46 MeV, Σs = 76 MeV, hu = (97 MeV)3 , hs = (305 MeV)3(4.141)
cA = 4560 MeV .

This leaves one free parameter, which is the Yukawa coupling y, the value of which
is fixed by the chiral transition temperature Tχ. The mass of the σ and the quartic
coupling λ are all functions of y

m2 = (538 MeV)2−121y4 ; λ = 18+0.04y4 . (4.142)

Let us also stress that the value of the axial coupling is rather high.

4.3.4 Solution at T , 0

Having fixed model parameters in vacuum we can move to computations at finite
temperature and compare them with the lattice QCD data. In the chiral sector the
most important quantity is the chiral condensate. In lattice QCD to eliminate the
ultraviolet divergences and lattice artefact the relevant quantity is defined in the
following way

∆
lattice
u,s (T) =

〈q̄q〉u,T −
mu

ms
〈q̄q〉s,T

〈q̄q〉u,0−
mu

ms
〈q̄q〉s,0

. (4.143)

Although in our model all condensates are finite we construct the analogous quantity

∆
χ−M
u,s (T) =

Σu(T)− (hu/hs)Σs(T)
Σu(0)− (hu/hs)Σs(0)

, (4.144)

to directly compare with the lattice data. On figure 4.33 we present the predictions
of our model compared to the lattice data of QCD. The fit parameter is the Yukawa
coupling with the value y = 5.

The next natural step is to see how the model reacts to variations in the y pa-
rameter. This is illustrated in Fig. 4.34. In the left panel of Fig. 4.34 we see the y

dependence of the critical temperature for the chiral transition Tχ, which is defined
from the maximum of light quark susceptibility dΣu/dT . The grey band on this
plot corresponds to variation of 260 MeV ≤ Td ≤ 280 MeV. The yellow band corre-
sponds to the variation in 4.5 ≤ y ≤ 5.5. In the right panel of Fig. 4.34 the grey band
represents the experimental uncertainty in the determination of the a0 meson mass.

Another quantity to look at is the pattern of meson masses, presented in Fig.
4.35. In this computation the usual current quark mass assignment pattern has been
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Fig. 4.33 The temperature dependence of the ratio of quark condensates for the lattice QCD and
the chiral matrix model. The fitted Yukawa coupling is y = 5.
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Fig. 4.34 Dependence of the Tχ and ma0 on the Yukawa coupling y.

adopted, i.e., mu =md ,ms . The value of the Yukawa coupling is fixed to be y = 5. It
is plain thatU(1)A breaking persists to high temperatures, which is unphysical and is
a direct consequence of the large value of the cA parameter in the Lagrangian. Also,
there is a small difference in mπ and mσ due to the explicit symmetry breaking.



128 Robert Pisarski

Fig. 4.35 Temperature dependence of the meson masses in chiral matrix model.

4.3.5 Equations of state and order parameters

Let us now look at bulk quantities and order parameters of our model. We start with
computing the pressure and the interaction measure defined by (ε − 3p)/T4. The
results are presented in Fig. 4.36 along with the corresponding lattice data and HTL
predictions.
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Fig. 4.36 Pressure as a function of temperatue (left panel) and the interaction measure (ε −3p)/T 4

(right panel) as a function of temperature in the chiral matrix model, lattice QCD and HTL.
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Now we can look at order parameters of the model starting with chiral conden-
sates (Fig. 4.37). It is apparent that both order parameters are strongly correlated,
determining approximately common pseudo-critical transition temperature.

The data for the Polyakov loop can be compared to the predictions of lattice QCD.
It turns out that chiral matrix model line is well above the points determined by QCD.
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Fig. 4.37 Order parameters computed in chiral matrix model. Polyakov loop variable is compared
to the lattice QCD data.

Quantities naturally related to order parameters are the corresponding suscepti-
bilities shown in Fig. 4.38. Using various derivatives with respect to different order
parameters one can construct a matrix of susceptibilities. It turns out that the highest
peak is in the up-up component. The peaks in loop-up and loop=loop components
are highly correlated with the up-up peak. This pattern is also observed in lattice
QCD.

In the chiral limit the loop-up susceptibility diverges. This was first observed in
a PNJL model but can be easily argued to be a generic feature The loop-loop and
loop-antiloop susceptibilities remain finite in the chiral limit.

4.3.6 Baryon susceptibilities

Susceptibilities corresponding to the conserved baryon charge are defined by the
following formula

χB
n (T) = Tn−4 ∂n

∂µnB
p(T, µB)

���
µB=0

, (4.145)

where µB = 3µq is the baryochemical potential. The most important quantities we
will focus on are χ2 (left panel of Fig. 4.39) and chi4 (right panel of Fig. 4.39).
Those quantities are compared to the resummed HTL predictions as well as to the
lattice QCD data.
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Fig. 4.38 Chiral and Polyakov loop susceptibilities in chiral matrix model.
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Fig. 4.39 Baryonic susceptibilities in chiral matrix model, HTL and lQCD.

The last quantity we present is the six order baryon susceptibility χ6 (Fig. 4.40).
In the chiral matrix model χ6 shows non-monotonic behaviour near the transition

temperature Tc . In HTL χ6 ≈ 0 because the only possible contribution comes from
the dependence of the running coupling on the chemical potential. In the chiral limit
χ2 and χ4 are finite while χ6 is the first moment which diverges. Ratios of the
moments can be directly compared with the lattice data (Fig. 4.41).
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Fig. 4.40 Six order baryon susceptibility in chiral matrix model, HTL and lQCD.
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Fig. 4.41 Ratios of moments compared to the lattice QCD data.

4.3.7 Suppression of colour in the semi-QGP

Let us now go to some simple examples of what will happen. Statistical distribution
functions of quarks and gluons are suppressed in the presence of an imaginary
chemical potential
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n̄a(E) =
1

e(E−iQa )/T +1
, (4.146)

n̄ab(E) =
1

e(E−i(Qa−Qb ))/T +1
. (4.147)

This effect comes from the presence of the background, temporal classical gluon
field A0. For three colours, the chemical potential has the following form

Qa =
2πT

3
q(T)(1,−1,0) , (4.148)

where q(T) goes from 0 in the perturbative phase to 1 in the confined phase. Quarks
couple to Qa’s while for gluons you have two indeces. When Q ∼ T and q(T) ∼ 1
only the soft gluons have Qa =Qb .

Consider energetic particles, E ∼ T , for which Boltzmann statistics is a good
approximation

n̄a(E) e(E−iQ
a )/T , n̄a(E) e(E−i(Q

a−Qb ))/T . (4.149)

While the n(E) is are complex, sums over colour are real

1
N

N∑
a=1

n̄a(E) = e−E/T l ,
1
N

N∑
a,b=1

n̄ab(E) = e−E/T l2 , (4.150)

where the Polyakov loop is defined as

l =
1
N

N∑
a=1

eiQ
a/T . (4.151)

Near the Tc where the value of the Polyakov loop is small quarks are suppressed by
one factor of the loop, while gluons are suppressed by two factors of the loop.

4.3.8 Dilepton rates

Dipeltons are produced in a process when off shell photon goes to quark anti-quark
pair in a back-to-back scattering. The diagrams for this process are the same as in
the usual computation except for the distribution functions which are now given by

n̄a(E) e(E−iQ
a )/T , n̄−a(E) e(E+iQ

a )/T . (4.152)

When we consider large energies with Boltzmann statistics we see that
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n

n̄a(E)n̄−a(E) e−(E−iQ
a )/T e−(E+iQ

a )/T = e−2E/T , (4.153)

and the charges cancel and the process is not suppressed. This implies that hard
dilepton rate is identical in the confined and deconfined phase.

In contrast, if we consider the soft dileptons, i.e., E→ 0 at high temperatures we
find an enhancement of the rate. This happens because in the confined phase l = 0
and one obtains an amazing identyty

1
N

∑
n

n̄a(E)n̄−a(E) n(E) =E→0
T
E
. (4.154)

This implies that due to statistical confinement quark-antiquark pairs form bosons
with Bose distribution function. This exhibits standard Bose-Einstein enhancement
contributing to produced soft dilepton rate.

As a matter of a fact one can go beyond the Boltzmann approximation and directly
compute the relevant diagram to find the dilepton rate in semi-QGP. If we define the
relevant rate

fū = #dileptons
(Q , 0
Q = 0

)
, (4.155)

then the chiral matrix model gives

ft t̄ = 1−
2T
3p

ln
1+3le−p/T +3le−2p/T +3le−3p/T

1+3le−p+/T +3le−2p+/T +3le−3p+/T . (4.156)

Fig. 4.42 Chiral matrix model prediction for the dilepton rate.
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4.3.9 Real photon production

In contrast to dilepton rate the real photons rate is strongly suppressed. The reason
is that photon on a mass shell cannot go directly to a quark-antiquark pair, it has to
emit a gluon. At the leading order there are two processes: Compton scattering and
pair anihilation.

The relevant ratio in the photon case is

fγ(Q) = #photons
(
Q , 0
Q = 0

)
= 1−4q+

10
3

q2 , (4.157)

where q =Q/(2πT).
The photon rate in the confined phase (qconf = 1/3) is

fγ(qconf) =
1

3N2
1
27

. (4.158)

Suppression is so large it persists up to T = 500 MeV.

Fig. 4.43 Chiral matrix model prediction for the real photon rate.

Exercises

Exercise 1

For two flavors, under the global symmetry group SUL(2) × SUR(2) ×UA(1) the
fields φ and ξ transform in the following way

φ −→ eiaURφU†L , (4.159)
ξ −→ e−2iaξ , (4.160)

Up to quartic order, what are the terms invariant under:
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a) UA(1)
b) ZA(2) ( ZA(2) is where a = 0, π)

Exercise 2

For there flavours consider the transformation laws

φ −→ eiaURφU†L , (4.161)
ξ −→ e−2iaξ . (4.162)

Up to quartic order, what are the terms invariant under:
a) UA(1)
b) ZA(3) (ZA(3) is a = 0, 2

3π,
4
3π ).

Excercise 3

Take a linear sigma model with three degenerate flavours, so that t3 = 1
2 (1,−1,0) and

t0 = 1√
6
(1,1,1). Take

φ = (σ0+ iη0)t0+ (a0+ iπ)t3 (4.163)

and H = ht0. Using the Lagrangian on page 13 of my first talk, derive the ’t Hooft
relation

m2
η0 −m2

π = m2
a0 −m2

σ0 . (4.164)

Assume that 〈σ0〉 , 0 , and expand about the minimum.
Hint: one can use brute force, and compute a lot. there is also a really easy way!

think of symmetry...



136 Robert Pisarski

Solution 1

Quadratic terms invariant under first transformation law are (a)

tr(Φ†Φ) , tr(Φ†Φ)2 ,
(
tr(Φ†Φ)

)2
. (4.165)

It turns out, that the determinant term can be also expressed in terms of traces

det(Φ†Φ) =
1
2

(
tr(Φ†Φ)2−

(
tr(Φ†Φ)

)2
)
, (4.166)

therefore it is not an independent object. To prove the above identity let us note that
Φ†Φ is hermitian, and therefore can be diagonalised

Φ
†
Φ = diag(a,b) . (4.167)

This implies Φ†Φ = ab = 1
2
{
(a+ b)2− a2− b2}.

The quartic invariant terms are

|ξ |2 , (|ξ |2)2 , ξ detΦ+ c.c. . (4.168)

Term invariant under (b) takes the following form

detΦ→ e2ia detURΦU†L→ detΦ , (4.169)

where a : 0, π. So the quartic invariant terms are

(detΦ+ c.c) , trΦ†Φ , (detΦ)2+ c.c , ξtrΦ†Φ+ c.c. , ξ2 detΦ . (4.170)

Solution 2

For three flavours

Φ
ab→ eiaURΦU†L , (4.171)

ξab→ e−2iaURξU†L . (4.172)

Terms invariant under UA(1):

trΦ†Φ = εabcεa
′
b
′
c
′

ξaa
′︸︷︷︸

e−2ia

Φ
bb
′

Φ
cc
′

= ΦΦ†tr(ξ†ξ) . (4.173)

therefore the invariant terms are

tr(ξ†ξΦ†Φ) , tr(ξ†ΦΦ†ξ) , tr(Φ†Φ)tr(ξ†ξ) . (4.174)



4 Three lectures on QCD phase transitions 137

The Z(3)A invariance

Φ
ab→ eiaURΦU†L , (4.175)

(4.176)

are built out of two basics blocs

detΦ , detξ . (4.177)

The invariance is due to the identity

ξabcξa
′
b
′
c
′

Φ
aa
′︸︷︷︸

eia

ξbb
′

ξcc
′︸   ︷︷   ︸

e−4ia

. (4.178)

The invariant terms are

tr(ξ†ξξ†Φ)+ c.c. tr(ξ†Φ)2 , trξ†ΦΦ†Φ . (4.179)

plus another three traces.

Solution 3

Consider the model Lagrangian

L = −tr(H(Φ†+Φ))+m trΦ†Φ−CA(detΦ+detΦ†)+λtr(Φ†Φ)2 (4.180)

Consider the following alignment H = ©«
1 0 0
0 1 0
0 0 1

ª®¬ , t3 = 1
2
©«

1 0 0
0 −1 0
0 0 1

ª®¬ , t0 = 1√
6
©«

1 0 0
0 1 0
0 0 1

ª®¬ .
Note that

tr(t3)2 =
1
2
, tr(t0)2 =

1
2
. (4.181)

We need to evaluate

Φ =
©«

1√
6
(σ+ iη)+ 1

2 (a0+ iπ) 0 0
0 1√

6
(σ+ iη)− 1

2 (a0+ iπ) 0
0 0 1√

6
(σ+ iη)

ª®®¬ ,
This implies that



138 Robert Pisarski

detΦ =
[
(σ+ iη)−

√
6

2
(a0+ iπ)2

]
(σ+ iη) = (4.182)

= (σ+ iη)3−
3
2
(σ+ iη)(a0+ iπ)2 (4.183)

∼ (σ3−3ση2−
3
2
σ(a2− π2)−

3
2
ηaπ) . (4.184)

The means that

−(detΦ+ c.c) = −(3σ0(σ
2−η2)+

3
2
σ0(π

2− a2
0)) . (4.185)

At this point we should be able to observe, that

m2
η0 −m2

π = m2
a0 −m2

σ0 . (4.186)
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Chapter 5
Effective approaches to QCD

Hugo Reinhardt

Abstract In the first part of this lecture the properties of the QCD vacuum will
be discussed, as derived from first principles. Later on the mechanisms of the de-
confinement phase transition will be studied, with special attention devoted to the
description of various order parameters. Finally the magnetic monopole picture will
serve as a didactic introduction to the next part.
The second part will treat confinement and deconfinement in the center vortex pic-
ture. Additionally, the topologies of the picture will be studied and the center vortices
will be shown as responsible for the chiral symmetry breaking.
In the third part the Hamiltonian approach will be employed to derive the varia-
tional solutions of the Schrödinger equation. The mechanism of compactification
of spatial dimension will be discussed as a way of performing calculations at finite
temperatures. Within this mechanism chiral and dual quark condensates, as well as
the effective potential of the Polyakov loop will be studied.

5.1 QCD and phases of strongly interacting matter

In the current state of knowledge we consider quarks and gluons as the elementary
(indivisible) particles. Under normal conditions they are confined inside hadrons
and they acquire mass through the mechanism of spontaneous chiral symmetry
breaking (SSB). On the other hand, under extreme conditions – high temperature
or high density – quarks and gluons loose their confinement and form the so called
Quark-Gluon plasma. There must be a phase transition between those two regions,
as schematically pictured in figure 5.1.

Hugo Reinhardt
Universität Tübingen, Institut für Theoretische Physik, D-72076 Tübingen, Germany
e-mail: hugo.reinhardt@uni-tuebingen.de
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Fig. 5.1 Phase diagram of strongly interacting matter pictured in dependence on temperature T
and baryon-chemical potential µB . Under extreme conditions matter undergoes a phase transition
and becomes a hot soup of quarks and gluons – Quark-Gluon Plasma.

QCD is a non-calculable theory as of yet. Therefore we depend heavily on models
and simulations. The lattice QCD for example is a valuable source of precise infor-
mation in a certain region of the QCD phase diagram (see: O. Kaczmarek lecture).
The Taylor expansion allows reaching as far as the baryon chemical potential equal
to twice the temperature. Higher potentials create computational problems, that we
are yet unable to overcome.

Amongmanymotivations of studying theQCD, there is also a very generous prize
awaiting anyone who can deliver a straight proof of confinement [6] – Millennium
Problem Prize, worth $1 million. The complexity of this task is well reflected in the
fact, that this prize was still not claimed, despite worldwide efforts.
As of now we have no direct proof of confinement. However, during the last couple
of years a handful of consistent pictures of the QCD vacuum have emerged – they
will be discussed in detail in following sections.

5.1.1 Pictures of confinement

All the pictures of the QCD vacuum are related to a certain gauge. A good example
is a magnetic monopole condensation picture (dual Meissner effect), which relies on
the maximal Abelian gauge. Second, similar example is the center vortex condensa-
tion picture, with its maximal center gauge. Finally there is the Gribov-Zwanziger
mechanism, which relies on Coulomb gauge.

We may argue, that confinement is a gauge invariant phenomenon, so we should
also have a gauge invariant description. However, we might be too ambitious in this
matter. Let us consider the parton picture (see: lecture by J. P. Blaizot) – it makes
sense only for certain gauges, like light-cone gauge. So even if the parton picture
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can be realized only for certain gauges we should not be surprised, that in the non-
perturbative regime introducing confinement requires fixing of the gauge.

In order to establish some ground upon which we will build mentioned pictures
of confinement, let us begin with a few important phenomenological remarks on
confinement and chiral symmetry breaking. In particular I will summarize the vertex
order parameters, frequently used in QCD. They will appear, derived in each of the
three pictures.

5.1.2 Color charge and static quark potential

Fig. 5.2 Color charge is the main feature of the theory of Quantum Chromodynamics, responsible
for the strong interactions. Under normal conditions, matter appears only in colorless states. Fig.
from Wikipedia [1].

Let us briefly remind ourselves of the two basic principles of confinement (fig.
5.2).

• Hadrons exist only in colorless states.
• Quarks – hadron constituents – carry color charge and can never be observed

separately.

Heavymesons – consisting of quark and heavy anti-quark – are an interesting system,
relevant for our considerations. They can be described by potential models and as
such can be measured on the lattice.

The lattice QCD simulations (fig. 5.3) show that at large distances the potential
grows linearly with respect to the distance between the two static color charges, with
the coefficient here being the string tension (taken in units of MeV2 ≡ energy per
length).

V(r) = −
αs
r
+σr, σ = (440MeV)2 = 157kN = i.e. 16 tons! (5.1)
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Fig. 5.3 Static quark potential. Various lattice simulations agree on a linear growth of the potential
at large distances. Fig. from [2].

Converting this quantity to more familiar units one obtains a magnitude of 16 tons! It
certainly justifies calling this type of interactions "strong". The other part of potential
is like the Coulomb potential, with running coupling αs (fig. 5.4, left), which can be
calculated using perturbation theory. However, going into lower momenta requires
the non-perturbative approach. Such a calculation will be discussed in detail later
on. For now, the important message is: the potential in the non-perturbative region
saturates at low energies (fig. 5.4, right).

Fig. 5.4 The running coupling constant αS (Q) of QCD. Left: perturbative result compared to
experimental data [3], right: non-perturbative running coupling in the infrared regime calculated in
the Hamilton approach in Coulomb gauge. From ref. [5].
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5.1.3 Quark masses

Now let us investigate the quark masses, which enter the QCD lagrangian (current
quark masses). There is a large discrepancy between the sum of bare quark masses
and the baryon mass, that they form (see: table 5.1). In order to explain such dif-
ferences, we introduce so called constituent masses, which are significantly higher.
Explanation of the constituent masses is delivered by the chiral symmetry breaking
mechanism (see explanation in R. Pisarski’s lecture).

mu ≈ 2.3 MeV md ≈ 4.8 MeV ms ≈ 95 MeV

Hadron Quark Content Mass (in MeV)
p uud 938
n udd 939
ρ+ ud̄ 775
ω uū+dd̄√

2
782

φ ss̄ 1020

Table 5.1 Current quark masses (top) and masses of hadrons (p, n, ρ+, ω, φ). One can see, that
the small quark masses do not add up to the masses of the hadrons that they form.

Let us focus now on the mass term of the QCD Lagrangian:

Lm = mu ūu+md d̄d+ms s̄s =
(
ū d̄ s̄

) ©«
mu

md

ms

ª®®¬
©«
u
d
s

ª®®¬ (5.2)

Assuming the light quark masses to be equal, we introduce the flavor symmetry:

flavor symmetry:
©«
u
d
s

ª®®¬→U
©«
u
d
s

ª®®¬ . (5.3)

Narrowing the assumption to all quark masses equal zero, we obtain the so called
chiral symmetry:

chiral symmetry:
©«
u
d
s

ª®®¬→Uγ5
©«
u
d
s

ª®®¬ . (5.4)

These two symmetries are distinctive by a γ5 factor present in the exponent of the
matrix. Expressing γ5 in terms of the left and right projectors, we obtain the Uγ5

operator given by eq. (5.5):
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PR/L =
1
2
(1±γ5), Uγ5 = PRU +PLU−1 . (5.5)

Left and right handed quarks transform oppositely in the chirally symmetric case,
while under flavor symmetry left and right terms transform in the very same way.

5.1.4 Chiral symmetry

Comparing the quark masses, you can certainly notice, that chiral symmetry makes
no sense for the heavy quark flavors (here: c,b,t). It is a good approximation for the
up and down quark and a good starting point for a three-quark theory (up, down and
strange).
The chiral symmetry is broken in QCD in three different ways:

• Explicit breaking by current quark masses.
• Spontaneous symmetry breaking (most important in the context of this paper).
• Anomalous breaking due to quantum effects (see: R. Pisarski’s lecture).

  

Fig. 5.5 Consequences of dynamically and explicitly broken symmetries for pseudoscalar meson
masses. From [4].

The consequences of symmetry breaking in view of phenomenology are the
following (fig. 5.5):

• If one ignores the current quark masses in case of SSB, then pseudoscalar mesons
become exactly massless Goldstone bosons.

• Switching on the chiral anomaly (the violation of the chiral symmetry by quantum
effects) induces η1 mass of about 1GeV.

• Considering also the current quark masses, we obtain pions, kaons and a mixing
between η1 and η8 and therefore a generation of η and η′.
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5.1.5 Order parameters in QCD

5.1.5.1 Quark condensate

The order parameter of the chiral symmetry breaking is the quark condensate. It
violates the chiral symmetry in analogy to what happens in superconductors – the
electron pair condensation violates the parity number conservation.Wewill see later,
that the QCD vacuum indeed resembles superconductors in many aspects – quark
sector behaves like an ordinary superconductor (quark wave functional – BCS-type),
and gluon sector in some respects mimics a dual superconductor.

Fig. 5.6 QCD phase diagram. The quark condensate – chiral symmetry order parameter – vanishes
in the quark sector.

The quark condensate works as the order parameter of chiral symmetry breaking.
As it is pictured in the diagram in fig.5.6, it is non-zero in the hadronic phase and
vanishes in the deconfined phase.

5.1.5.2 Wilson loop

An example of a different kind of order parameter is theWilson loop, describing the
confined phase. It is defined as a line integral around the gauge field

W(C) = tr P exp
(
i
∮
C

dxµAµ(x)
)
. (5.6)

Such quantity can be rewritten by introducing a current of a point charge moving
along the loop C (see: fig. 5.7). It leaves only the gauge field interaction term in the
exponent expression (eq. 5.6).
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Fig. 5.7 Wilson loop.

W(C) = tr P exp
(
i
∫

d4x jµ(x;C)Aµ(x)
)
. (5.7)

In simple words, the Wilson loop measures the interaction of the gauge field with
the current generated by a point color charge:

jµ(x;C) =
∮
C

dyµδ(x− y) . (5.8)

5.1.5.3 Temporal Wilson loop

As another useful example let us consider the so called temporal Wilson loop. It is
placed on a plane with axes of time and space, see fig. 5.8.

Fig. 5.8 Temporal Wilson loop.

We interpret such loops as creation, evolution and annihilation of the quark-
antiquark pair. Calculating the quantity W(C) one gets the potential between the
quark and the antiquark as a coefficient of the time interval in which the temporal
loop is considered.

W(C) = exp
(
i
∮
C

dxµAµ(x)
)

(5.9)

We have already seen, that for large distances the potential is linear – including it in
our calculations we obtain the area law, with the coefficient being the string tension.
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In case of a non-linear potential (as we expect for a deconfined phase) the perimeter
law is obtained.

for T →∞ 〈W(C)〉 = exp (−V(R) T) (5.10)

Confined phase: V(R) = σR, R→∞, σ – string tension (5.11)

〈W(C)〉 = exp (−σ R T) (area law) (5.12)

Deconfined phase: 〈W(C)〉 = exp (−const P(C)) (perimeter law) (5.13)

5.1.5.4 Spatial Wilson loop

Fig. 5.9 Spatial Wilson loop.

There are qualitative differences in the behavior of temporal and spatial Wilson
loops in the regime of finite temperatures. The loop integral can be rewritten, using
the Stokes theorem, into the surface integral:

∮
C

dxµAµ(x) =

∫
Σ(C)

dΣB (5.14)

As a result the magnetic field emerges – the spatial Wilson loop becomes a mea-
sure of magnetic flux. In the zero temperature region temporal and spatial Wilson
loops behave exactly the same.
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Fig. 5.10 Polyakov loop correlator

5.1.5.5 Polyakov loop correlator

Another order parameter used in the context of the confined phase is the Polyakov
loop correlator. At finite temperatures the partition function can be expressed as an
integral of the Euclidean action:

Tr exp(−βH) =
∫
pbc

DAµ exp(−SE ) (5.15)

SE =
1
4

∫ β

0
dτ

∫
d3xFµνFµν (5.16)

Periodic boundary conditions (pbc) are imposed on the fields:

Aµ(β,x) = Aµ(0,x) (5.17)

This compactifies the time axis into the circle with a length equal to the inverse
temperature (β = 1/kBT).

5.1.5.6 Polyakov loop

Now let us consider the temporal Wilson loop in the Euclidean space, which extends
over the whole time axis. Due to the time axis compactification you can redefine
the edges of the Wilson loop. As they are in opposite directions, we see that they
cancel exactly. What is left are the two loops around the compactified time axis –
see fig. 5.11. These are identified as Polyakov loop and its complex conjugate (runs
in opposite direction).

Since we observe such a connection between Wilson and Polyakov loops, it is not
surprising, that their expectation value also contains the quark/antiquark potential
(more in the exercises).
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Fig. 5.11 Schematically pictured compactification of time axes of temporal Wilson loop. Resulting
loops are Polyakov loop and its complex conjugate.

W(C) = exp
(
i
∮
C

dxµAµ(x)
)
−→ P(x)P†(x+R) , (5.18)

P[A0](x) = exp
[
i
∫ β

0
dx0 A0(x0,x)

]
, (5.19)

〈
P(x)P†(x+R)

〉
∼ exp

(
−βVqq̄(R)

)
. (5.20)

Instead of considering a Polyakov loop correlator one can look into the Polyakov
loop itself. This is related to the free energy of a static quark:

〈P(x)〉 = exp
[
−β(Fq −F0)

]
(5.21)

For confined systems we have no isolated quarks, so the free energy of a single static
quark goes to infinity and the Polyakov loop vanishes:

(Fq −F0) → ∞ ⇒ 〈P(x)〉 = 0 (5.22)

In the deconfined phase however, the free quark energy is finite and the Polyakov
loop is non-zero (diagram in fig.5.12).

(Fq −F0) = finite ⇒ 〈P(x)〉 , 0 (5.23)

5.1.5.7 Spatial ’t Hooft loop

The next order parameter, or precisely a "disorder" parameter, is the spatial t’Hooft
loop. Proper definitions will come in the third part of this paper, but it is worth to
introduce its general properties already here.
In the previous section we have seen, that the spatial Wilson loop measures the
magnetic flux. The spatial ’t Hooft loop on the other hand, measures the electric flux
(fig. 5.13).
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Fig. 5.12 The Polykaov loop is non zero in the quark-gluon plasma region of QCD phase diagram.

〈V(C)〉 =

(
perimeter law confined phase
area law deconfined phase

)
(5.24)

Fig. 5.13 Spatial Wilson loop and spatial ’t Hooft loop are similar in construction, but describe
different physics – magnetic and electric flux (respectively).

5.2 Magnetic monopole picture of confinement

In the introduction we have revised some basic properties of QCD, which will be
needed later on. This section will be devoted to the magnetic monopole picture of
the QCD vacuum. More detailed explanation of the monopoles in the center vortex
picture will be preceded with a general, qualitative explanation. The analogy to the
superconducting materials will be explored and used frequently.
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Let us first consider a "normal" material in a magnetic field. The field lines are
somehow distorted, but going through the material, as you can see in the fig.5.14.
Now the situation is quite different for the superconductors. In case of a type-I
superconductor the field lines cannot enter or penetrate the material at all. Type-II is
a more interesting case – the magnetic field lines can penetrate the superconductor
only in forms of flat lines or small flux tubes. Inside these flux tubes there is another,
entirely different, conducting phase.

5.2.1 Meissner effect in superconductors

Fig. 5.14 Left: differences between magnetic field lines topology in case of "normal" materials
and type-II superconductor.
Right: Type-II superconductor and confinement of monopoles.

Inserting a magnetic monopole–anti-monopole pair into the type-II superconduc-
tor results with field lines spreading outside the material (following Coulombs law)
until they are squeezed into flux tubes. One obtains the very same flux tubes, that
are expected to form between static quarks in QCD.

The QCD vacuum is considered to be a so called dual superconductor. "Dual"
means that the roles of electric and magnetic fields and charges are interchanged.
While the ordinary superconductor consists of a condensation of electron pairs, the
dual superconductor consists of a condensation of magnetic monopoles.
Inserting the electric charges into the dual superconductor results in the field lines
being squeezed into the flux tubes – replicating the confinement picture.
The so called dual Meissner effect in a dual superconductor gives a comprehensive
picture of how the flux tube is formed and how the color charges can be confined in
QCD. Such picture was first suggested independently by Mandelstam and ’t Hooft
[8, 7].
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Fig. 5.15 Left: Confinement of color charges in analogy to the condensate of magnetic monopoles.
Right: Potentials in cases of "normal" and the dual superconductor. The potential of the latter is
identical to the static quark potential.

5.2.2 Emergence of magnetic monopoles in QCD

The picture of a dual superconductor, giving rise to the linear potential, has been
confronted with lattice QCD calculations. It was done in the regime of the maximal
Abelian gauge (suggested by ’t Hooft). Let us consider as an example the SU(2)
group, with a sub-groups U(1) and SU(2)/U(1)with three generators corresponding
to the U(1) group.

SU(2) = U(1)︸︷︷︸
A3
µ

Abelian (neutral)

× SU(2)/U(1)︸        ︷︷        ︸
A1
µ(x), A

2
µ(x)

non-Abelian (charged)

(5.25)

The corresponding gauge field is Abelian and charge-less. In the maximal Abelian
gauge one takes the sum of two of the squares of the non-Abelian gauge fields and
minimizes the sum.∫

d3x
[(

A1
µ(x)

)2
+

(
A2
µ(x)

)2
]
−→ min (5.26)

Having implemented such a gauge, one performs an Abelian projection in order to
put the non-Abelian gauge fields to zero. Additional calculations can be done for the
remaining Abelian gauge field – for example the string tension.

A1
µ(x) = A2

µ(x) = 0 (σAP ∼ 0.95σexp) (5.27)

This way one discovers that the calculated string tension accounts for 95% of the
full string tension (see also the exercises).
Using the lattice, one can calculate the Wilson string tension for just the monopole
content of the Abelian gauge field.
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A3
µ (σmon ∼ 0.9σexp) (5.28)

Only the contribution from the configuration of monopoles is kept and one still ob-
tains about 90% of the Coulomb string tension. Described lattice calculations were
initiated by Schierholtz et al. [9].
An interesting remark is that the charge of the monopole is quantized topologi-
cally (so called: second homotopy group). The point belongs to ∈ π2(SU(2)/U(1)),
which is equivalent to the S(2) group, meaning that it can be mapped on the surface
surrounding the monopole. This approach is usually criticized as being a gauge de-
pendend procedure.
Such a mechanism can be found in the classical solutions too – e. g. instantons. They
can also be used to calculate the string tension. Accounting for only 10% of the mea-
sured string tension, instantons can be ruled out as responsible for confinement. One
can construct the instanton liquid model, which can describe the chiral symmetry
breaking. However, the confinementmechanism itself is out of reach for suchmodels.

5.2.3 Induced magnetic monopole

In order to perform gauge transformation to the maximum Abelian gauge, one needs
to introduce gauge transformation V , defined here on the coset SU(2)/U(1). Taking
the term Ai = V∂iV† along with the Abelian part: A3 =

1
2 (1− cosθ)∂φ and calcu-

lating the magnetic field, results in a Dirac monopole (Dirac string). In QCD there
are non-Abelian gauge field strengths containing also a quadratic term: B =∇×A3 .
Calculating b = −(A×A)3 one finds that the magnetic monopole is of the opposite
sign (charge), but it is also a Dirac string. In order to obtain the full field strengths
we add the two and get: ∇×A3+ (A×A)3 . The Dirac string is unobservable, which
is not a surprising fact, considering it appears as a pure gauge artifact. It should not
have any field strengths – therefore our description seems consistent.
One can notice in this example, that magnetic monopoles are indeed closely con-
nected to the Abelian projection and the gauge (more on this topic in the exercises).
Abelian projections are topological constructions, which are gauge invariant and
which are responsible for the emergence of the monopoles. Frankly, the reason why
we see the monopoles is in fact a gauge invariant feature of QCD.

5.2.4 Dual superconductor models of QCD

Dual superconductors models of QCD have emerged basing on the properties of
magnetic monopole picture described in the previous section. The Ginzburg-Landau
type of theories assumed dual gauge field and quarks being point-like, charged
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Table 5.2 Analogies between the fluid mechanics and the gauge theory.

Fluid dynamics Gauge theory

Velocity field v Gauge potential A
Vorticity Magnetic field
ω = ∇×v, ∇ω = 0 B = ∇×A, ∇B = 0
Circulation Magnetic flux∮
C

dxv =
∫
Σ(C)

dΣω
∮
C

dxA =
∫
Σ(C)

dΣB

Magnus force Lorentz force
ω× Ûx qB× Ûx

magnetic monopoles.
We will see later on, that the monopole picture is in a way a trivial case of the vertex
condensation picture, which will be the topic of the next chapter.

5.3 Center vortex picture of confinement

5.3.1 Introduction

In everyday life one can find vortices in fluids, like water or air. Intuitively, the
vortex is the part of a fluid which rotates around some line, either closed or open. Its
topology depends on dimensionality of the considered problem. In two dimensions
vortices are points and in three dimensions they become closed loops. Finally, in four
dimensions vortices become closed, self-intersecting and non-oriented surfaces. To
describe vortices mathematically, one can introduce the vorticity of the velocity field
v, defined as ω = ∇×v.
There is a formal analogy between hydrodynamic quantitiesmentioned above and the
field-theoretical quantities – gauge potentialA and themagnetic fieldB=∇×A. One
can find more similarities between the fluid mechanics and the gauge theory, from
which some are listed in tab. 5.2. In this lecture the specific configurations of gauge
fields, the so-called center vortices, will be studied. These non-trivial structures
seem to be responsible for quark confinement and the spontaneous chiral symmetry
breaking. Before the actual discussion of center vortices it is worthwhile to remind
some facts from the group theory.
The center of a group contains all elements which commute with every other element
of this group,

Z := {z ∈ G |∀g ∈ G : gz = zg}. (5.29)

It is always a group. The center of an abelian group is the whole group. On the
other hand, some groups, for example G(2), have a trivial center containing only the
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neutral element of the group. Due to their physical significance we are particularly
interested in special unitary groups. The center of SU(2) group is the following set

Z(2) = {−1̂, 1̂} =

{(
−1 0
0 −1

)
,

(
1 0
0 1

)}
. (5.30)

In general, the center of SU(N) group contains N elements,

Z(N) = { zk | k = 0,1 . . .N −1} (5.31)

and these elements are Nth roots of unity,

zk = e2πik/N 1̂, (5.32)

where 1̂ is N ×N unit matrix. Particularly for SU(3) group, which is the gauge group
of QCD, the center is

Z(3) = {z0 = 1̂, z1 = e2πi/31̂, z2 = e4πi/31̂}. (5.33)

The center vortex is a specific configuration of a gauge field. It is defined by its
connection with the Wilson loop, which, as we remember, is defined as:

W[A](C) = P exp
i
∮
C

A
 . (5.34)

Consider a gauge field localized on a closed curve C1 in three dimensions. This
field forms a center vortex if a Wilson loop calculated around a curve C2 picks up a
non-trivial center element of the gauge group when curves C1 and C2 are linked in
a non-trivial way. Mathematically speaking, A(C1) is a center vortex if

W[A(C1)](C2) = zL(C1,C2), (5.35)

where L(C1,C2) is the Gauss linking number of curves C1 and C2 and z is a non-
trivial center element. Since the linking number is a topological property, the center
vortex does not depend on details of the shape of C2. For example, SU(2) group has
only one non-trivial center element, −1, and hence there is only one type of a center
vortex field, satisfying W[A(C1)](C2) = (−1)L(C1,C2).
Lattice data suggests that center vortices are dominant field configurations in the
infra-red region and are responsible for both confinement and the spontaneous break-
ing of chiral symmetry. Therefore it is worthwhile to discuss properties of center
vortices obtained on discretized space-time.
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Fig. 5.16 Left panel – line of non-trivial center elements (purple lines) on a two-dimensional
lattice. Right panel – surface of non-trivial center elements on a three-dimensional lattice. Black
contour – the Wilson loop. Trivial center elements are not shown.

5.3.2 Lattice gauge theory

In the lattice approach to gauge field theory one approximates the continuous space-
time with a discrete lattice of spacing a. Gauge fields are represented by link vari-
ables, Uµ(x) = exp[iaAµ(x)]. Calculation of the Wilson loop on the lattice is greatly
simplified in comparison to the calculation in the continuum limit – this operator
becomes just the ordered product of link variables along the chosen curve.
The partition function on the lattice, which is a sum over all link configurations with
proper weight factor, can be written as:

Z[U] =
∫ ∏

x

3∏
µ=0

dUµ(x)e−S[U], (5.36)

where S[U] is a lattice action. Its simplest form, the Wilson action, is given by

S[U] = β
∑
µ<ν,x

[1−
1

2N
(TrPµν(x)+ c.c)], (5.37)

where Pµν(x) = Uµ(x)Uν(x + µ)U
†
µ(x + ν)U

†
ν (x) is the product of link variables

around a plaquette. This action is invariant with respect to local gauge transfor-
mations:

Uµ(x) → eiΘ(x)Uµ(x)eiΘ(x+µ). (5.38)

Lattice gauge theory is a powerful tool to study non-perturbative effects in gauge
field theories. For more details, see the lecture by O. Kaczmarek.

5.3.3 Center projection

To study properties of center vortices on the lattice, first one has to choose a specific
gauge – the maximum center gauge. Let the gauge group be SU(2), for simplicity.
In this case, link variables can be expressed using the S4 parametrization in which
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Uµ = α0 + iατ. Because of the unit determinant of SU(2) matrices, parameters αi
are constrained – they belong to the three-dimensional unit sphere, α2

0 +α
2 = 1. To

find the maximal center gauge, one has to bring each link as close as possible to the
nearest center element, which in this case is either 1 or −1. In other words, one has
to maximize (α0)

2 and minimize α2. On the lattice this is done by maximization of
the following functional:

P =
∑
x,µ

��TrUµ(x)
��2 . (5.39)

The second step is to perform the center projection – each link is brought to the
nearest center element [10]. In case of the SU(2) group the non-abelian part α is set
to zero and the abelian part α0 is set to either 1 or −1.
As a result of the center projection one obtains a D-dimensional lattice in which
all links belong to the center of SU(2) group. A center vortex on this lattice is the
boundary of a D−1-dimensional domain with all links equal to −1. To see this, con-
sider a line of non-trivial center elements on a two-dimensional lattice (purple lines
on the left panel of fig. 5.16, trivial center elements are not shown). TheWilson loop
calculated around the end of this line (the black contour) yields −1, therefore (cf. eq.
(5.35)) there is the center vortex at the end of such a line. On a three-dimensional
lattice one finds surfaces of non-trivial center elements (see the right panel of fig.
5.16) and the center vortices in this case are located at the boundaries of such sur-
faces. Similarly, in case of a four-dimensional lattice, center vortices form surfaces.
Because of the Bianchi identity center vortices have to be closed. Moreover, these
objects belong to the dual lattice. Finally, one should also note that the Wilson loop
can be used as a vortex counter,W(C)= zN , where N is the number of center vortices
piercing the area encircled by a loop C.
It is also interesting to see the physical interpretation of the center projection. Orig-
inally, center vortices are smooth configurations of the gauge field, such that eq.
(5.35) is satisfied. These objects have a finite thickness of order 0.8 fm. In the proce-
dure of maximal center gauge fixing and the center projection, thick center vortices
are replaced by the thin ones which can be studied on the lattice. Moreover, one
can study gauge theories with removed center vortices [11]. To remove vortices
from the lattice each link is multiplied by corresponding center-projected element:
Uµ(x) → Uµ(x)Zµ(x). This adds a center-projected vortex on top of the physical
center vortex and their effects cancel. Figure 5.17 shows static quark potential for
SU(2) group. Black line corresponds to full lattice calculations – one can see the
usual result, where the potential is linear at long distances and Coulomb-like at short
ones.When center vortices are removed (the red line) heavy quark potential becomes
flat at large distances and hence loses its confining property. Finally, the green line
is the center vortex contribution obtained from the center projection. This suggests
that center vortices are responsible for confining part of the heavy quark potential.
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Fig. 5.17 Heavy quark po-
tential in SU(2) gauge theory
(black line). Red line – the
potential after removal of
center vortices. Center vortex
contribution – green line.
From [12].
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5.3.4 The random vortex model

The confinement mechanism of center vortices can be visualized with the simple
random vortex model [13]. Consider an ensemble of randomly distributed center
vortices, such that their intersection points with a two-dimensional plane in space-
time can be found at random and uncorrelated locations. Assume that the space-
time is a hypercube of length L and consider its two-dimensional slice of area L2,
containing a Wilson loop which circumscribes an area A. Probability that one vortex
pierces this area is P1

1 = A/L2, independently of the location of this point. Probability
that the vortex does not pierce that area is P1

0 = 1−P1
1 = 1− A/L2. When there are N

center vortices piercing a slice of the Universe, the probability that n of these pierce
the Wilson loop is binomial,

Pn
N =

(
N
n

) (
A
L2

)n (
1−

A
L2

)N−n
, (5.40)

because center vortices, as classical configurations of a gauge field in the Yang–Mills
functional integral, are distinguishable. From previous considerations it follows that
each vortex contributes a factor −1 to the Wilson loop. Hence, its average can be
evaluated as

〈W〉 =
N∑
n=0
(−1)nPn

N =

N∑
n=0

(
N
n

) (
−

A
L2

)n (
1−

A
L2

)N−n
=

(
1−2

A
L2

)N
=

(
1−2ρ

A
N

)N
N,L→∞
−→ exp(−2ρA), (5.41)

where in the last step the size of the universe L and the number of vortices N have been
sent to infinity with constant planar density ρ = N/L2. Hence, the random vortex
picture provides an area-law for the Wilson loop with the string tension σrvm =

2ρ. Lattice calculations of the vortex density provide ρ ≈ 3.4 fm−2, which leads



5 Effective approaches to QCD 161

Fig. 5.18 Typical vortex
configurations in the confining
(left panel) and the deconfined
phase (right panel). From
[15].

confined phase deconfined phase

x
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t

x

y
t

to σrvm ≈ (521MeV)2 [13]. This result overestimates experimental string tension,
which is (440MeV)2. This is due to the lack of correlations between vortices in the
random vortex model. Lattice results show also that the vortex distribution has the
proper scaling behavior, which means that it is a physical quantity [14].
The center vortex picture gives a natural explanation of the confinement, that is an
area-law falloff of Wilson loop. Moreover, it can also explain the deconfinement
phase transition. In the finite-temperature field theory the time dimension becomes
compactified and its length is an inverse of the temperature, Lt = 1/T . Center vortices
have finite thickness d ≈ 0.8 fm, and at sufficiently high temperature space-like
vortices can no longer fit in the lattice universe and they align along the time axis.
This happens when Lt ≈ d fromwhich the deconfinement temperature is estimated as
Tc ≈ 1.25 fm−1 ≈ 250MeV [15]. Therefore the deconfinement phase transition might
be seen as a transition from a phase of large vortices percolating through space-time
to a phase in which vortices are small and do not percolate.
This picture is supported by lattice results, shown in figs. 5.18 and 5.19. As one can
see, in the confined phase vortices form large clusters, which extend over the size
of temporal dimension, leading to an area law of both spatial and temporal Wilson
loops. On the other hand, in the deconfined phase vortices form small clusters,
aligned mostly along the time direction. Because of the fluctuations in the cluster
length, there is still a possibility that some vortices cross a temporal Wilson loop.
The intersection points in this case, however, are correlated – they occur pairwise,
thus giving no contribution to the Wilson loop. The only non-trivial contribution
comes from the edges of the loop, when one of intersection points may be outside
the loop – this explains the perimeter law of the temporal Wilson loop. Intersection
points with the spatial Wilson loop are still uncorrelated, which leads to the area law.
The center vortex model can be extended to SU(3) group [16, 17]. The situation
in this case is qualitatively different from the SU(2) case, because the former has
two non-trivial center elements, z1 = exp(2πi/3) and z2 = exp(4πi/3). This means
that there are two species of center vortices in SU(3) gauge theory, which, however,
are not independent. The fact that z2 = (z1)

2 allows a z2 vortex to split into two z1
vortices and conversely, two z1 vortices can merge into one z2 vortex. Therefore, in
case of three colors center vortices can not only cross, but also branch and split.
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Fig. 5.19 Vortex material distributions in the confined phase (left panel) and in the deconfined
phase (right panel) obtained in SU(2) lattice gauge calculations. Cluster extension is normalized to
maximal extension possible on the lattice. From [15].

Properties of a center vortex at a given lattice link are characterized by ν, the number
of vortex plaquettes meeting at this link:

• ν = 0 – there is no vortex at given link
• ν = 1 would lead to an open vortex, which is impossible
• ν = 2 – usual center vortex
• ν = 3 – vortex splitting
• ν = 4 – vortex crossing
• ν = 5 = 2+3 – vortex splitting
• ν = 6 = 2+4 = 3+3 – vortex crossing and splitting

Vortex branching has not been studied in the SU(3) lattice theory yet, but there are
studies based on the effective vortex model. Distributions of the branching number
in three-dimensional slices of a space-time obtained in this model are shown in
fig. 5.20. The left panel shows this distribution in the confined phase – one can
see that links are mainly attached to ordinary vortices (ν = 2), but there is also a
significant contribution from vortex branching (ν = 3). Middle and right panels show
distributions in the deconfined phase for two types of space-time slice. In case of the
temporal one (the middle panel), in which the time coordinate is fixed, one can see
that contribution coming from the vortex branching slightly increases. This means
that the spatial string tension increases. For the spatial slice (the right panel), in which
one space coordinate is fixed, vortex splitting and vortex crossing vanish entirely and
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Fig. 5.20 Branching point distributions in three-dimensional slices of space-time. Left panel shows
the results obtained in the confined phase (T ≈ 0) whilemiddle and right panels give the distributions
in the deconfined phase. The middle panel refers to a temporal slice while the right-hand one shows
the corresponding result for a spatial slice. From [16].

the temporal string tension also vanishes. Therefore the vortex branching behaves
as an order parameter for SU(3) deconfinement phase transition. The open question
is if the first order character of this transition is related to the vortex branching – in
case of SU(2) group vortices can only cross and the transition is second order, while
for N ≥ 3 vortices can also split as well as merge and the transition is first order.

5.3.5 Topology of center vortices and chiral symmetry breaking

We have shown that the center vortex picture provides a qualitative explanation of
the quark confinement and deconfinement phase transition. A good model of QCD
vacuum should also explain the chiral physics. In the remaining part of this lecture
we will show that the center vortex model can also explain the spontaneous breaking
of chiral symmetry in QCD. It turns out that this phenomenon is strictly connected
with the topology of center vortices.
Topological properties of gauge fields are characterized by the so-called topological
charge (Pontryagin index or second Chern class)

ν =
1

16π2

∫
d4x Tr(Fµν F̃µν), (5.42)

where F̃µν = 1
2εµνκλFκλ is the tensor dual to the field strength tensor Fµν . The

topological charge can be also expressed in terms of the electric, Ea
i = Fa

0i , and the
magnetic, Ba

i = F̃a
0i, fields,

ν =
1

4π2 Tr
∫

d4x EB. (5.43)

Two components of center-projected vortices can be distinguished – magnetic and
electric ones. Magnetic vortices form closed lines of magnetic flux in the three-
dimensional space which evolve in time direction for finite time interval, i.e. they
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form closed three-dimensional surfaces in four-dimensional space-time. On the other
hand, electric vortices form closed surfaces in three-dimensional space which exist
only at a single time instant. Presence of both types is needed to have a non-vanishing
Pontryagin index. According to eq. (5.43), each intersection point between electric
and magnetic part of a vortex contribute to ν and one can show rigorously that this
charge can also be expressed by the number of self-intersection points of a vortex
surface in four-dimensional space-time [18],

ν =
1
4

I(∂Σ, ∂Σ), (5.44)

where ∂Σ is the vortex surface. Moreover, the topological charge depends also on
the orientation of a vortex surface. Assume that electric and magnetic vortices are
both oriented. Then for any intersection point between the electric vortex surface and
magnetic vortex linewhich gives a positive contribution to the topological charge one
can find the intersection point which gives the opposite contribution. In general, one
can show that the intersection number of two oriented surfaces in four-dimensional
space is always zero and hence the topological charge of an oriented center vortex
vanishes. To be topologically non-trivial, a center vortex surface has to be non-
oriented.
The orientation of center vortices is irrelevant for their confining properties. It is,
however, crucial for spontaneous breaking of chiral symmetry and therefore it is
important to discuss, what makes a center vortex surface non-oriented. The answer
is magnetic monopoles. Consider a monopole-antimonopole pair, connected with
the Dirac string. The Dirac string itself is not observable. However, it represents
a magnetic flux whose one half forms a center vortex. Therefore one obtains a
center vortex loop with two monopoles on it. Moreover, these magnetic monopoles
change the orientation of the vortex flux which means that magnetic monopoles
are responsible for non-trivial topological properties of center vortices. In four
dimensions, center vortices are closed surfaces andmagnetic monopoles form closed
loops, placed on center vortex surfaces after one does the center projection. It can
be shown rigorously that the topological charge of a vortex is given by the linking
number between the monopole loop and the vortex surface [19]:

ν =
1
4

L(Cmonopole, ∂Σvortex). (5.45)

Moreover, one can show that in abelian gauges the topological charge is given by
ν =

∑
i nimi , where ni is an integer related to the Dirac string and mi is an integer

charge of a monopole [20]. Hence, the charge is always an integer.
In the continuum limit the intersection number of two surfaces in four-dimensional
space can be expressed in the integral form,

I(S1,S2) =
1
2

∫
S1

dσµν
∫
S2

dσ′µνδ(4)(x̄(σ)− x̄(σ′)). (5.46)
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Fig. 5.21 Illustration of (a) a
transversal intersection point
and (b) a twisting point.
The dashed lines indicate
the fourth dimension (time
direction). From [21].

(a) (b)

There are two types of intersection points [21] – the transversal intersection point
and the writhing point, also called the twist. For the first one x(σ) = x(σ′), but
σ , σ′ and its contribution to the intersection number is |ν | = 1/2. In the second
case x(σ) = x(σ′) as well as σ = σ′ and the contribution is |ν | < 1/2. The lattice
realization of these points is shown in fig. 5.21, where the left panel corresponds to
the transversal intersection point and the right panel to the writhing point. Dashed
lines show the time direction. The topological charge on the lattice can be expressed
as

ν =
1
4

I(∂Σ, ∂Σ) =
∑
site

νsite (5.47)

where

νsite =
1

32
#site, (5.48)

and #site is the number of pairs of plaquettes which share this site and which are com-
pletely orthogonal to one another (i.e. their tangent vectors span a four dimensional
space). In case of transversal intersection points there are four plaquettes which ex-
tend in one space dimension and the time dimension and four plaquettes which extend
in spatial direction only. Using prescription (5.48) one finds that ν = 1

32 ×4×4 = 1
2 .

For the writhing point one finds that there are two plaquettes extending in one space
dimension and in time and two plaquettes extending in spatial directions only and
therefore ν = 1

32 ×2×2 = 1
8 .

Figure 5.22 shows the time evolution (along the n0 axis) of a generic center vortex
on the lattice. As one can see, the type of intersection points can change during
the evolution. Figure 5.23 shows the continuum realization of this center vortex. At
some time the vortex loop emerges out of the vacuum, and during its evolution it can
intersect with itself. Finally, the loop disappears. Therefore the vortex sheet in four
dimensions emerges as a time evolution of a closed vortex loop in three dimensions.
One can also show that the Pontryagin index can be be expressed as an indicator of
the time derivative of the so-called writhing number,

ν =
1
4

∫
dt∂tWr (C(t)), (5.49)
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Fig. 5.22 Time evolution
of a generic center vortex
in 3 dimensions. n0 – time
dimension. From [22].
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where Wr (C(t)) is the writhing number, defined as the Gauss linking number of this
curve, Wr (C(t)) = L(C(t),C(t)). For details see ref. [19].
To discuss the connection between spontaneous chiral symmetry breaking and center
vortices one has to introduce quark fields. Consider an eigenvalue problem for the
Dirac operator with massless quarks,

γµDµΨ = λΨ, (5.50)

where Dµ = ∂µ− Aµ is the covariant derivative. When the eigenvectorΨ correspond-
ing to eigenvalue λ is multiplied by the γ5 matrix one obtains a new eigenvector with
the eigenvalue −λ. This follows from the fact that the γ5 matrix anticommutes with
all Dirac matrices. Therefore the zero modes (eigenvectors corresponding to λ = 0)
can be constructed as left- or right-handed modes, such that γ5ΨL/R = ∓ΨL/R,
ΨL/R = PL/RΨL/R where PL/R =

1
2 (1∓ γ5) is the projection operator. From the

Atiyah-Singer index theorem it follows that the topological charge of a field is
given by the difference between the number of left- and right- handed zero modes,
ν = nL − nR. This means that the zero modes of the Dirac operator are related to
the topology of gauge fields. When the topology of a gauge field configuration is
non-trivial, ν , 0, quarks must have zero modes.
One can investigate quark eigenmodes in the presence of center vortices. In order
to be topologically non-trivial, vortices have to intersect. The left panel of fig. 5.24

ti t
ft2

− εt
1

t2
t

2
+ ε t3

Fig. 5.23 Continuum realization of a center vortex loop from fig. 5.22 at different time instants.
From [19].
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Fig. 5.24 The probability density of the zero mode of quarks plotted against the two-dimensional
cut of the four-dimensional universe. Left panel – results obtained in the continuum limit with
center vortices as a background field, taken from ref. [23]. Right panel – corresponding lattice
result, taken from ref. [24].

shows the probability density of Dirac zero modes in the continuum limit, calculated
in the background field of two pairs of intersecting vortex sheets, plotted against
a two-dimensional slice of the four-dimensional universe [23]. In this cut center
vortices appear as intersecting lines. One can see that zero modes are concentrated
along these sheets and the concentration is largest at the intersection points. There-
fore center vortices act as the quark guides in the QCD vacuum. Similar calculations
have been done on the lattice (see ref. [24]) and the result is shown in the right panel
of fig. 5.24. As one can see, it is qualitatively similar to the continuum limit but the
probability density is smeared out.
A non-vanishing density of quark zero modes is connected with the spontaneous
chiral symmetry breaking, which follows from the Banks-Casher relation

〈q̄q〉 = −πρ(0), (5.51)

where 〈q̄q〉 is the quark condensate, an order parameter of chiral symmetry breaking,
and ρ(λ) is the spectral density which gives the number of states with eigenvalues
in an interval [λ,λ+ dλ]. To have a non-vanishing quark condensate, one needs a
non-zero density of Dirac zero modes. The latter is connected with center vortices
and this connection is even more visible when one analyses Dirac eigenmodes on the
lattice. Results for SU(2) gauge group (from ref. [25]) are shown in fig. 5.25, where
the 50 smallest eigenvalues of the Dirac operator for 10 different configurations
(each configuration – different symbol) are plotted. On the left panel one can see
that the density of near-zero eigenmodes is non-zero and from the Banks-Casher
relation follows that the quark condensate is also non-vanishing. When one removes
center vortices then zero modes, and hence the condensate, vanish which is shown
in the middle panel of this figure. This suggest that center vortices are responsible
for the spontaneous breaking of the chiral symmetry. It is expected that after the
center projection only near-zero quark eigenmodes would be present. Surprisingly,
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Fig. 5.25 Low lying eigenvalues of the Dirac operator in the complex plane obtained in SU(2)
gauge theory. Each symbol corresponds to different lattice configuration. Left panel – original
spectrum. Middle panel – spectrum after removal of center vortices. Right panel – spectrum after
the center projection. From [25].

as shown in the right panel of fig. 5.25, the gap is even larger (the range of Im λ axis
in this case is [−0.6,0.6]while spaces between axis ticks are unchanged). The reason
is that the Dirac operator used in these calculations has been not sensitive enough.
Lattice calculations with more sophisticated Dirac operator yield the expected result
– the center projection leaves only near-zero modes untouched [26]. This shows that
the center vortices are dominant IR degrees of freedom and are responsible not only
for quark confinement but also for the spontaneous chiral symmetry breaking.

5.3.6 Center vortex dominance

Infrared dominance of center vortices can be understood within the following simple
model [27]. Consider an infinitely thin, straight magnetic vortex. Energy density of
the gauge field in the background of the vortex, plotted against the magnetic flux
Φ, for the system without quarks is shown in the left panel of fig. 5.26. The flux is
normalized such that Φ = 0 corresponds to the perturbative vacuum and Φ = 1 to the
flux of the center vortex. One can see that the energy density corresponding to the
presence of the center vortex is the same as the energy density of the vacuum. The
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Fig. 5.26 Energy density as a function of the magnetic flux. Left panel – pure gauge system. Right
panel – system with both gauge and fermion fields. From [27].

energy density of this system in the presence of the quark field is shown in the right
panel of the figure. In this case the energy density corresponding to the center vortex
flux exceeds the energy density of the perturbative vacuum, but it still corresponds
to the local minimum in function of the magnetic flux. This provides a qualitative
explanation of the center vortex dominance in the IR sector.

5.3.7 Conclusions

In this lecture the center vortex picture of the QCD vacuum has been presented.
Center vortices seem to be dominant infra-red configurations of the Yang–Mills field
and provide appealing pictures of the quark confinement (center vortices percolating
through the space-time lead to area law for the Wilson loop) and the deconfinement
phase transition (as the temperature increases, center vortices align in the temporal
direction which leads to vanishing temporal string tension).
Topological properties of center vortices and their relevance to the spontaneous
breaking of the chiral symmetry have also been discussed. The topological charge
of an oriented vortex sheet vanishes and to be topologically non-trivial, a vortex
sheet has to be non-oriented. Non-orientability of vortex sheets is achieved due to
magnetic monopoles, which change the direction of the vortex flux. It has also been
shown that the topological charge is concentrated on vortex intersection points and
it is always an integer. Finally, we have pointed out that the quark zero modes are
concentrated on vortex intersection points, which shows that center vortices are also
responsible for chiral symmetry breaking.
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5.4 Hamiltonian approach to QCD in Coulomb gauge

5.4.1 Introduction

In the previous lectures we have discussed two scenarios of quark confinement –
magnetic monopole condensation (dual Meissner effect), which utilizes the maximal
abelian gauge, and center vortex condensation in which the maximal center gauge is
used. In this lecture the Gribov-Zwanziger mechanism of confinement is presented.
This picture of quark confinement is formulated in theCoulombgauge and to describe
it we use the Hamiltonian approach to QCD. We also discuss various connections
between these pictures of the quark confinement. Before the actual discussion let us
give some arguments why one should be interested in the Hamiltonian formalism.
Nowadays the most popular approach to quantum field theory is the path integral
formulation, which can handle both perturbative and non-perturbative phenomena.
The latter are usually studied using either numerical lattice calculations or theDyson-
Schwinger formalism. To gain some intuition about the strength of the Hamiltonian
approach to non-perturbative phenomena one may think about the hydrogen atom in
usual quantummechanics. One can easily find the exact solution of the Schroedinger
equation for this problem. On the other hand, it is really a difficult task to find exact
solutions using the path integral formalism. This argument seems to work also for
non-perturbative quantum field theory – the Hamiltonian approach is more efficient
than the Dyson-Schwinger approach based on the path integral formalism.
The Hamiltonian approach to QCD has been formulated in collaboration with C.
Feuchter, D. Epple, W. Schleifenbaum, M. Leder, M. Pak, J. Heffner, P. Vastag, H.
Vogt, E. Ebadati, G. Burgio, D. Campagnari and M. Quandt.

5.4.2 Canonical quantization of Yang–Mills theory

The first step towards the discussion of quark confinement is the canonical quanti-
zation of the gauge field. Consider the classical Yang–Mills action,

S =
1

4g2 Tr
∫

d4xFµνFµν, (5.52)

where the field strength tensor is

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν]. (5.53)

To proceed with the quantization of this system one needs canonical coordinates
and momenta. As coordinates we choose components of the gauge field, Aa

µ(x). The
corresponding conjugate momenta are
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Π
a
i (x) =

δS
δ ÛAa

i (x)
= Ea

i (x) (5.54)

Note that in this formulation the conjugate momenta corresponding to the temporal
component of the gauge field vanish,Πa

0 = 0. To resolve this problem one can choose
the Weyl gauge, Aa

0 = 0, in which the Yang–Mills Hamiltonian becomes

H =
1
2

∫
d3x[Πa(x)Πa(x)+Ba(x)Ba(x)]. (5.55)

In order to quantize the system, on has to replace canonical coordinates andmomenta
with operators, such that the following commutation relations are satisfied:[

Aa
k (x),Π

b
l (y)

]
= iδabδklδ(x−y) (5.56)[

Aa
k (x), A

b
l (y)

]
=

[
Π

a
k (x),Π

b
l (y)

]
= 0 . (5.57)

One can show that in the coordinate representation the momentum operator has the
following form

Π
a
k (x) =

δ

iδAa
k
(x)

. (5.58)

In the Weyl gauge one loses the Gauss law as an equation of motion and has to
impose it as a constraint on the wave functional

D̂ab
k (x)Π

b
k (x)ψ[A] = ρ

a
m(x)ψ[A], (5.59)

where

D̂ab
k (x) = δ

ab∂xk +g f acbAc
k(x) (5.60)

is the covariant derivative in the adjoint representation of the gauge group and ρm
is the color charge density of the matter field. Moreover, the operator on the left-
hand side, D̂ ·Π, is the generator of space-dependent and time-independent gauge
transformations. When matter fields are not present, ρm = 0, the right-hand side of
eq. (5.59) vanishes and thewave functionalmust be invariant under time-independent
gauge transformations U(x), ψ[A] = ψ[AU ].
After the quantization, the classical Hamiltonian becomes an operator, acting in the
Hilbert space of gauge invariant wave functionals with the scalar product

〈Φ| . . . |Ψ〉 =

∫
DAΦ∗[A] . . .Ψ[A]. (5.61)

Here
∫
DA is the functional integral over time-independent spatial components of

the gauge field. The main objective in the Hamiltonian approach to QCD is to find
the wave functional which satisfies the Schroedinger equation
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HΨ[A] = EΨ[A]. (5.62)

One usuallywants to find thewave functional corresponding to the vacuum. Solutions
for the gauge invariant vacuum state have been found in 2+1 dimensions [28, 29] and
for limited cases in 3+1 dimensions [30]. In general, the construction of the gauge
invariant wave functional in the second case is extremely difficult and therefore it
is much more efficient to choose a specific gauge. The convenient choice for this
problem is the Coulomb gauge, ∂ ·A = 0. After one applies the Faddeev-Popov
method to the scalar product (5.61) it becomes

〈Φ| . . . |Ψ〉 =

∫
DA⊥J(A⊥)Φ∗[A⊥] . . .Ψ[A⊥], (5.63)

where A⊥ is the transversal part of the gauge field,

J(A⊥) = Det(−D̂ · ∂) (5.64)

is the Faddeev-Popov determinant in the Coulomb gauge and the functional integra-
tion is over the transversal components only. The Coulomb gauge fixing may be seen
as a transition from the Cartesian to curvilinear coordinates with the Faddeev-Popov
determinant corresponding to the Jacobian of such a transformation.
After the Coulomb gauge fixing longitudinal components of the gauge field are elim-
inated. The momentum operator, however, still contains transversal and longitudinal
components, Π =Π⊥ +Π‖ , where (Π⊥)a

k
(x) = δ/iδ[(A⊥)a

k
(x)]. To obtain the longi-

tudinal component of the momentum operator one may use Gauss law which leads
to

Π‖ψ[A] = −∂(−D̂∂)−1ρψ[A], (5.65)

where

ρa(x) = − f abc Ab
k (x)Π

c
k (x)+ ρ

a
m(x) (5.66)

is the total color charge density, composed of the color charge density of matter, ρm,
and the color charge density of the gauge field, ρag(x)=− f abc Ab

k
(x)Πc

k
(x). The latter

exists only in non-abelian gauge theories. It should be emphasized that this operator
expression is valid only when Π‖ acts on the wave functional. Using relations (5.65)
and (5.66) one can derive the Yang–Mills Hamiltonian in the Coulomb gauge [31]

H =
1
2

∫
d3x

(
J−1Πa(x) · JΠa(x)+Ba(x) ·Ba(x)

)
+HC ≡ HYM +HC (5.67)

where

HC =
1
2

∫
d3x

∫
d3yJ−1ρa(x)J

[
(−D̂ · ∂)−1(−∂2)(−D̂ · ∂)−1]ab (x,y)ρb(y) (5.68)
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is the Coulomb term which arises from the kinetic energy of the longitudinal compo-
nents of the momentum operator. In case of QED this term reduces to the Coulomb
potential between densities of the electric charge.
The Yang–Mills Hamiltonian in the Coulomb gauge, eq. (5.67), is more complicated
than the original gauge invariant one, eq. (5.55). The kinetic energy of the kinetic
energy of the transversal degrees of freedom (the first term of eq. (5.67)) contains
the Faddeev-Popov determinant. Moreover, the Coulomb term is a highly non-local
object. The Faddeev-Popov determinant can be also found in the scalar product
(5.63). It is, however, still more convenient to work with the complicated gauge fixed
Hamiltonian than with gauge invariant wave functionals. It should also be stressed
that by implementation of Gauss law in the gauge fixed Hamiltonian one takes into
account all implications of gauge invariance.

5.4.3 Variational solution for the Yang–Mills vacuum wave functional

One of the methods for solving the Yang–Mills Schroedinger equation is to assume
a certain form of the wave functional. Physical properties of the system are then
determined by minimization of the corresponding energy density – this is the varia-
tional approach to the problem. It has been used for the first time by D. Schutte who
assumed the Gaussian form of the vacuum wave functional [32],

Ψ[A] = exp
[
−

1
2

∫
d3x

∫
d3yAa

k (x)ω(x, y)A
a
k (y)

]
, (5.69)

and derived the coupled set of integral equations for the gluon propagator, the ghost
propagator and the Coulomb potential. Numerical solutions for this set of equations
have been provided in ref. [33]. An improved variational approach to the Yang–
Mills Schroedinger equation has been developed in refs. [34, 35]. The differences
between these and previous works include the form of the vacuum wave functional,
treatment of the Faddeev-Popov determinant (which turns out to be crucial for the
confining properties of the theory) and renormalization. The trial ansatz proposed
for the vacuum wave functional is

Ψ[A] =
1√

J(A)
exp

[
−

1
2

∫
d3x

∫
d3yAa

k (x)ω(x, y)A
a
k (y)

]
, (5.70)

whereω(x, y) is the variational kernel which minimizes the energy density 〈Ψ|H |Ψ〉.
The advantage of this ansatz is that the static gluon propagator is proportional to the
inverse of the variational kernel:

〈Aa
k (x)A

b
l (y)〉 = δ

abtkl(x)
1

2ω(x,y)
, (5.71)

where tkl(x) = δkl − ∂xk ∂
x
l
/∂2

x is the transversal projector. From the form of this
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Fig. 5.27 The gluon energy ω(p) (left panel) and the ghost form factor d (right panel) obtained
from the variational principle for the Yang–Mills energy density. From [5].

propagator follows that its Fourier transform represents the single-particle gluon
energy. Minimization of the energy density with respect to ω(x,y) leads to the result
shown in the left panel of fig. 5.27. One can see that for large momenta the behavior
of the gluon energy is similar to the behavior of the photon energy, ω(p) ∼ |p|, while
at small momenta it becomes divergent, ω(p) ∼ 1/|p|. This means that there are no
free gluons in the infrared sector – it is a manifestation of confinement.
It is interesting to discuss the Fourier transform of the variational kernel in more
detail. The general form of the gluon gap equation obtained after one uses the
variational principle is

ω2(p) = p2+ χ2(p)+ Itad + IC(p), (5.72)

where χ(p) is the ghost loop, shown in the left panel of fig. 5.28, Itad is the
tadpole contribution and IC(p) follows from the Coulomb term. This equation has
the form of a relativistic dispersion relation. To calculate the ghost loop one needs
the ghost propagator. In general, a calculation of the ghost Green’s function, given
by G = 〈(−D̂ · ∂)−1〉, is very difficult. To handle this problem one can expand the
inverse of the Faddeev-Popov operator −D̂ · ∂ in a series and then resum it after
certain approximations. This, however, does not lead to a closed form of the ghost
propagator, but to the Dyson-Schwinger equation for this propagator (shown in the
right panel of fig. 5.28) and in principle it is neither clear nor trivial that the gap
equation coupled to the Dyson-Schwinger equations should have a solution.
The ghost propagator can be represented in the following, convenient form,

G =
d(∆)
−∆

, (5.73)

where d(∆) is called the ghost form factor, containing all the deviations from QED.
For the latter the form factor is just equal to unity.
Numerical calculations suggest that in the pure glue sector the only relevant term is
the ghost loop and therefore one can skip the tadpole contribution and the Coulomb
term. The latter, however, has to be included when one considers a theory with
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Fig. 5.28 Diagrammatic representation of the ghost loop (left panel) and the Dyson-Schwinger
equation for the ghost propagator (right panel).

Fig. 5.29 Dielectric function
of the Yang–Mills vacuum
obtained in the variational
approach. From [38].
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quarks, for it is responsible for chiral symmetry breaking. Hence, one has to solve
the following gap equation

ω2(p) = p2+ χ2(p), (5.74)

with the ghost loop given in the left panel of fig. 5.28 and the ghost propagator,
satisfying certain Dyson-Schwinger equations, given by eq. (5.73).
The infrared analysis of this equation has been carried out in refs. [36, 37], where a
power law for the gluon energy, ω = A/pα, and the ghost form factor, d(p) = B/pβ ,
have been assumed. The ghost form factor fulfills therefore the so-called horizon
condition, d−1(0)= 0, which is the crucial part of the Gribov-Zwanziger confinement
scenario. Another assumption is that the ghost-gluon vertex is bare. One then finds
the following sum rule for the exponents:

α = 2β+2− d, (5.75)

where d is the number of dimensions. For d = 3 the exponents are either α = β = 1 or
α = 0.6 and β = 0.8. To find the general momentum dependence of the gluon energy
and the ghost form factor one has to use numerical methods. The corresponding
results are shown in fig. 5.27.
In the Coulomb gauge the ghost form factor has a physical meaning [38]. Its inverse
gives the dielectric function of the Yang–Mills vacuum, ε(p) = d−1(p). This function
calculated in the variational approach is shown in fig. 5.29. The horizon condition
implies that the dielectric function vanishes in the infrared regime. This means
that there are no free color charges possible – for ε = 0 the electrical displacement
D = εE vanishes and from Gauss law, ∂ ·D = ρ f ree, follows that the density of
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free charges has to vanish. A medium with vanishing dielectric constant is a perfect
dielectric or a dual superconductor. Therefore the Hamiltonian approach to Yang–
Mills theory in the Coulomb gauge is related to the dual superconductor picture of
quark confinement, discussed in the first lecture.
It is important to compare continuum results obtained using the variational ansatz
with the lattice data. The results presented below correspond to the SU(2) gauge
group. Figure 5.30 shows a comparison between lattice data and the variational
solution for the gluon energy (left panel) and the ghost form factor (right panel)
in 2+ 1 dimensions. The variational solution correctly reproduces both infrared
and ultraviolet behaviors, but deviates from the lattice data in the intermediate
momentum regime. The left panel of fig. 5.31 shows the static gluon propagator
D(p) = (2ω(p))−1 in 3+1 dimensions, obtained on the lattice (points) and using the
variational approach (dot-dashed line). The solid line shows a fit to Gribov’s formula
for the gluon energy,

ω(p) =

√
p2+

M2

p2 , (5.76)

where M = 0.88GeV. Similarly to the 2+1 dimensional case, the variational approach
reproduces correctly high and low momentum regimes and fails for intermediate
momenta. To at least partially resolve this problem, one may use a non-Gaussian
ansatz for the vacuum wave functional [42] (see also ref. [43]). The corresponding
result is shown in the right panel of fig. 5.31. One can see that the non-Gaussian
result fits much better to the lattice data.
On the lattice one can also study the ghost form factor and one finds that the infra-red
exponent is β ≈ 0.5 (the exponent corresponding to the gluon energy α ≈ 1) [44]
which is surprising, because this result violates the sum rule (5.75). This issue is
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Fig. 5.32 The static color
charge potential obtained
from eq. (5.77). From [5].
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connected with the gauge fixing on the lattice, which is still unclear. An alternative
method of the gauge fixing leads to β ≈ 1 [45]. The gluon propagator, on the other
hand, seems to be insensitive to the choice of the gauge fixing method.
We have not discussed the Coulomb term, eq. (5.68), of the gauge fixed Yang–Mills
Hamiltonian, eq. (5.67), yet. In the presence of matter fields, this term contains a
part which is quadratic in ρm – it represents a two body interaction induced by the
Yang–Mills vacuum. The vacuum expectation value of this part,

VC(|x−y|) = g2
〈
〈x|(−D̂ · ∂)−1(−∆)(−D̂ · ∂)−1 |y〉

〉
, (5.77)

is the static color charge potential. After one uses the variational principle and the
trial ansatz (5.70), the vacuum expectation value factorizes and one obtains

VC(|x−y|) ≈
∫

d3w

∫
d3z G(x,w) 〈w| −∆|z〉G(z,y), (5.78)

where G(x,y) is the ghost propagator, given by eq. (5.73). This potential is shown in
fig. 5.32. For small distances it behaves like the Coulomb potential,VC(r) ∼ 1/r , and
for large distances it rises linearly, VC(r) ∼ σCr , where σC is the so-called Coulomb
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string tension, which is 2− 3 times larger than the Wilson string tension σW and,
which can be shown rigorously, gives an upper bound for the latter, σW < σC . When
one considers the Fourier transform of this potential,

VC(|x−y|) =
∫

d3peip |x−y |VC(p), (5.79)

one finds thatVC(p)= (d(p))2/p2. For the linearly rising potentialVC(p) ∼ 1/p4. This
is satisfied when d(p) = 1/p, and hence the infrared exponent β = 1 is responsible
for the linear behavior of the Coulomb potential. Such form of the ghost form factor
obviously satisfies the horizon condition d−1(0) = 0.
As we have shown, the horizon condition is crucial for confinement. It is therefore
important to ask, what are the field configurations which trigger the horizon con-
dition. An infrared singular ghost form factor arises from the field configurations
which are on, or near, the Gribov horizon. This condition is satisfied by center vor-
tices and magnetic monopoles (in fact these configurations are exactly at Gribov’s
horizon). Contributions of center vortices to the ghost form factor have been studied
on the lattice for SU(2) [46]. The left panel of fig. 5.33 shows the renormalized ghost
form factor obtained in these calculations. The full result (green points) has infrared
divergence. After removal of center vortices (red and black points) the form factor
is no longer divergent at p→ 0 and confining properties of the theory are lost. A
similar result holds for the Coulomb potential (the right panel of fig. 5.33) – after
removal of center vortices the Coulomb string tension vanishes and the potential is
no longer confining.
To really show that this approach yields confinement, one has to calculate the vacuum
expectation value of theWilson loop, which is an order parameter of confinement. In
the confined phase this quantity exhibits an area-law falloff, while in the deconfined
phase it falls off with the perimeter law. Calculation of the Wilson loop, unfortu-
nately, is difficult in a continuum theory because of the path ordering in this operator.
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Fig. 5.33 Left panel: the renormalized ghost form factor obtained on the lattice. Green points – the
full result. Red and black points – the form factor after removal of center vortices (prefix s stands for
spatial). Right panel: lattice calculations of the Coulomb potential. Green points – the full result.
Red points – potential after removal of center vortices. Purple points – potential obtained after the
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In ref. [47] the Dyson-Schwinger equation for the Wilson loop in supersymmetric
Yang–Mills theory has been derived. With this method, which is exact only in the
supersymmetric case, one can find the approximate form of the Wilson loop [48].
The corresponding potential is shown in the left panel of fig. 5.34. Since the method
used to calculate theWilson loop works only for intermediate distances, the potential
is strongly affected by the Coulomb-like behavior. After subtraction of this contri-
bution one obtains the linearly rising potential, as shown in the right panel of this
figure.
An alternative order parameter (or rather a disorder parameter) of confinement,
which is easier to calculate in a continuum theory is the ’t Hooft loop [49]. This
object is defined by the operator V̂(C) which satisfies the following commutation
relation

V̂(C1)W(C2) = zL(C1,C2)W(C2)V̂(C1), (5.80)

where C1 and C2 are closed curves, W(C2) is the Wilson loop, z is a non-trivial
center element of the gauge group and L(C1,C2) is the Gauss linking number. The
’t Hooft loop exhibits the area law falloff in the deconfined phase and the perimeter
law in the confined phase,

〈V̂(C)〉 ∼

{
exp(−σA(C)), deconfinement
exp(−κP(C)), confinement

(5.81)

therefore it behaves in the opposite way to the Wilson loop. It can be shown (see ref.
[50]) that the ’t Hooft loop has the following continuum realization:

V̂(C) = exp
i
∫
R3

A(C)Π
 , (5.82)
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where Π = δ/(iδA) is the momentum operator of the gauge field and A(C) is the
gauge potential of a thin center vortex located at the loop C. One can show that when
the ’t Hooft loop operator acts on the wave functional, its argument is displaced by
the center vortex field A(C):

V̂(C)ψ[A] = ψ[A(C)+ A]. (5.83)

This relation turns out to be natural if one notices that Π is the momentum operator
and recalls a similar relation from the usual quantum mechanics, exp(iap̂)ψ(x) =
ψ(x+a). The ’t Hooft loop in a variational approach has been calculated in ref. [51]
and the perimeter law was found.

5.4.4 Hamiltonian formulation of QCD in Coulomb gauge

The Hamiltonian approach to pure Yang–Mills theory, presented above, can be
extended to full QCD [52, 53]. The QCD Hamiltonian in Coulomb gauge is

HQCD = HYM +HC +Hq, (5.84)

where HYM and HC are the Yang–Mills Hamiltonian, eq. (5.67), and the Coulomb
term, eq. (5.68), respectively. The latter is modified by quarks because of the color
charge density of matter fields, which becomes

ρam(x) = ψ†(x)taψ(x), (5.85)

where ψ(x) is the quark field and ta is the ath generator of the gauge group in the
fundamental representation. The last term of eq. (5.84) is the Dirac Hamiltonian of
quarks coupled to the spatial Gauge field, given by

Hq =

∫
d3xψ†(x) [α(p+gA)+ βm0]ψ(x), (5.86)

where α and β are Dirac matrices.
In the previous section the variational ansatz for solving theYang–Mills Schroedinger
equation has been discussed. Such an ansatz can be also applied to the quark wave
functional. In these notes the following form, introduced in ref. [53], will be consid-
ered:

|φ〉q = exp
[∫

ψ†+(sβ+ vα ·A+wβα ·A)ψ−
]
|0〉q , (5.87)

where ψ†+ and ψ†− are positive and negative energy components of the quark field,
respectively, and s, v, w are variational kernels, from which s is called the scalar
kernel. When u and v are set to 0, the wave functional (5.87) takes the form of the
Bardeen–Cooper–Schrieffer (BCS) wavefunction. A wave functional of this type has
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been used in refs. [54, 55, 56].
When one variates the wave functional (5.87) with respect to the variational kernels,
one finds that w and v can be expressed explicitly in terms of the scalar kernel and
the gluon energy ω,

w(p,q) = fw[s,ω] v(p,q) = fv[s,ω], (5.88)

and the scalar kernel can be determined from the following gap equation

s(p,q) = fs[s,v,w; p]. (5.89)

Important advantage of the quark wave functional (5.87) is that, as opposed to
previous ansatzes, all the UV divergences in the gap equation (5.89) strictly cancel.
Numerical calculations have been carried out in ref. [57] and the scalar kernel s and
the effective quark mass, given by

M(p) =
2ps(p)

1− s2(p)
, (5.90)

obtained in these calculations are shown in the left and right panels of fig. 5.35,
respectively. The red curve corresponds to a calculation without quark-gluon cou-
pling, i.e. to the BCS typewave functional, and the blue line shows the result obtained
with the coupling. The IR behavior of these functions is the same but differences
can be seen in the UV regime. This is not surprising, because the IR behavior is
dominated by the Coulomb term. There is, however, a change in the value of the
quark condensate for calculations with and without the coupling. In the first case
the phenomenological value, (−235MeV)3, is reproduced. In the second case the
value of the condensate is (−185MeV)3, so the quark-gluon coupling increases the
strength of chiral symmetry breaking. Moreover, without the Coulomb term there is
no chiral symmetry breaking at all.
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5.4.5 Alternative Hamiltonian approach to finite temperature QFT

The approach presented above can be extended to finite temperature and chemical
potential within the grand canonical ensemble. To this end one makes a variational
ansatz for the density matrix, such that the thermodynamic potential is minimized.
For the Yang–Mills sector it was done in refs. [58, 59]. There is, however, an
alternativeHamiltonian approach to finite temperatureQFT,which requires no ansatz
for the density matrix [60]. In this approach, which in more detail is described
in the appendix, the temperature is introduced by compactification of one of the
spatial dimensions and one has to solve the Hamiltonian approach on the S1(L)×R3

manifold. The crucial element of this approach is that the partition function depends
only on E0, the ground state of the Hamiltonian defined on the spatial part of this
manifold, S1(L)×R2:

Z(L) = lim
l→∞

Trexp (−lH(L)) = lim
l→∞

exp (−lE0(L)) . (5.91)

Here the temperature is given by the inverse of the compactified dimension length,
T = L−1. One can see that the finite temperature effects are entirely encoded in the
vacuum. This approach has been used the Yang–Mills thermodynamics in ref. [61].
In these notes we will discuss the Polyakov loop (calculated in ref. [62]) and the dual
quark condensate (which can be found in ref. [63]).
First the Polyakov loop, introduced already in the first lecture, will be discussed. It
is given by

P[A0](x) =
1
dr

Tr P exp
i

L∫
0

dx0 A0(x, x0)

 , (5.92)

where dr is the dimension of the fundamental representation of the gauge group.
In the continuum theory, this quantity is most readily calculated in the so-called
Polyakov gauge in which the temporal component of the gauge field is time-
independent, ∂0 A0 = 0, and color diagonal. For the SU(2) and SU(3) gauge groups
the Polyakov loop, in the so-called fundamental modular region 0 ≤ A0L/2 < π, is a
unique function of the temporal component of the gauge field. In case of SU(2) it is
given by

P[A0](x) = cos(
1
2

A0(x)). (5.93)

The expectation value of the Polyakov loop, 〈P[A0](x)〉, is not the only order param-
eter of the deconfinement phase transition. One can show that (see refs. [64, 65]), at
least for SU(2) and SU(3) groups, the alternative order parameters are the Polyakov
loop of the expectation value of the gauge field, P[〈A0〉](x), and the expectation
value of the gauge field itself, 〈A0〉.
The fact that an order parameter is not unique, can be used to construct an effective
potential for the order parameter. The simplest way to achieve this is to perform the
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Fig. 5.36 The Weiss potential
as a function of the dimen-
sionless variable. From [62].
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background field calculation with a temporal background field a0 = 〈A0〉, with A0 in
the Polyakov gauge. In such an approach the value of the background gauge field ā0
is chosen such that it minimizes the effective potential e(a0). The order parameter is
then 〈P[A0]〉 ≈ P[ā0].
The perturbative calculation, up to one loop, of such a potential, called in this case
theWeiss potential, can be found in refs. [66] and [67]. This potential is shown in fig.
5.36, where x = a3L/2π is a dimensionless variable. The potential has a minimum
at vanishing background field giving P[a0 = 0] = 1 which corresponds to the decon-
fined phase. This is the effect of the perturbative calculation. The non-perturbative
approach is presented below.
The Polyakov loop seems to be impossible to calculate in the Hamiltonian approach,
where the Weyl gauge, A0 = 0, is used. One can, however, use the alternative ap-
proach, described above, and compactify one of spatial axes instead of the temporal
one and solve the Hamiltonian approach on the spatial R2 × S(L) manifold. In the
case described here, the compactified axis is x3 and hence the background field has
to be put along this axis, a = ae3. One can then calculate the effective potential as a
function of the spatial background field a and minimize the expectation value of the
Hamiltonian, 〈H〉a =min〈H〉, under the constraint that 〈A〉 = a. It turns out that

〈H〉a = (spatial volume)× e(a), (5.94)

and therefore the effective potential is the pseudo energy density calculated with
the constraint 〈A〉 = a. We will skip the detailed discussion of this model and only
briefly discuss critical temperatures found for SU(2) and SU(3). For SU(2) TSU(2)

C
=

312MeV and for SU(3) TSU(3)
C

= 283MeV. Corresponding lattice results (see ref.
[68]) are 269 MeV and 283MeV, respectively. One can also compare these results
with temperatures obtained from the functional renormalization group approach. For
SU(2) one gets 230MeV, while for SU(3) the corresponding temperature is 230MeV.
Finally, fig. 5.37 shows the temperature dependence of the Polyakov loop for SU(2)
(left panel) and SU(3) (right panel) with and without quarks (red and green lines,
respectively). The inclusion of quarks smoothens the phase transition in both cases.
The order parameter is not unique and in fact any observable which transforms non-
trivially under the center symmetrymay serve as an order parameter for confinement.
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Fig. 5.37 Preliminary results for the Polyakov loop obtained from the alternative Hamiltonian
approach in case of SU(2) (left panel) and SU(3) (right panel). Green lines – pure gauge results.
Red line – calculation with quarks included.

We have discussed the Polyakov loop already. In the last part of these notes the so-
called dual quark condensate is discussed. To find that quantity one has to calculate
the quark condensate 〈(q̄q)ϕ〉 first, where the index ϕ denotes that quark fields
are subject to the generalized boundary conditions on the compactified dimension,
q(L) = eiϕq(0). The dual quark condensate is the Fourier transform of 〈(q̄q)ϕ〉,

Σn =

2π∫
0

dϕ
2π

e−inϕ 〈(q̄q)ϕ〉. (5.95)

It corresponds to loops winding n times around the compact time axis. Especially, Σ1
is the dressed Polyakov loop [69]. One can also show that the phase φ can be absorbed
into an imaginary chemical potential, µ= i(π−ϕ)/L, and that the compactified 3-axis
potential is:

p3 =Ωn + iµ =
2πn+ϕ

L
. (5.96)

As in the case of the Polyakov loop potential, we briefly discuss the results and
omit the detailed discussion. Figure 5.38 shows the chiral condensate for SU(3) as
a function of temperature T and phase ϕ obtained in the variational approach and
fig. 5.39 shows the comparison between the dual (red curve) and the chiral (blue
curve) condensates. From this approach one obtains that the temperature of the chiral
crossover is Tχ ' 170MeV and the temperature of deconfinement is TC ' 198MeV.
Corresponding lattice results are 155MeV and 165MeV, respectively.
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Fig. 5.38 The chiral quark
condensate plotted against
temperatureT and phase ϕ for
a SU(3). From [63].

Fig. 5.39 Comparison be-
tween the temperature depen-
dence of chiral (solid curve)
and dual (dashed curve) quark
condensates for SU(3). From
[63].
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5.4.6 Conclusions

In this lecture the Hamiltonian formulation of QCD has been presented. In the first
part we described the variational ansatz for the Yang–Mills wave functional. This
approach provides a good description of the infrared sector of the theory which
explains both confinement and dynamical chiral symmetry breaking in form of the
infrared divergence of the ghost form factor which has been observed in lattice cal-
culations. Moreover, it is related to the two pictures of quark confinement presented
in the previous lectures.
The thermodynamics of QCD has been presented in a novel way in which the tem-
perature is introduced by compactification of a spatial dimension. In this approach all
thermodynamic information is encoded in the ground state of the QCD Hamiltonian
defined on a spatial R2× S1 manifold.
In this approach an effective Polyakov loop potential can be also derived. It correctly
reproduces the order of the deconfinement phase transition in the pure Yang–Mills
sector. The inclusion of quarks changes the transition to a crossover. One can also
calculate the chiral and the dual quark condensates.
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Exercises

Exercise 1 (Polyakov loop)

〈P†(x)P(y)〉 = e−βF(x−y) , (5.97)

where F(x− y) is the free energy (Coulomb potential) of a static point charge at
position y and an anticharge at x.

Exercise 2 (Emergence of magnetic monopoles in Polyakov gauge

Below we illustrate the emergence of magnetic monopoles after Abelian projection.
For this purpose we choose the Polyakov gauge, which is simpler to handle than the
maximal Abelian gauge. For simplicity, we consider the gauge group SU(2)

P(x) = T exp
©«−

β∫
0

dx0 A0(x0,x)
ª®®¬ , A0 = Aa

0 Ta , Ta = −
i
2
τa . (5.98)

Polyakov gauge is defined by diagonalizing the Polyakov loop. The Polyakov loop is
an element of the gauge group, which can be represented as

P(x) = eiχ(x)·τ ∈ SU(2) . (5.99)

Since for SU(2)1

P(x) = cos χ1+ i χ̂ ·τ sin χ, (5.100)

where 1 denotes the 2-dimensional unit matrix, the diagonalization of the Polyakov
loop

P(x) = V(x)d(x)V†(x), (5.101)

where

d(x) = eiχ(x)τ3 ∈ U(1), χ(x) = |χ(x)| , (5.102)

requires to find a matrix V such that

χ̂ ·τ = Vτ3V† , χ̂ =
χ

χ
. (5.103)

Note, that the Polyakov loop (5.103) can be uniquely diagonalized (since it is given
by the exponent of an anti-hermitian operator) except in the case when the Polyakov
loop equals a center element, i.e. when

1 We will skip the unit matrix in the following.
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P(x) = ±1 . (5.104)

In such points in space the diagonalization is not unique, i.e. the matrix V is ill-
defined. Obviously the matrix V lives in the coset

V ∈ SU(2)/U(1), (5.105)

and is defined only up to Abelian gauge transformation

V → V h, h ∈ U(1) . (5.106)

The matrix V depends only on the direction χ̂. It has to rotate the unit vector χ̂ onto
the 3-axis. Using spherical coordinates (see fig. 5.40) for the vector χ = χ(χ, θ, φ) =
χ(ρ, φ, χ3), this is accomplished by the matrix

V = eiθeφ ·τ/2 , (5.107)

where we have defined

τφ = eφ ·τ , eφ = −sinφe1+ cosφe2 . (5.108)

Both θ and φ are functions of x.

Fig. 5.40 Cartesian and spherical coordinates in color space.

The Polyakov loop (5.101) is obviously diagonalized by the gauge transformation

Aµ→ AV
µ = V†AµV +V†∂µV (5.109)

with V defined by eq. (5.107). We will now show that at those points in space, where
(5.104) holds the induced gauge potential
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Aµ = V†∂µV (5.110)

develops in its Abelian part a magnetic monopole. To show this we first write the
matrix V (5.107) as

V = cos
θ

2
+ iτφ sin

φ

2
. (5.111)

We will use spherical coordinates in R3

x = x(r, ϑ, ϕ), (5.112)

where

∇ = er
∂

∂r
+ eϑ

1
r
∂

∂ϑ
+ eϕ

1
r sinϑ

∂

∂ϕ
. (5.113)

and

eϕ = −sinϕe1+ cosϕe2 . (5.114)

Furthermore, for simplicity we will assume that the Polyakov loop field has the form
of a hedgehog

P(x) = exp(iχ(r)r̂τ), (5.115)

where we have defined

r̂ =
x
r
, r = |x| . (5.116)

In the vincinity of P(x) = 1(= Z) P(x) looks like a hedgehog. The Polyakov loop
represents a mapping from R3 into the gauge group. If we compactify R3 to S3 by
adding the point at infinity the Polyakov loop represents a mapping from S3 into
the group manifold, which for SU(2) is equivalent to S3. Such mappings fall into
homotopy classes Π3(S3), which are characterized by the winding number

n[P] = −
1

24π2

∫
R3

d3xεi jkTr(LiLjLk), (5.117)

where

Li = P†∂iP . (5.118)

If we choose the boundary condition

χ(0) = 0, χ(∞) = nπ (5.119)
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the winding number of the mapping (5.115) is n. The ansatz (5.115) implies that the
unit vector χ̂ equals the coordinate unit vector r̂ such that the angles in coordinate
space and group space coincide, i.e.

φ = ϕ, θ = ϑ . (5.120)

The matrix (5.111) then reads

V = cos
ϑ

2
+ iτφ sin

ϑ

2
, τφ = eφ ·τ . (5.121)

With eq. (5.113) we find

∇V = eϑ
1
2r

(
−sin

ϑ

2
+ iτφ cos

ϑ

2

)
− eϕ

1
r sinϑ

iτρ sin
ϑ

2
, (5.122)

where we have used

∂ϕeφ = −eρ . (5.123)

After straightforward algebra we find for the induced field

V†∇V =
(
cos

ϑ

2
− iτφ sin

ϑ

2

) [
eϑ

1
2r

(
−sin

ϑ

2
+ iτφ cos

ϑ

2

)
− ieϕ

1
r sinϑ

τρ sin
ϑ

2

]
= eϑ

1
2r

[
−sin

ϑ

2
cos

ϑ

2
+ sin

ϑ

2
cos

ϑ

2
+ iτφ

(
cos2 ϑ

2
+ sin2 ϑ

2

)]
− ieϕ

1
r sinϑ

(
cos

ϑ

2
sin

ϑ

2
τρ − iτφτρ sin2 ϑ

2

)
. (5.124)

Using

τφτρ = −iτ3 (5.125)

we obtain

A ≡ V†∇V =
i

2r
(
eϑτφ − eϕτρ

)
+

i
r sinϑ

eϕ sin2 ϑ

2
τ3 , (5.126)

since

A =AaTa , Ta = −
i
2
τa (5.127)

and

2sin2 ϑ

2
= 1− cosϑ (5.128)

we find for the Abelian component of the induced gauge field
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A3 = −
1− cosϑ
r sinϑ

eϕ . (5.129)

This is the gauge field of a magnetic monopole with (negative) unit magnetic charge
and a Dirac string on the negative 3-axis.

For the non-Abelian components we read off from eq. (5.126)

Aρ =
1
r

eϕ , Aϕ = −
1
r

eϑ . (5.130)

With eq. (5.114) the Cartesian components of the Abelian monopole field (5.129)
read

A3
x =

y

r(r + z)
, A3

y = −
x

r(r + z)
, A3

z = 0, (5.131)

from which one obtains the magnetic field after straightforward calculation

B3 = ∇×A3 = −
r̂
r2 −4πδ(x)δ(x)θ(−z) . (5.132)

From the induced gauge potential (5.126) we read off the spatial components of the
algebra valued gauge fields

Ar = 0, Aϑ =
i

2r
τϕ ,

Aϕ =
i

2r
(−τρ)+ i

1
cosϑ

2r sinϑτ3 . (5.133)

From the algebra valued gauge field we find from the commutator term of the field
strength the magnetic field

Bk =
1
2
εklm[Al,Am] . (5.134)

Due to eq. (5.133) its only non-vanishing component is the radial one

Br = εrϑϕ︸︷︷︸
=1

[Aϑ,Aϕ], Bϑ = 0, Bϕ = 0 . (5.135)

From eq. (5.133) we find for the commutator

[Aϑ,Aϕ] =
1

4r2 τφ, τρ]︸︷︷︸
−2iτ3

−
1

4r2
1− cosϑ

sinϑ
[τφ, τ3]︸ ︷︷ ︸

2iτρ

= −
i
2
τ3

1
r2 , (5.136)

from which we read off by using eq. (5.127) the Abelian component
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B3
r =

1
r2 , B3 =

1
r2 er =

r̂
r2 . (5.137)

This is the field of a magnetic monopole with unit magnetic charge located at the
origin without the Dirac string. Adding the field (5.137) to the Abelian magnetic
field (5.132) only the unobservable Dirac string survives.

Exercise 3: Canonical quantization of QED

Exercise 4: Solve the Schrödinger equation for QED in the absence of charges (free
photons)

Exercise 5: Calculation of the Weiss potential

In the Hamilton approach to finite temperature quantum field theory by compact-
ifying a spatial dimension [60] the pseudo-energy density in the presence of a
background field in the Cartan algebra is given by

e[a] =
∑
σ

∫
β

d̄3pω(pσ), (5.138)

where

pσ = p⊥+ e3(p3−σa) p3 = ωn =
2πn
β

(5.139)

is the momentum variable shifted along the compactified 3-dimension by the back-
ground field. Furthermore, ωn denote the Matsubara frequency and σ denotes the
root vectors. Here we have defined the integration measure at finite temperatures∫

β

d̄3p =
1
β

∑
n

∫
d̄2p⊥ . (5.140)

Furthermore,

ω(p) = |p| =
√

p2 (5.141)

is the photon energy.
We first Poisson resum the summation over the Matsubara frequency yielding

e[a] =
∑
σ

∫
d̄3pω(pσ)

∞∑
k=−∞

eikβp3 . (5.142)

Here, the term with k = 0 obviously represents the zero temperature part, which is
divergent and which should be omitted. Performing the shift of variables
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p3−aσ→ p3 (5.143)

we obtain from eq. (5.142)

e[a] =
∫

d̄3pω(p)
∞∑

k=−∞

∑
σ

eikβσa. (5.144)

The momentum integral is UV-divergent. To regularize it we use the proper time
representation

ω =
√
ω2 =

1

Γ

(
− 1

2

) ∞∫
0

dττ−3/2e−τω
2
. (5.145)

The resulting momentum integral can be taken explicitely

∫
d̄3pe−τp2

eikβp3 =

∫
d̄2p⊥e−τp2

⊥

∫
d̄p3e−τp

2
3+iβkp3 = (4πτ)−3/2e−

(kβ)2
4τ . (5.146)

With this result we find for the pseudo-energy in the presence of the background
field (5.144)

e[a] =
1

Γ

(
− 1

2

) 1
8π3/2

∞∑
k=−∞

∞∫
0

dττ−3e−
(kβ)2

4τ
∑
σ

eikβσa . (5.147)

Performing a change of integration variable

s =
1
τ
, ds = −τ−2dτ (5.148)

implying

dττ−3 = −sds (5.149)

and omitting the k = 0 term, we obtain

e[a] =
1

8π3/2Γ
(
− 1

2

) ∞∑
k=1

∞∫
0

dsse−s
(
kβ
2

)2

2cos(βkσ ·a)

=
1

8π3/2
Γ(2)

Γ

(
− 1

2

) 2
∞∑
k=1

(
2

kβ

)4 ∑
σ

cos(βkσa) . (5.150)

Using
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Γ

(
−

1
2

)
= −2
√
π, Γ(2) = 1 (5.151)

we arrive at

e[a] = −
1

8π2

(
2
β

)4 ∞∑
k=1

∑
σ

cos(βkσa)
k4 . (5.152)

In the following we consider the gauge group SU(2), where the roots are 1-
dimensional, given by

σ = 0,±1, (5.153)

so that σ ·a = σa. With this explicit form of the roots we have∑
σ

cos(βkσa) = 2cos(kaβ)+1 . (5.154)

With this relation we find from eq. (5.152)

e[a] = −
1

8π2

(
2
β

)4 ∞∑
k=1

2cos(kaβ)+1
k4 . (5.155)

The remaining sums can be explicitely taken, one finds

∞∑
k=1

cos(k x)
k4 =

π4

90
−
π2x2

12
+
πx3

12
−

x4

48
. (5.156)

For a vanishing background field a = 0 this relation reduces to the ζ-function

∞∑
k=1

1
k4 = ζ(4) =

π4

90
. (5.157)

With these results we obtain from eq. (5.155)

e[a] = −3
π2

45β4

[
1−20

(
aβ
2π

)2 (
1−

aβ
2π

)2
]
. (5.158)

For a vanishing background field, this yields the pressure

p = −e[a = 0] (5.159)

of a massless bose gas, while the Polyakov loop potential is given by

ē[a] = e[a]− e[a = 0] . (5.160)
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Exercise 6: The pressure of massive Bose and Fermi systems

The pressure of relativistic, non-interacting bosons or fermions is given by

P =
1
3
N

∫
d̄3p

p2

ω(p)
(n+(p)+n−(p)), (5.161)

where

ω(p) =
√

p2+m2 (5.162)

is the single-particle energy with m being the particle mass and

n±(p) =
{
eβ[ω(p)∓µ]

−

(+) 1
}−1

(5.163)

are the finite temperature Bose (Fermi) occupation numbers of the particles and
antiparticles, respectively. Furthermore,N is the degeneracy factor (N = 1 for scalar
bosons and N = 2 for Dirac-fermions).

Let us now calculate the pressure in the alternative approach developed in ref.
[60]. In this approach the central quantity of interest is the vacuum energy density
onR2× S1(β). For free field theories this quantity is of the form

e(β) = (−)nFN
2nF

2

∫
β

d̄3pΩ(p), (5.164)

where we have introduced the fermion number

nF =

{
0 , bosons
1 , fermions

(5.165)

in order to treat Bose and Fermi systems simulteneously. Furthermore, Ω(p) is a
generalized single particle energy.2 (For a massive free particle Ω(p) is given by
ω(p) (5.162).) It is a function of the 3-momentum p, which on R2 × S1(β) is given
by

p = p⊥+ pne3 . (5.166)

Here p⊥ denotes the component of the momentum in the two non-compactified
spatial dimensions, while

pn = ωn +nF
π

β
, ωn =

2πn
β

(5.167)

2 For Fermi system the vacuum is given by the filled negative energy states of the Dirac sea. With
the sign convention adopted in eq. (5.164) Ω(p) is positive also for fermions. The additional factor
of 1/2 in the Bose case (nF = 0) arises from the ground state energy of an independent oscillator
mode.
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denotes the Matsubara frequencies for Bose (nF = 0) and Fermi (nF = 1) systems.
Furthermore, we have defined the integration measure of the corresponding momen-
tum space∫

β

d̄3p =
∫

d̄2p⊥
1
β

∑
n

, d̄2p⊥ =
d2p⊥
(2π)2

. (5.168)

According to eq. (5.120) the expression (5.164) should give for Ω(p) = ω(p) (5.162)
the negative of the pressure given in eq. (5.161), which is not immediate obvious.
Contrary to eq. (5.161) the expression (5.164) is UV-divergent. This is not surprising
since e contains the (infinite) zero temperature vacuum energy density, which has to
be eliminated from the thermodynamic quantities. To extract the zero-temperature
part of e(β) (5.164) it is convenient to Poisson resum the sum over the Matsubara
frequencies. Using the Poisson formula

∞∑
n=−∞

einx = 2π
∞∑

k=−∞

δ(x−2πk) . (5.169)

We are interested in the Matsubara sums of the form

Σ f =
1
β

∞∑
k=−∞

f (ωn), ωk =
2πk
β

(5.170)

with some arbitrary function f (x). To exploit the Poisson formula we rewrite this
sum as

Σ f =
1
β

∞∫
−∞

dz f (z)
∞∑

k=−∞

δ(z−ωk), (5.171)

where we have interchanged the order of the integration and summation. Inserting
for the sum on the r.h.s. the Poisson formula (5.169) with x = βz, using

δ(βz−2πk) =
1
β
δ(z−ωk), (5.172)

we obtain from (5.171)

Σ f =
1

2π

∞∫
−∞

dz f (z)
∞∑

n=−∞

einβz . (5.173)

Inserting on the l.h.s. the original expression (5.170) we obtain the relation

1
β

∞∑
n=−∞

f (ωn) =
1

2π

∞∫
−∞

dz f (z)
∞∑

k=−∞

eikβz . (5.174)
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Putting z = p3 for bosons and z+ π
β = p3 for fermions we obtain for any function of

the norm of the 3-momentum f (p) ≡ f
(√

p2
⊥+ p2

n

)
the relation

∫
β

d̄3p f (p) =
∫

d̄3p f (p)
∞∑

k=−∞

(−1)nF keikβp3 . (5.175)

Note on the l.h.s. the integration includes the Matsubara sum (5.168), while on the
r.h.s. the integration is over the usual three dimensional (flat) momentum space with
d3p = d3p/(2π)3 ,d3p = dp1dp2dp3. The k = 0 term in the sum (5.175) represents
just the zero temperature part. In a quantum field theory this part is usually divergent
and has to be eliminated to find the temperature-dependent part.

For the energy density (5.164) with a general dispersion relation Ω(p) we find by
using eq. (5.175)

e(β) = (−)nFN
2nF

2

∫
d̄3pΩ(p)

∞∑
k=−∞

(−)knF eikβp3 . (5.176)

As already noticed before, the k = 0 term is just the zero temperature part of the
vacuum energy density, which, indeed, is a (infinite) temperature-independent and
thus irrelevant constant, which has to be omitted from thermodynamical quantities.
The remaining temperature-dependent part is still not well-defined. At least the
integral over the transverse momenta

∫
d̄2p⊥ is still UV-divergent. To make these

integrals well definedwe use the proper-time representation for a power of a quantity3
A

Aν =
1

Γ (−ν, x)

∞∫
x/A

dττ−1−νe−τA, (5.178)

which is valid for any x > 0. However, this representation is not yet useful since
the quantity of interest A appears also in the lower integration bound. As we will
see below, after the momentum integrals have been carried out the limit x→ 0 can
be taken in the proper-time integral, which removes A from the integration bound.
However, the incomplete Γ-function Γ(ν, x) is divergent for ν < 0 and x→ 0. The
regularization can be carried out as usual by replacing the incomplete Γ-function
Γ (−ν, x) in the limit x→ 0 by its complete counterpart Γ (−ν) provided Γ(−ν) does
exist. (This in fact is an analytic continuation,which discards an infinite contribution.)

3 From the integral representation of the incomplete Γ-function

Γ(ν, x) =

∞∫
x

dssν−1e−s (5.177)

the representation (5.178) follows after the substitution s = τA.
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Then we obtain from (5.178) the representation

Aν =
1
Γ (−ν)

lim
ε→0

∞∫
ε

dττ−1−νe−τA . (5.179)

To make the integral (5.176) well-defined we use the proper-time representation
(5.179) with A = Ω2 and ν = 1/2. Then we find from eq. (5.176) for the finite-
temperature part of the vacuum energy onR2× S1(β)

e(β) = (−)nFN
2nF

2
2

Γ

(
− 1

2

) ∞∫
0

dττ−3/2
∫

d̄3pe−τΩ
2(p)

∞∑
k=1
(−)knF cos(kβp3)

(5.180)

For β→∞ the integrand becomes a rapidly oscillating function and e(β) vanishes,
as one expects for the finite-temperature part. To work out the expression (5.180) we
need the explicit form of the single particle energies Ω(p). We will consider bosons
and fermions separately. For simplicity we will put the chemical potential to zero in
the Bose case, since we are mainly interested in gauge bosons, where the chemical
potential vanishes. For fermions we will include a non-zero chemical potential.

Bosons

Formassive relativistic bosons and in the absence of a chemical potential the quantity
Ω(p) in eq. (5.164) is given by the single particle energy ω(p) (5.162),

Ω(p) =
√

p2+m2 . (5.181)

With this form of Ω(p) the momentum integrals in eq. (5.180) can be explicitly
carried out. For this purpose we write

cos(kβp3) =
1
2

(
eikβp3 + e−ikβp3

)
(5.182)

and use
∞∫

−∞

d̄p3e−τp
2
3 e±ikβp3 =

1
√

4πτ
e−
(kβ)2

4τ . (5.183)

Then we find for the momentum integral in (5.180)∫
d̄3pe−τp2

cos(kβp3) = (4πτ)−3/2 exp
(
−
(kβ)2

4τ

)
. (5.184)
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Using Γ
(
− 1

2

)
= −2
√
π one finds

e(β) = −
N

8π2

∞∑
n=1

(
2m
nβ

)2
K2(nβm), (5.185)

where

Kν(z) =
1
2

(
1
2

z
)ν ∞∫

0

dtt−ν−1e−t−
z2
4t (5.186)

is the modified Bessel function, which satisfies the relation K−ν(z) = Kν(z).

For massless bosons m = 0 the expression (5.185) can be worked out analytically.
Using the asymptotic form of the modified Bessel function [70]

Kν(z) =
1
2
Γ(ν)

(
1
2

z
)−ν

, z→ 0, ν > 0 (5.187)

we find from eq. (5.185) for m = 0

e(β) = −
N

π2 ζ(4)T
4 , (5.188)

where

ζ(x) =
∞∑
n=1

1
nx

(5.189)

is the Riemann ζ-function.With ζ(4)= π4/90we obtain from (5.120) for the pressure
of massless bosons

p =N
π2

90
T4 , T = 1/β, (5.190)

which is the Stefan-Boltzmann law. This is the correct result, which follows also
from the usual grand canonical ensemble. Note for photons we have N = 2 due to
the two polarization degrees of freedom.

For massive bosons m , 0 the remaining expression (5.185) has to be calculated
numerically. Also the corresponding expression for the pressure in the usual grand
canonical ensemble cannot be calculated analytically in that case. Fig. 5.41 shows
the pressure calculated numerically by means of eq. (5.185) and compares this result
to that of the grand canonical ensemble.The agreement of both results is, of course,
expected in view of our above given derivation. What is remarkable, however, is that
only the first few terms of the sum in eq. (5.185) are required to reproduce the full
result with high accuracy.
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Fig. 5.41 The pressure of a gas of massive bosons as function of the temperature calculated from
eq. (5.185) with N = 1 by including only the first n = 1, 2 and 5 terms. The crosses give the result
of the grand canonical ensemble. From ref. [60].

Fermions

In the present approach of introducing the temperature through the compactification
of the 3-axis the Dirac Hamiltonian of massive fermions in the presence of a (real)
chemical potential reads, see eq. (5.111)

h = α ·p+γ0m+ iµα3 , αk = γ
0γk . (5.191)

Its eigenvalues are given by ±Ω(p) where

Ω(p) =
√

m2+p2
⊥+ (pn + iµ)2 (5.192)

with pn = ωn+π/β being the fermionic Matsubara frequency, eq. (5.167). Inserting
this expression for Ω(p) into eq. (5.180) and carrying out the momentum integral
analogously to the bosonic case, one arrives at the following result

e(β) =
N

4π2

∞∑
n=1
(−)n cos(inβµ)

(
2m
nβ

)2
K−2(nβm), (5.193)

where we have N = 2 due to the two spin degrees of freedom for Dirac fermions.
For massive fermions this expression has to be calculated numerically, while for
massless fermions we can use the asymptotic form of the modified Bessel function
(5.187) and obtain



200 Hugo Reinhardt

e(β) =
2N
π2β4

∞∑
n=1
(−)n

cos(inβµ)
n4 . (5.194)

Obviously, this sum does not converge for real µ and β. To make this expression
well-defined we analytically continue the chemical potential µ to imaginary values.
For real x we have [70]

∞∑
n=1
(−)n

cosnx
n4 =

1
48

[
−

7
15
π4+2π2x2− x4

]
. (5.195)

Continuing this result back to imaginary values x = iβµ we find from eq. (5.194) for
the pressure p = −e(β)

p =
N

24π2

[
7

15
π4T4+2π2T2µ2+ µ4

]
, (5.196)

which is the correct result known from the grand canonical ensemble.

The equivalence of the expression (5.194) for the pressure to that of the grand
canonical ensemble can be made explicit by means of the polylogarithm

Lis(z) =
∞∑
n=1

zn

ns
, (5.197)

which is defined for arbitrary complex order s and for complex z with |z | < 1. By
analytic continuation it can be extended to |z | > 1. The analytically continued form
has the integral representation

Lis(z) =
1
Γ(s)

∞∫
0

dt
ts−1

et/z−1
, (5.198)

by means of which the sum in eq. (5.194) can be expressed as

∞∑
n=1
(−)n

cos(iny)
n4 = −

1
12

∞∫
0

dtt3
[

1
et−y +1

+
1

et+y +1

]
. (5.199)

Inserting this relation into eq. (5.194) after a change of variables t = βp we recover
the pressure of the grand canonical ensemble for massless fermions.
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Chapter 6
Heavy flavors and exotic hadrons

Shigehiro Yasui

Abstract Exotic hadrons called X, Y, Z with charm and/or bottom flavors are ex-
traordinary hadrons whose quark structures are much different from the conventional
hadrons, mesons and baryons. Those new states have been reported in many accel-
erator facilities, and motivated the theoretical studies of the strong interaction. The
properties of the X, Y, Z hadrons are intimately related to the fundamental questions
of QCD: color confinement, hadron mass generation, inter-hadron interaction and so
on. In this lecture, we start from the fundamental properties of QCD, and introduce
effective approaches to hadron dynamics and present the current status of the study
of the X, Y, Z hadrons. As advanced topics toward more exotic states, we also briefly
present studies of heavy hadrons in nuclear matter.

6.1 Introduction

6.1.1 What are exotic hadrons?

The matter which exists around us forms the hierarchical structure of atoms,
molecules, atomic nuclei and protons and neutrons. The most fundamental parti-
cle is the quark, and it composes protons and neutrons. The composite particle
composed of quarks, such as protons and neutrons, are called hadrons. One of the
most important subjects in the hadron physics is to understand the properties of
hadrons (inner structures, interactions, many-body systems etc.) from the view of
the quark dynamics. In the standard theory of the particle physics, it is known that
there exist six different flavors; u, d, s, c, b and t. The variety of combinations of
those quarks can lead to the variety of hadrons, where the hadrons appear differently
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according to different combinations of quarks. It is thus one of the ultimate goals to
find out the mechanisms how the quarks are combined to make a variety of hadrons.

Usually, hadrons are classified into two kinds of state. One is baryons which are
composed of three quarks qqq. Examples are protons and neutrons whose quark
contents are uud and udd, respectively. Another is mesons which are composed of
two quarks. Examples are pions whose quark contents are ud̄, uū− dd̄, dū, where ū
and d̄ indicate the antiparticles of u and d. On the other hand, it has been expected
so far that there could exist more variety of combinations of quarks. The hadrons
which have more quark numbers, four, five, six and so on, are called “exotic hadrons"
or “multiquarks". Their quark contents are qqq̄q̄, qqqqq̄, qqqqqq and so on. They
are called tetraquark, pentaquark, hexaquark etc. according to the number of quarks
contained in them.

As well-known, the existence of quarks was pointed out already by Gell-Mann [1]
and Zweig [2]. It should be noted that, at this time, the existence of multiquarks was
alreadymentioned inGell-Mann’s paper [1].After that, there have beenmany theoret-
ical studies for exotic hadrons (multiquarks): H-dibaryons (uuddss) [3], tetraquark
structure in scalar mesons (qqq̄q̄) [4, 5] in light flavor sectors, and pentaqarks
(qqqqQ̄) [6], tetraquarks (qqQ̄Q̄) [7], hadronic molecules [8, 9] in heavy flavor
sectors. However, there have been a long standing problem whether multiquarks
really exist or not in view of the fundamental theory of quarks, namely quantum
chromodynamics (QCD).

After several decades, in the beginning of the 21th century, many experimental
studies reported the existence of exotic hadrons in who contain heavy flavor quarks
(c and b quarks). They are called X , Y , Z hadrons. They are in a sense the excited
states of quarkonia (cc̄ and bb̄). Before the discoveries of X , Y , Z hadrons, not
only the ground state, but also excited states of quarkonia, have been known very
well. For example in the hidden charm sector cc̄, the ground state is ηc , and their
excited states are J/ψ as the spin partner, hc , χc0, χc1, χc2 as the excited states by
spin and angular momentum, and η′ and ψ ′ as the nodal excitation 12. However, X ,
Y , Z hadrons cannot be categorized according to those conventional excitations of
quarkonia, because the properties of X ,Y , Z hadrons are quite different from what is
expected in terms of quarkonia. It seems to be suggested that the quark structures of
X , Y , Z hadrons are not simply cc̄, but some additional components like qq̄ would
be required, leading to the tetraquark structures, qq̄cc̄. Recently, there are currently
many reports of exotic hadrons from experimental studies. In 2015, LHCb group
reported the pentaquark Pc whose quark content is qqqcc̄ and should be regarded
as the pentaquark. The search of exotic hadrons will go on for future also. When the
mysteries of X , Y , Z hadrons are solved, we will be able to open a new window to
the non-perturbative dynamics of QCD.

1 We denote q for light quarks (u, d, s) and Q for heavy quarks (c and b) in this lecture note.
2 Precisely, ηc is not the ground state but it decays to light hadrons through the intermediate state by
multiple number of gluons. However this process is highly suppressed by the Okubo-Zweig-Iizuka
(OZI) rule, and hence ηc can be regarded as the nearly-stable state with a long life-time.
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6.1.2 Importance of studying exotic hadrons

The properties of exotic hadrons are intimately related to the fundamental aspects in
QCD. It is known that, in QCD, the quark-quark interaction is supplied by the gluon
exchange between them. In high energy scales, the asymptotic freedom of QCD (the
small coupling strength between a quark and a gluon) makes the quark almost a free
state which couples to the gluon perturbatively. In low energy scales, in contrast,
the coupling between a quark and a gluon becomes much enhanced, and the non-
perturbative effects play the dominant role. Some examples of the non-perturbative
phenomena which are important especially in hadron physics are the followings:

• Color confinement,
• Mass generation of hadrons,
• Interaction among hadrons.

We will explain those items below.
The color confinement is one of the most important but difficult properties in

non-perturbative phenomena. The quarks have color degrees of freedom, but their
color cannot be observed directly in our vacuum. This is because the quarks are
always confined in a hadron, and they never appear as asymptotic states. This is
called color (quark) confinement. However, the reason why the color is confined is
not clearly understood yet, although many theoretical studies have been devoted to
this problem until now. To study what kinds of quark structure are allowed to exist in
exotic hadrons may give us a hint to understand the problem of color confinement.

The other important properties of QCD are “mass generation of hadrons" and
“interaction among hadrons". Although the hadron is composed of quarks, the mass
of the composed hadron is not a simple sum of each quark mass. Particularly, the
QCD vacuum is much different from normal (perturbative) vacuum, due to the
dynamical breaking of chiral symmetry . Because of this symmetry breaking, the
quark mass in QCD vacuum (the dynamical masses m∗u ' m∗

d
' 300 MeV, m∗s ' 500

MeV) are much larger than the current mass of quarks in the QCD Lagrangian (the
current masses mu 'md ' 3−5 MeV, ms ' 100 MeV). Besides, in the QCD vacuum,
π, K , η mesons appear as the Nambu-Goldstone bosons as a result of the dynamical
breaking of chiral symmetry. This explains naturally the reason why the masses of
π, K , η mesons are much smaller than the other masses, like vector meson mass
(mρ ' mω ' 780 MeV) and nucleon mass (mN ' 940 MeV)3. It is also expected that
the hadron properties are intimately related to the internal structure of hadrons, such
as the spin excitation, the angular momentum excitation, the formation of hadronic
molecules, and so on.

3 To understand the dynamical breaking of chiral symmetry and the existence of the Nambu-
Goldstone bosons in vacuum, it will be nice to read the original papers written by Nambu and
Jona-Lasinio in 1961 [10, 11]. One can learn the basic concepts in the modern quantum physics as
well. It is well known that the Nambu’s idea stems from the superconductivity in condensed matter.
This is a good example for connection between the elementary particle physics and the condensed
matter physics. The application of the model by Nambu and Jona-Lasinio (the NJL model) to the
hadron physics can be found in many studies (cf. the review articles [12, 13, 14, 15, 16]).
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The hadron is not an isolated object but it has always an interaction with other
hadrons. One of the most familiar interactions is the nuclear force between two
(or more) nucleons. Recently, it is actively studied to extend the nuclear force to
include strangeness sector by considering s quarks. This is the topics studied in the
hypernuclear physics. TheΛ(1405) baryon, a P-wave excited state of aΛ baryons, is
also an interesting hadron, because it can be a quasi-bound state of a K̄ meson and a
nucleon and the interaction between the two is strongly attractive. The inter-hadron
interaction can be classified according to the inter-hadron distances as the followings.
(i) Interaction by direct quark and gluon exchange at short distance.
(ii) Interaction by heavy (light-flavor) meson exchange (σ, ω, ρ, ...) at middle

distance.
(iii) Interaction by π meson exchange at long distance.
It should be noted that the relevant distance scales are different each other. (i) is
considered to be the origin of the hard repulsion at the core region in the two-
nucleon interaction. (ii) is related to the Weinberg-Tomozawa interaction for the
four-point vertex of the Nambu-Goldstone boson and the nucleon which is uniquely
determined by chiral symmetry. (iii) stems from the lightness of a π meson as the
Nambu-Goldstone boson.

By the inter-hadron interaction, the multiple number state of hadrons can form a
bound or resonance state if the interaction is attractive, as the many-body systems
of hadrons. One of the most well-known many-body systems of hadrons is the
nuclei with large baryon number (≥ 2). Recently, the extension to strangeness nuclei
with finite strange quarks is extensively studied both in experimental studies and
in theoretical studies. It is also investigated whether a K̄ can be deeply bound in
nuclei due to its strong attraction and it can realize the high density state or not. This
problem is also related to the property of Λ(1405).

In experimental studies, the non-perturbative phenomena of QCD, “color con-
finement", “mass generation of hadrons" and “interaction among hadrons", can be
studied by the hadron spectroscopy with
• Production cross section
• Mass spectrum
• Decay widths and decay modes
as the three main subjects. To calculate the physical values related to the above three
phenomena from QCD is, however, a very difficult problem. Instead from starting
from QCD, it is sometimes useful to use the phenomenological ideas. Before the
discovery of X , Y , Z hadrons, the hadron spectroscopy focused on the “normal
hadrons", i.e. mesons and baryons, because there are many experimental data for
them. The recent discovery of X , Y , Z hadrons has extended the applicability of the
hadron spectroscopy to more complex systems. It is an important subject to analyze
the properties of “color confinement", “mass generation of hadrons" and “interaction
among hadrons" in exotic hadrons, and find something newwhich cannot be accessed
in normal hadrons.

It is important to clarify what “exotic" means exactly. Researchers use “exotic"
sometimes in different contexts, and it could cause some confusions when we read
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their research papers. This confusion would not be avoidable at the moment, because
the real understanding of exotic hadrons has not been reached yet and the interpre-
tations of the exotic hadrons can be different for different researchers. In this lecture
note, I use “exotic" in the following two meanings.

• Themass and decay pattern are different fromwhat is expected in normal hadrons,
qqq or qq̄, in the quark model. The state whose existence cannot be predicted by
the quark model is exotic also.

• The quantum number is different from the naive assignment by qqq or qq̄. For
example, the state which has a positive charge and contains cc̄ cannot be a pure
cc̄, but it needs other component. When the exotic state including cc̄ has the total
charge +1, the state should have a tetraquark component ud̄cc̄ as a minimum
quark content. The JPC which cannot be given by two body system of q and q̄ is
also a clear evidence of the existence of exotic hadrons 4.

There can be also a slight confusion between “exotic hadrons" and “multiquarks".
“Exotic hadrons" is used for meaning the above properties. On the other hand,
“multiquarks" is sometimes used in a limited sense, i.e. it indicates the state in which
the quarks are confined in a single hadron in the compact spatial region. This is
different from the extended hadronic molecules. It is however a difficult problem
in the field theory to distinguish the compact multiquark states from the extended
hadronic molecule states. In general, it can be considered that both are mixed. In
this lecture, we will consider that “multiquarks" does not necessarily mean compact
states, and we will use “multiquarks" as same as “exotic hadrons".

6.1.3 Main subject of this lecture: charm and bottom exotic hadrons

In this lecture, we focus on exotic hadrons with charm or bottom flavor. Based on
the theoretical fundamentals for heavy quarks, we will investigate the properties of
exotic hadrons with charm or bottom. In comparison with the light flavor sector,
there are several merits for the heavy flavor sector.

• It becomes possible to study exotic hadrons directly based on QCD in the high
energy scales due to the heavy masses.

• The hadron spectroscopy becomes simpler due to the new symmetry of heavy
quarks, i.e. the heavy quark spin symmetry.

• It is easier to realize the bound states due to the small kinetic energies by the
heavy masses.

This lecture note constitutes as in the followings. In section 6.2, we introduce the
basic theory for understanding heavy quarks. In section 6.2.1, we explain the heavy
quark spin (HQS) symmetry which appears in the heavy quark limit, and introduce
the heavy quark effective theory (HQET) which is a low energy effective theory of

4 J is the total spin-angular momentum, P is a parity and C is a charge-conjugate-parity. See for
details section 6.3.1.
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QCD in the heavy quark limit. To describe the hadron dynamics concretely, however,
it is much easier to use the hadronic degrees of freedom directly instead of the
quarks. This low energy effective theory is called the heavy hadron effective theory
(HHET). In section 6.2.2, we pick up D, D∗ mesons as simple heavy hadrons, and
demonstrate the construction of the HHET based on the heavy quark spin symmetry
for a heavy quark and chiral symmetry for a light quark. In section 6.3, we explain
several properties of X , Y , Z hadrons both in experimental studies and in theoretical
studies. We consider particularly the inner structure of exotic hadrons. Because we
cannot cover all the X , Y , Z hadrons in this lecture, we select some states which are
well-known in experiments and introduce the theoretical interpretations for them. In
section 6.3.1, we consider the known properties about classification and interaction
in normal quarkonia. After that, we introduce X(3872) (section 6.3.2), Y (4260)
(section 6.3.3), Zc(4430) and Zc(3900) (section 6.3.4), Zb(10610) and Zb(10650)
(section 6.3.6), and Pc(4380) and Pc(4450) (section 6.3.7). We also explain the
double charm tetraquark Tcc which has been predicted to exist from theoretical
point of view, but not discovered experimentally yet (section 6.3.9). In section 6.4,
as an advanced topics, we discuss the many-body systems of heavy hadrons based
on the interaction between a heavy hadron and a light hadron, i.e., the charm and
bottom nuclei as the bound or resonance states of the charm and bottom hadron and
a nucleus. Section 6.5 is devoted for a summary and future perspectives.

6.1.4 Introduction of review articles on X , Y , Z hadrons

Although I will try to explain the subjects from the objective point of view as far
as possible, I may miss several important subjects due to lack of my ability and
knowledge. To supplement information which is not covered in this lecture, it will
be useful for readers to refer to other review articles on X , Y , Z hadrons. At present,
there are many interesting review articles on this subject 5.

• The early review on X , Y , Z hadrons is covered in [18]. The detailed information
for X(3872) can be found in pedagogical way. The contents may be old now, but
it is still worth to be read for basic understanding of X(3872).

• The detailed explanation of the role of gluons in a charmonium is given in [19].
This is also a good introduction to multipole expansion of gluon fields which is
one of the basic tools in studying quarkonia.

• Comprehensive reviews about X , Y , Z both in experimental studies and in theo-
retical studies are given in [20, 21].

• The charm pentaquarks Pc as well as tetraquarks are covered in [22].
• The subjects of the X , Y , Z hadrons observed in KEK-Belle group are reviewed

in [23]. The experimental information is well organized.
• A comprehensive review for hybrid mesons including light flavor sectors is given

in [24].

5 For the review article on Λ(1405), see [17].
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• The most recent reviews on X , Y , Z hadrons are given in [25, 26]. The authors’
studies are summarized compactly.

There are also the review article for possible production of exotic hadrons in rela-
tivistic heavy ion collisions [27], and the review article for heavy hadrons in nuclear
matter [28, 29]. For supplementing basic knowledge about the phenomenological
aspects of the hadron physics, the readers may refer to the textbooks about the hadron
phenomenology in standard theory [30], the (non-relativistic) quark model [30], the
introduction to the chiral perturbation theory [31] and so on.

6.2 Theoretical framework for heavy hadrons

Let us start our discussion for the effective theories for heavy quarks and hadrons.
When the heavy quark mass mQ is much larger than the typical low energy scale
in QCD, it is a good approximation to neglect the excitation of heavy antiquark
and to change the theory simpler than the original QCD. Indeed, the charm and
bottom quark masses are mc ≈ 1.28 GeV and mb ≈ 4.18 GeV, respectively, which
are regarded to be much larger than ΛQCD (a few hundred MeV). In the heavy quark
limit mQ →∞, the heavy quark spin is a conserved quantity thanks to the heavy
quark spin symmetry. Thus, the heavy quark spin is allowed to exist as a conserving
internal degrees of freedom in hadrons.

In section 6.2.1, we derive the heavy hadron effective theory (HQET) as the
low energy effective theory for a heavy quark, and introduce the heavy quark spin
symmetry (HQS) in the heavy quark limit. In section 6.2.2, we discuss the effective
theory for a heavy hadron by defining the effective hadron field based on the heavy
quark spin symmetry, and introduce the effective Lagrangian by considering the
heavy quark spin symmetry in heavy quark sector and chiral symmetry in light
quark sector. This formalism is called the heavy hadron effective theory (HHET).
We also explain the 1/mQ correction due to the finite mass of charm or bottom
quark. This correction can be taken into account partly by the Lorentz boost. The
concrete construction for the 1/mQ expansion is shown for the HQET and the HHET.
The most of the contents in this section is based on the textbook by Manohar and
Wise [32], the review article by Neubert [33] and the review article by Casalbuoni
et al. [34].

6.2.1 Heavy quark spin symmetry

Heavy quark effective theory

We separate the QCD Lagrangian into the terms with light component and the terms
of heavy component,
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LQCD = Llight+Lheavy. (6.1)

The light component means light quarks (u, d, s) and gluon (g), and Llight is given
by

Llight = −
1
4

Ga
µνGaµν +

∑
q

q̄(iD/−mq)q, (6.2)

where q denotes the light quark field, Dµ = ∂µ+ igsAa
µTa is the covariant derivative,

gs is the coupling constant, Aa
µ and Ta (a = 1, . . .,N2

c −1; Nc = 3 the color degrees
of freedom) are the gluon fields and Gell-Mann matrices, respectively. The heavy
component means heavy quarks (c, b), and Lheavy is given by

Lheavy =
∑
Q

Q̄(iD/−mQ)Q, (6.3)

where Q denotes the heavy quark field 6. Now, we focus on the heavy quark only,
and consider the effective Lagrangian for Lheavy. The typical scale of the heavy
quark is the heavy quark mass mQ. The charm quark mass mc ≈ 1.28 GeV and the
bottom quark mass mb ≈ 4.18 GeV are much heavier than the typical low energy
scale ΛQCD ' 0.2 GeV. Therefore, we separate the four momentum of the heavy
quark pµ to the component with the scale mQ and the other component with smaller
scale kµ � mQ:

pµ = mQv
µ + kµ . (6.4)

Here vµ is a four-velocity satisfying vµvµ = 1 and v0 > 0. mQv
µ is the on-mass-shell

component, while kµ is the off-mass-shell (residual momentum) component. The
coordinate in which the heavy quark has a four-velocity vµ is called the v-frame.
We often consider the v-frame with vµ = (1,0). In this v-frame, the heavy quark is
at rest, and hence it is called the rest frame. For the original heavy quark field Q(x),
we define the effective field in the v-frame as

Qv(x) =
1+ v/

2
eimQv ·xQ(x), (6.5)

with v/= vµγµ. Here eimQv ·x means the planewavewith the on-mass-shell momentum
mQv

µ. We notice that the momentum carried by Qv(x) is given by the off-mass-shell
component kµ, because the on-mass-shell component mQv

µ is subtracted from pµ.
The operator (1+ v/)/2 is for a projection to choose the positive-energy component
in the original heavy quark in the v-frame. Therefore, the effective field Qv(x) has
only the positive-energy component with the residual momentum in the v-frame.
The effective field Qv(x) satisfies

6 The t quark is the heaviest quark, but its decay width by weak interaction is very large (' 1.4
GeV), and hence it cannot be regarded as stable particle in the strong interaction. Therefore, we
consider only c and b quarks as heavy quarks.
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v/Qv(x) =Qv(x). (6.6)

The component orthogonal to Qv is given by

Qv(x) =
1− v/

2
eimQv ·xQ(x), (6.7)

where the operator (1− v/)/2 is for projecting out the negative-energy component in
the v-frame. The original Lagrangian for the heavy quark is given as a sum of the
positive- and negative-energy components, hence we find

Lheavy = Q̄vv ·iDQv − Q̄v(v ·iD+2mQ)Qv + Q̄vi /D⊥Qv + Q̄vi /D⊥Qv, (6.8)

with Dµ
⊥ = Dµ − vµv ·D. When we are interested only in the heavy quark, not in the

heavy antiquark, we can eliminate Qv(x) and obtain the Lagrangian which contains
Qv(x) only. This approximation can be justified in the heavy quark mass, because
the excitation of heavy antiquark costs about 2mQ when the energy is measured from
the mass of the heavy quark, and hence such excitation can be suppressed by the
factor 1/mQ. Now, we eliminate Qv in Eq. (6.8). Using the equation of motion from
Eq. (6.8),

(
v ·iD+2mQ

)
Qv = i /D⊥Qv , and substituting this to the right-hand side of

Eq. (6.8), we obtain

Lheavy = Q̄v

(
v ·iD+ i /D⊥

1
v ·iD+2mQ

i /D⊥

)
Qv

= Q̄vv ·iDQv + Q̄v
(iD⊥)2

2mQ
Qv −gsQ̄v

σµνGµν

4mQ
Qv +O(1/m2

Q), (6.9)

where we perform the 1/mQ expansion in the last equation up to O(1/mQ). Here we
define σµν = i

2 [γµ, γν] and Ga
µν = ∂µAa

ν −∂νAa
µ −gs f abc Ab

µAc
ν . As we have used the

equation-of-motion in the above calculation, this Lagrangian is valid only for the on-
mass-shell heavy quark. Considering the quantum correction for the off-mass-shell
component, and making a sum over different heavy flavors, we finally obtain

Lheavy =

Nh∑
Q=1

(
Q̄vv ·iDQv + Q̄v

(iD⊥)2

2mQ
Qv − c(µ)gsQ̄v

σµνGµν

4mQ
Qv +O(1/m2

Q)

)
,

(6.10)

where c(µ) = 1+O(αs) (the Wilson coefficient) is introduced for the quantum cor-
rection by loop effects.

Heavy quark spin symmetry

Let us consider the case that the heavy quark is sufficiently heavy. In this case, we
need only to consider the first term in Eq. (6.10), Q̄vv ·iDQv . Because v ·iD can be
regarded as a unit matrix in the spin space, this term does not change the direction of
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the heavy quark spin. Therefore, in the heavy quark limit, the heavy quark spin is a
conserved quantity, and the heavy quark spin (HQS) symmetry is a good symmetry.
We notice that the HQS is the result which is directly derived from QCD, and it does
not depend on any specific model settings for the heavy quark 7.

The heavy quark spin symmetry holds at any energy scale. Thus, the heavy
quark spin symmetry gives several constraint conditions for the properties of heavy
hadrons in vacuum. One is the degeneracy in spin multiplets in heavy hadron mass.
We suppose the heavy quark spin S and the total spin of the heavy hadron J. For the
light spin j which is given by the light components (light quarks and gluons) inside
the hadron, we have the relationship

J = S+ j. (6.11)

We remember that S is a conserved quantity in the heavy quark limit and that J
is also the conserved quantity from the rotational symmetry of three-dimensional
space. Therefore, we conclude that j is also a conserved quantity 8. We notice that
there is no energy difference for the different relative spin directions of S and j.
Denoting J and j for the absolute values of J and j, respectively, we find that for
j ≥ 1/2 the two states with J± = j ±1/2 are degenerate in mass. Those two states are
called the HQS doublet. For j = 0, we have only one state with J+ = 1/2, and hence
this is called the HQS singlet. Therefore, we conclude that the heavy hadrons belong
to either the HQS doublet or singlet in the heavy quark limit. This is a general result
which does not depend on the details of properties of the heavy hadrons.

One of the well-known examples of the HQS multiplet (doublet or singlet) is D,
D∗ mesons and B, B∗ mesons. In each charm or bottom flavor, the mass splitting
between the pseudoscalar meson and the vector meson is small, and hence they can
be regarded approximately as the HQS doublet ( j = 1/2). The similar discussion can
be applied to heavy baryons. Λc baryon or Λb baryon is approximately the HQS
singlet ( j = 0). Another example is Σc , Σ∗c baryons or Σb , Σ∗b baryons, where each
of them can be regarded approximately as the HQS doublet ( j = 1).

The classification by the HQS multiplet is applicable to complex hadrons such as
exotic hadrons. Let us consider the pentaquark qqqqQ̄ which is composed of four
light quarks qqqq and one heavy antiquark Q̄. When the total spin of qqqq is j = 0,
qqqqQ̄ should be the HQS singlet. When the total spin of qqqq is j ≥ 1, qqqqQ̄
should be the HQS doublet. More concretely, we may consider that qqqqQ̄ is the
hadronic state which is composed of a qqq baryon and a qQ̄ meson. It was studied
that, when there is one-pion exchange interaction between qqq and qQ̄, qqqqQ̄ is the
HQS doublet [35, 36] 9. As for the hexaquark qqqqqQ, the total spin of qqqqq should
be non-zero ( j , 0), and hence qqqqqQ should be the HQS doublet. The hadronic

7 In the derivation, we pay a particular attention to that the interaction vertex of a quark and gluon
has the Dirac matrix γµ . Because of the relationship Q̄vγ

µQv = Q̄vv
µQv from Eq. (6.6), the γµ

is always replaced to the vµ . This is essentially the reason why the heavy quark spin becomes a
conserved quantity in the heavy quark limit.
8 We may call the eigenstate of j2 and z component of j, jz , a brown muck.
9 See the discussion in section 6.4.2.
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state composed of a qqq baryon and a qqQ baryon is the HQS doublet when the
light meson exchange is considered [37]. We can extend the similar discussion to the
many-body system with various quantum numbers when a heavy quark is contained.
We emphasize again that the classification by the HQS doublet or singlet is a general
framework regardless to the internal structures.

The heavy quark spin symmetry is important also for the decay patterns of the
heavy hadrons. We consider the situation that the heavy hadron Ψ′(j

′)

J′ with the total
spin J ′ and the light component spin j ′ emits a single π meson and decays to
another heavy hadron Ψ(j)J with the total spin J and the light component spin j. We
suppose that the relative angular momentum between the π meson and the Ψ(j)J is
L. The relationship J′ = J+L should hold by the conservation of the total spin. We
remember that, in the heavy quark limit, the heavy quark spin is conserved, and the
light component spin is also conserved. Therefore, we conclude j′ = j+L as the
conservation of the total spin in light component. From this relationship, we can find
that the decay constant in this decay process satisfies

Γ
[
Ψ
′(j′)
J′ → Ψ

(j)
J + π

]
∝ (2 j +1)(2J ′+1)

�����
{

L j ′ j
1/2 J J ′

}�����2+O(1/mQ), (6.12)

which gives a branching ratio for different decay channels [38]. In fact, the rela-
tionship Eq. (6.12) is known to hold well approximately for several excited states of
charm and bottom hadrons 10.

1/mQ corrections

So far, we have considered the heavy quark limit. Next let us investigate the next-
to-leading order, O(1/mQ). In the HQET, the NLO terms are given by the second
and third terms in the right-hand side of Eq. (6.10). Here we remember that the
four-momentum was decomposed to mQv

µ and kµ (cf. Eq. (6.4)). However, this
decomposition is not unique when the O(1/mQ) contributions are considered. In
fact, we can transform (vµ, kµ) to (v′µ, k ′ν) by the replacement

vµ→ v′µ = vµ + εµ/mQ, (6.13)
kµ→ k ′ν = kµ − εµ, (6.14)

where εµ is a small quantity which satisfies v ·ε = 0 as a constraint condition.
This transformation is called the velocity (parametrization) rearrangement. By this
transformation, the first term in the right-hand side of Eq. (6.10), and the sum of the
second and third terms in Eq. (6.10),

10 We need consider also the phase space factor, because the different thresholds should be con-
sidered at O(1/mQ ). There is also a study for including fully the O(1/mQ ) terms in the excited
heavy baryons [39].
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L0 = Q̄vv ·iDQv, (6.15)

L1 = Q̄v
(iD⊥)2

2mQ
Qv − c(µ)gsQ̄v

σµνGµν

4mQ
Qv, (6.16)

transform as

L0→L0+
1

mQ
Q̄viε·DQv, (6.17)

L1→L1−
1

mQ
Q̄viε·DQv, (6.18)

respectively. Therefore, the the sum of them, L0 +L1, is invariant under the trans-
formation, while each of L0 and L1 is not.

Let us comment on the second term in L1. The Dirac matrix σµν in this term,
when it is sandwiched by the effective field Qv , changes as

Q̄vσ
µνQv = Q̄vε

i jk

(
σk 0
0 0

)
Qv, with µ, ν = i, j, k = 1,2,3, (6.19)

in the rest frame, and hence the spin (Pauli) operator σk appears. Therefore, this
term break the heavy quark spin symmetry at O(1/mQ). Here, the magnetic gluon
component is relevant to the spin symmetry breaking.

Because the 1/mQ expansion is a general framework for a heavy quark, the heavy
hadron mass MH can be given also by a series of 1/mQ expansions. According to
the effective Lagrangian (6.10), we can expand MH as

MH (T, ρ) = mQ + Λ̄(T, ρ)−
λ1(T, ρ)

2mQ
+4S·j

λ2(T, ρ;mQ)

2mQ
+O(1/m2

Q), (6.20)

where Λ̄(T, ρ), λ1(T, ρ), λ2(T, ρ;mQ) are the coefficients at each oder 11. This 1/mQ

is applicable even in medium environments at temperature T and baryon number
density ρ, in which the coefficients are the functions of T and ρ, as long as the scales
of the temperature T and the chemical potential for ρ are smaller than mQ. The
coefficients Λ̄(T, ρ), λ1(T, ρ), λ2(T, ρ;mQ) are given by

Λ̄(T, ρ) =
1
2
〈Hvr |H0 |Hvr 〉, (6.21)

λ1(T, ρ) =
1
2
〈Hvr |Q̄vr (iD⊥)

2Qvr |Hvr 〉, (6.22)

8S·jλ2(T, ρ;mQ) =
1
2

c(µ)〈Hvr |Q̄vr gsσαβGαβQvr |Hvr 〉, (6.23)

11 There is a quantum correction by mQ in λ2(T, ρ;mQ ). Because this is not a power expansion of
1/mQ , this mQ dependence is included in the parentheses.
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with µ ' mQ. |Hvr 〉 is the wave function of the heavy hadron in the rest frame
(vr = (1,0)), and H0 is the QCD Hamiltonian density which contains the light
component and the heavy quark in the heavy quark limit. We rewrite Eqs. (6.22) and
(6.23) as

λ1(T, ρ) = −mQ 〈Hvr |Q̄vr gsx·EQvr |Hvr 〉, (6.24)

8S·jλ2(T, ρ;mQ) =
1
2

c(µ)〈Hvr |Q̄vr gsσ ·BQvr |Hvr 〉, (6.25)

where we define the color electric field E i = −G0i and the color magnetic field
Bi = εi jkG jk , and x is the relative direction between the heavy quark position and
the center-of-mass position of the heavy hadron at O(1/mQ). Therefore, the values
of λ1(T, ρ) and λ2(T, ρ;mQ) are sensitive to the change of the gluon field (the color
electric and magnetic component) in the environments. Thus, the mass change of
the heavy hadron plays the role for probing the gluon dynamics (cf. section 6.4.2).

6.2.2 Heavy hadron effective theory

In section 6.2.1, we have derived the heavy quark effective theory, HQET, by using
the heavy quark as an effective degree of freedom, and discussed the heavy quark
spin symmetry, HQS symmetry, in the heavy quark limit. To research the hadronic
phenomena in the confinement phase, it is convenient to use the hadronic degrees
of freedom instead of the quark degrees of freedom. In this subsection, we consider
the effective theory for heavy hadrons, the heavy hadron effective theory (HHET),
based on the HQET and the HQS symmetry. As a simple example, we consider the
heavy–anti-light (Qq̄) meson which is composed of a heavy quark Q and a light
antiquark q̄ 12. Considering the spinor indices α, β for each component, we express
the Qq̄ meson by

uQα v̄qβ . (6.26)

By combining the spin, we construct the pseudoscalar quantity

u(1)
Q
v̄
(1)
q +u(2)

Q
v̄
(2)
q =

1+γ0

2
γ5, (6.27)

and the vector quantity

12 For construction of the effective fields in general, see [40, 41].
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u(1)
Q
v̄
(2)
q =

1+γ0

2
/ε (+), (6.28)

1
√

2

(
u(1)
Q
v̄
(1)
q −u(2)

Q
v̄
(2)
q

)
=

1+γ0

2
/ε (0), (6.29)

u(2)
Q
v̄
(1)
q =

1+γ0

2
/ε (−), (6.30)

respectively 13. We introduce the polarization vector ε(λ)µ (λ = ±, 0 for the helicity
and µ for the Lorentz indices). It is given by ε(±)µ = 1√

2
(0,1,±i,0) and ε(0)µ = (0,0,0,1)

in the rest frame. The above pseudoscalar and vector quantities are defined in the
rest frame. In general v-frame, we obtain the pseudoscalar quantity

u(1)
Q
v̄
(1)
q +u(2)

Q
v̄
(2)
q →

1+ v/
2

γ5, (6.32)

and the vector quantity

u(1)
Q
v̄
(2)
q →

1+ v/
2
/ε (+), (6.33)

1
√

2

(
u(1)
Q
v̄
(1)
q −u(2)

Q
v̄
(2)
q

)
→

1+ v/
2
/ε (0), (6.34)

u(2)
Q
v̄
(1)
q →

1+ v/
2
/ε (−), (6.35)

respectively. Indeed, those transformations are obtained by the Lorentz transforma-
tion from v

µ
r = (1,0) to vµ. For the Dirac matrices, 1+v/

2 γ5 and 1+v/
2 γµ, we introduce

the pseudoscalar field Pv and the vector field P∗µv in the v-frame, 1+v/
2 γ5Pv and 1+v/

2 /P
∗
v ,

and making a sum of those two fields we define

Hv(x) =
1+ v/

2

(
P∗vµ(x)γ

µ + iPv(x)γ5

)
, (6.36)

as an effective field 14. For the spin transformation SQ for the heavy quark and the
chiral transformation U†q for the light antiquark, uQ v̄q → SQ

(
uQ v̄q

)
U†q , Hv(x) has

the transformation property

Hv→ SQHvU†q . (6.37)

13 The spin up and down states of uQ are given by u
(1)
Qα
= δ1α and u

(2)
Qα
= δ2α . In contrast, the

spin up and down states of vq are given by v
(2)
qα = −δ4α and v

(1)
qα = −δ3α . For the spin operator,

Si =
1
2
γ5γ

0γi =
1
2

(
σi 0
0 σi

)
, (6.31)

with i = 1, 2, 3, we use the relation S(uQ v̄q ) = (SuQ )v̄q +uQ (Sv̄q ).
14 The relative sign in the sum is arbitrary.
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In constructing the effective Lagrangian for Hv , we keep it in mind that the effec-
tive Lagrangian must be invariant under the transformation by SQ and U†q in the
symmetric limit. As for the chiral symmetry, we consider only the lowest order
terms in the momentum expansion for the Nambu-Goldstone bosons. For the non-
linear representation of the π meson, ξ = exp(iφ/

√
2 fπ), we define the vector current

Vµ(x) = i
2 (ξ
†∂µξ + ξ∂µξ†) and the axial-vector current Aµ(x) = i

2 (ξ
†∂µξ − ξ∂µξ†),

whose chiral transformation is given by Vµ(x) → UqVµ(x)U†q + iUq∂
µU†q and

Aµ→Uq AµU†q 15. In this setup, we introduce the lowest order term of the effective
Lagrangian

Lheavy−light = TrH̄vv ·iDHv +gTrH̄vHvγµγ5 Aµ +O(1/M), (6.39)

at leading orderwhere M is the heavy hadronmass, and the chiral covariant derivative
is defined by DµHv = ∂

µHv − iVµHv .
The above Lagrangian is valid only in the heavy quark limit (mQ→∞ or M→∞).

However, it is also important to consider the terms at O(1/M) because the charm and
bottom quark masses are finite in reality. Let us consider to extend the Lagrangian
(6.39) to include the terms at O(1/M) [42, 43, 44]. As an extension of the four-
velocity, we define

Vµ =
vµ + iDµ/M
|vµ + iDµ/M |

, (6.40)

which is the four-velocity including the off-mass-shell component, iDµ/M . Because
we are interested inO(1/M), we expandVµ in terms of 1/M and leave approximately
only up to the next-to-leading term,

Vµ = vµ +
1
M
(iDµ − vµv ·iD)+O(1/M2). (6.41)

Besides, instead of Hv(x) defined in the v-frame, we consider the new effective field

Hv(x) = Hv(x)+
1

2M

(
iD/Hv(x)−Hv(x)i

←−
D/−2v ·iDHv(x)

)
+O(1/M2), (6.42)

which is defined in theV-frame. This equation is obtained by applying the Lorentz
boost for Hv(x) from the v-frame to theV-frame. For the change of the four-velocity
wu = vµ + qµ/M ,Hv(x) transforms as

Hw(x) = eiq ·xHv(x)+O(1/M2), (6.43)

15 We define the π field by

φ =

(
π0 √

2π+
√

2π− −π0

)
. (6.38)
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and hence there is only an overall factor eiq ·x . Notice that there appear no difference
terms of the order O(1/M). Thus, Hv(x) exhibits the covariant transformation rule
at O(1/M) 16. To keep the invariance for the transformation vµ → wµ at O(1/M),
we extend the second term in the right-hand side of the effective Lagrangian (6.39)
to

LLO+NLO
πHvHv

=
(
g+

g1
M

)
TrH̄vHvγµγ5 Aµ

+
g

2M
(
Trv ·iDH̄vHvγµγ5 Aµ −TrH̄vv ·iDHvγµγ5 Aµ

)
+

g

4M
εµνρσ

(
TriDνH̄vHvσ

ρσAµ −TrH̄viDνHvσ
ρσAµ

)
+
g2
M

TrH̄vγµγ5Hv Aµ +O(1/M2), (6.44)

at O(1/M), where g is the coupling constant in Eq. (6.39) and g1 and g2 are new
coupling constants. We notice that the g2 term breaks the spin symmetry of the heavy
quark 17. We confirm that Eq. (6.44) is invariant under the velocity rearrangement
(replacing mQ to M in Eqs. (6.13) and (6.14)).

So far we have focused on the role of the symmetry (the heavy quark spin symme-
try and chiral symmetry) in constructing the effective Lagrangian. The construction
based on the symmetries are quite general, and hence it can be applied to other heavy
hadrons. We consider the interaction between a heavy meson with strangeness (D−s ,
D∗−s mesons) and a nucleon (cf. section 6.4.2) 18. In the heavy quark limit, we intro-
duce the pseudoscalar and vector meson fields Psv(x) and P∗sv(x), and we define the
effective field Hsv(x) by replacing Pv(x) and P∗v(x) to Psv(x) and P∗sv(x) in Eq. (6.36).
We consider the current-current interaction between the strange heavymeson current
and the nucleon current. As the lowest order in the momentum expansion, we define
the most general form

Lint =
1
2

∑
i

ci ψ̄ΓiψTrH̄svΓiHsv, (6.45)

where ci (i = 1, . . .,5) are unknown coupling constants, and Γ1 = 1, Γ2 = γ
µ, Γ3 =σ

µν ,
Γ4 = γ

µγ5, Γ5 = γ5 are the Dirac matrices [45]. ψ is the nucleon field. Considering
the non-relativistic limit for the nucleon field, we simplify ψ to ψ = (ϕ,0) where ϕ is
a two-component spinor. In the rest frame, we rewrite Eq. (6.45) as

Lint = csϕ†ϕ
(
δi jP∗i†sv P∗jsv +P†svPsv

)
+ ict

∑
k

ϕ†σkϕ
(
ε i jkP∗i†sv P∗jsv−

(
P∗k†sv Psv−P†svP∗ksv

) )
,

(6.46)

16 The transformation rule for the original effective field Hv (x) is much complex.
17We pay an attention that the position of γµγ5 in the g2 term is different from the position of γµγ5
in the (g+g1/M) term in Eq. (6.44).
18 The similar construction of the effective Lagrangian is applicable for D̄, D̄∗ mesons, when the
isospin degrees of freedom is taken into account.
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where σk (k = 1,2,3) are the Pauli matrices, and cs = −(c1−c2) and ct = 2c3+c4 are
defined. The cs term is the interaction term which does not change the nucleon spin,
and the ct term is the interaction term which changes the nucleon spin. We notice
that those two terms are independent each other. We confirm that each of them is
invariant under the transformation of the heavy quark spin. Based on the interaction
in Eq. (6.46), we may study the bound state and the scattering state for a D−s , D∗−s
meson and a nucleon. We notice that, in the ct term, the pseudoscalar meson and the
vector meson (Psv(x), P∗sv(x)) are exchanged each other due to the heavy quark spin
symmetry, while there is no exchange in the cs term.

The construction of the effective hadron theory is applicable to a heavy baryon
such as Λc , Σc and Σ∗c [40]. Because the light spin component in Λc is j = 0, we
define the effective field of Λc as

ψv = uh, (6.47)

for the heavy quark field uh in the v-frame. Σc , Σ∗c baryons have the light spin
component j = 1 in the heavy quark limit. Denoting the vector field Aµ with spin 1,
we define the effective fields of Σc and Σ∗c as

ψ
µ
v = Aµuh . (6.48)

ψ
µ
v contains both spin 1/2 and 3/2. Performing the spin projection, we define the

eigenstates of spin 1/2 and 3/2,

ψv 1/2 =
1
√

3
γ5γνψ

ν
v, (6.49)

and

ψ
µ

v 3/2 =

(
g
µ
ν −

1
3
(γµ + vµ)γν

)
ψνv, (6.50)

respectively. We remember that there are irrelevant degrees of freedom in the Rarita-
Schwinger field Ψµ with spin 3/2, and it can be eliminated by the constraint condi-
tions γµΨµ = 0 and ∂µΨµ = 0. Similarly for ψµ

v 3/2, we have the constraint conditions
γµψ

µ

v 3/2 = 0 and vµψ
µ

v 3/2 = 0. For those effective fields, it is possible to construct
the effective Lagrangian which is invariant under the transformations by the heavy
quark spin symmetry and chiral symmetry [37].

6.3 Heavy exotic hadrons -X, Y, Z hadrons-

Based on the theory introduced in section 6.2, we consider the properties of X , Y , Z
hadrons. However, to understand all the X , Y , Z hadrons is a difficult task, though
there are many experimental observations and measurements for them. We select
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several states which are relatively well understood both in experimental studies and
in theoretical studies. In this section, we start our discussion from the brief review
of normal quarkonia in section 6.3.1. Because the X , Y , Z hadrons are characterized
by the properties different from the normal quarkonia, it is important to understand
the basic properties of the normal quarkonia as a first step. From section 6.3.2 to
section 6.3.8, we summarize the properties of the X , Y , Z hadrons which have been
observed in experimental studies. In section 6.3.9, we introduce a new possible
tetraquark with charm number |C | = 2, Tcc , which has been predicted to exist in
theoretical studies but has not been observed in experiments so far.

6.3.1 Quarkonia

A quarkonium is the hadron which is composed of the quark (Q) and its antiquark
(Q̄) 19. Let us make a classification of quarkonia according to total spin J, parity P
and eigenvalue of charge conjugation C (C-parity). The spin of the quarkonia J is
defined by a sum of the spin of Q and Q̄, S = 0,1, and the relative angular momentum
L = 0,1,2, . . . . We have J = L for S = 0 and J = L, L ± 1 for S = 1. We have also
P = (−1)L+1 and C = (−1)L+S for parity and C-parity 20. The possible combinations
of JPC are listed as

L = 0: JPC = 0−+,1−−,
L = 2, 4, 6, . . . : JPC = 2−+,4−+,6−+, . . . , 2−−,4−−,6−−, . . . , 1−−,3−−,5−−, . . . ,
L = 1, 3, 5, . . . : JPC = 1+−,3+−,5+−, . . . , 0++,2++,4++, . . . , 1++,3++,5++, . . . ,

according to the value of L. The “exotic" quantum numbers which do not appear in
the above lists are JPC = 0+−, 0−−, E+− (E an even number with E ≥ 2), O−+ (O an
odd number with O ≥ 1). Those quantum numbers are not allowed to exist as QQ̄.
If there exists the state with such exotic JPC , the state should be certainly not a QQ̄,
but it should contain additional components except for QQ̄ such as qq̄ and gluon 21.
In L = 0, the S = 0 state is ηc (0−+), and the S = 1 state is J/ψ (1−−). In L = 1, the
S = 0 state is hc (1+−), and the S = 1 states are χc0 (0++), χc1 (1++), χc2 (2++).

Let us consider the mass spectrum of the bound states of QQ̄. Because the masses
of Q and Q̄ are sufficiently heavy, we can introduce the non-relativistic formalism in
theHamiltonian.We suppose that theHamiltonian is a sumof the kinetic term and the
potential term. The relative coordinate between Q and Q̄ is denoted by r. Then, the
kinetic term isH0 =−

1
2µ

∂2

∂r2 with the reducedmass defined by µ=mQmQ̄/(mQ+mQ̄)

19 The quark and the antiquark are charge-conjugate each other, and hence there is no flavor in total
in the quarkonium. This is called hidden flavor.
20 As for P, the multiplication of the parity ofQ (+1), the parity of Q̄ (−1) and the relative angular
momentum gives (−1)L . As for C, considering the charge-conjugate operator C for interchanging
Q and Q̄, multiplication of the relative angular momentum ((−1)L ), the spin ((−1)S+1) and (-
1) from interchanging fermions gives C |QQ̄〉 = (−1)L (−1)S+1(−1) |QQ̄〉 = (−1)L+S |QQ̄〉, and
hence we obtainC = (−1)L+S .
21 In fact several states with exotic JPC in light flavor sectors have been observed in experiments.
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for the Q and Q̄ masses, mQ and mQ̄. The inter-quark potential is given as

V(r) = −
4
3
αs
r
+ br +

32παs
9m2

Q

δ̃σ(r)SQ ·SQ̄ +
1

m2
Q

((
2αs
r3 −

b
2r

)
L·S+

4αs
r3 T

)
, (6.51)

with r = |r | [46]. αs is the coupling constant of the color Coulomb potential, and b
is the strength of the linear confinement potential. SQ and SQ̄ are the spin operators
for Q and Q̄ (S = SQ +SQ̄), and L is the operator for the relative angular momen-
tum. δ̃σ(r) = (σ/

√
π)3e−σ

2r2 with the diffusion parameter σ is defined instead of
the δ-function, and T is the tensor operator 22. Each term in the right-hand side
of Eq. (6.51) means the color Coulomb potential, the confinement potential, the
spin-spin interaction potential, the LS interaction potential and the tensor potential,
respectively. The parameters mQ, αs , b and σ in Eq. (6.51) are adjusted to reproduce
the masses of observed quarkonia in lower mass region. In fact, the model with
the potential in Eq. (6.51) can reproduce the masses of many excited quarkonia in
quantitative manner [46]. It is also possible to investigate the decay constants and
the decay widths by using the wave functions obtained from the Hamiltonian. It
is remarkable that the potential model in Eq. (6.51) is applicable to many excited
quarkonium states, although the used Hamiltonian is much simpler than QCD.

The excitation of quarkonia stems from (i) spin excitation, (ii) angular momentum
excitation, and (iii) nodal excitation. The excited states always exist in the potential
model due to the confinement potential. However, highly excited quarkonia are not
necessarily allowed to exist in the real QCD. In fact, when the masses of the excited
quarkonia are larger than the open thresholds of the D̄D pair or the B̄B pair, the
D̄, D mesons or the B̄, B mesons should be accounted also as effective degrees of
freedom. In such situation, the description of two-body bound state as cc̄ or bb̄ is
not necessarily guaranteed to work. Nevertheless, this simple quarkonium picture
has been able to be successful at certain extent for highly excited charmonium
states whose masses lie above the open thresholds. For example, the S-wave excited
quarkonia, such as ηc(3S), ηc(4S), ψ(3S) and ψ(4S), are described well by the nodal
excitation of cc̄, and the D-wave excited quarkonia ψ(3770) is described by the
angular momentum excitation of cc̄ in which the S-wave and the D-wave are mixed
slightly by the tensor potential though.

Recently, however, the experiments reported that X , Y , Z hadrons above the
D̄D threshold have many interesting properties which are different from the cc̄
quarkonia. One possible interpretation for them is the resonance state of D̄ and D
mesons, because many of X , Y , Z hadrons exist around the mass region near the
D̄D threshold. The other possible interpretations are the tetraquark qq̄cc̄ where light

22 The matrix elements of T on the basis of |3LJ 〉 are given by

〈3LJ |T |
3LJ 〉 =


− 1

6(2L+3) (J = L+1)
+ 1

6 (J = L)

− L+1
6(2L−1) (J = L−1)

. (6.52)
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quark and antiquark, qq̄, are added to cc̄, the hybrid state cc̄g where the gluon
connecting c and c̄ become excited. There is also an interpretation that the observed
peaks in experiments can be simply due to kinematic effects. One of the goals of
studying X , Y , Z hadrons will be to find the essentially important mechanisms in
them. The hadron spectroscopy which covers several subject such as

• Production process and production cross sections : e+e− collisions, hadron
collisions, heavy ion collisions, etc.

• Mass spectrum : Mass degeneracies by the HQS symmetry, chiral partners, etc.
• Decay constants and decay modes : Selection rules by the HQS symmetry, etc.

will provide us with an important information. However, it is still a difficult task to
solve the above problems based on QCD, although there have been much theoretical
developments, the QCD sum rules [47, 48, 49] and the lattice QCD simulations [50].
It is sometimes useful to use the hadron models to consider the essentially important
degrees of freedom. In the literature, there are many kinds of hadron model for exotic
hadrons; the quark model [51], the bag model [52], the string model [53], the diquark
model [54]23, the Skyrmions [56, 57], the hadronic molecules [58] and so on. As
a general guideline, the heavy quark symmetry is useful to understand the exotic
hadrons, as it will be shown in the subsequent subsections.

In the followings, we introduce theoretical interpretations for several X , Y , Z
hadrons. To the best of our knowledge at present, the candidates of the structure of
X , Y , Z hadrons would be summarized as

• Compact multiquarks (e.g. qq̄QQ̄),
• Hadron molecules (e.g. DD̄ bound or resonance state),
• Hybrid states (e.g. QQ̄g state with gluon excitation),
• Final state interactions (e.g. triangle anomaly).

Among them, we focus especially on the compact multiquarks and the hadron
molecules.

6.3.2 X(3872)

In 2003, X(3872) was reported by the Belle group [59]. This is one of the exotic
hadrons which have been reported earlier. The mass of X(3872) is much close
to the threshold of D0D̄∗0, whose threshold energy is 3871.68± 0.10MeV. The
charged D meson (D+D∗−) has the threshold 3879.4± 0.14 MeV, and hence there
can be a large breaking of isospin symmetry in X(3872). The quantum number of
X(3872) is JPC = 1++. As for C-parity, C = +1 was concluded by measurement of
X(3872) → J/ψγ [60, 61] 24. As for JP , JP = 1+ was concluded by measurement
of angular momentum distribution in X(3872) → J/ψπ+π− 25.

23 As a review article of diquarks, see [55].
24 Notice theC-parity of J/ψ, γ isC = −1.
25 X(3872) → J/ψπ+π− [62, 63, 64] and X(3872) → J/ψπ+π−π0 [65] were studied.
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As a first candidate of X(3872), we may consider the tetraquark structure qq̄cc̄
(q = u,d) for X(3872). However, the story is not simple [66]. Due to the large breaking
of isospin symmetry, instead of the isospin basis 26, we consider the particle basis
with two components,

Xu = uūcc̄, Xd = dd̄cc̄. (6.53)

As an interaction, we introduce the parameter δ for the mixing strength between uū
and dd̄ (uū↔ dd̄). We suppose that δ is the same value for the transition in the same
hidden flavors, uū↔ uū and dd̄↔ dd̄, because the mixing would be caused by the
gluons. For the u, d quark masses mu , md , we give the Hamiltonian

H =

(
2mu + δ δ

δ 2md + δ

)
, (6.54)

whose eigenstates are given by the superposed states of Xu and Xd , due to the mixing
effect by δ,

XL = cosθXu + sinθXd, (6.55)
XH = −sinθXu + cosθXd . (6.56)

We denote the eigenstate with lower (higher) energy by XL (XH ). The difference of
the energies of XL and XH is

M(XH )−M(XL) =
2(md −mu)

cos(2θ)
=

7±2
cos(2θ)

MeV. (6.57)

Therefore, it is concluded that there should exist two states, XH and XH , whose mass
difference is larger than 7±2 MeV. The research for such states were performed in
the observation in B± → XK± and B0 → XK0 (X → J/ψπ+π−). The former and
the latter are obtained by interchanging u and d, hence the comparison of those
two processes are useful for measurement of the mass difference between XL and
XH . However, the experimental data did not show the difference larger than 7± 2
MeV [67, 63]. Therefore, it can be concluded that the tetraquark seems not to be
consistent with experimental data.

The electric charge of X(3872) is zero. The charge partner with non-zero charge
was investigated in the decay process X→ J/ψπ±π0. However, there were no exper-
imental results for the charged state of X(3872) [67].

As another interpretation of X(3872), let us investigate the possibility of he hadron
molecule composed of D0D̄∗0. In experiments, the enhancement of the production
of X(3872) at the D0D̄∗0 threshold as well as the large branching ratioB(X(3872)→
DD̄∗0)/B(X(3872)→ J/ψπ+π−) ' 10 suggest that the coupling strength of X(3872)
to DD̄∗0 is much stronger than the coupling strength of X(3872) to ψπ+π− [68, 69].
Therefore, it will be natural to suppose that X(3872) has much DD̄∗0 component.

26 The isospin basis is given by fcc̄ =
1√
2

(
Xu +Xd

)
(I = 0) and acc̄ =

1√
2

(
Xu −Xd

)
(I = 1).
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However, if the X(3872) is regarded as a simple DD̄∗0 molecule, the size of X(3872)
should be about 10 fm, because the X(3872)mass 3871.69±0.17 MeV is very close
to the D0D̄∗0 threshold energy 3871.68±0.10 MeV. Such an extended object should
have much small production rate against the experimental fact. Therefore, it seems
not reasonable to consider that X(3872) is a simple D0D̄∗0 molecule.

The key particle for understanding X(3872) may be a normal quarkonium. We
consider χc1(2P) which has the quantum number JPC = 1++. This is the same
quantum number for X(3872). χc1(2P) is a nodal excited state of χc1(1P), and its
mass is predicted about 100 MeV larger than the X(3872) mass in the quark model.
However, the existence of χc1(2P) is not seen yet in experiments. The absence of
χc1(2P) seems curious, because the spin partners of χc0(2P) and χc2(2P) in near
mass region, were already observed in experiments 27. The hint for solving this
problem is to consider the coupling between χc1(2P) and the scattering state of
D0D̄∗0 [70]. Let us assume the relative angular momentum in the D0D̄∗0 state is
S-wave due to the quantum number JPC = 1++. Therefore, χc1(2P) can couple to
the D0D̄∗0 state easily without being disturbed by the centrifugal barrier 28.

With the above ideas in mind, we consider that the wave function of X(3872) is
a superposition of (c̄c) (1++), D0D̄∗0 and D±D̄∗∓ as

|X〉 = c1 |cc̄〉+ c2 |D0D̄∗0〉+ c3 |D±D̄∗∓〉, (6.58)

with the coefficients c1, c2 and c3 (the three-channel model) [70]. The values of c1,
c2 and c3 are determined as the eigenstates of the Hamiltonian. We notice that cc̄ is
a point like particle in this basis, and D0D̄∗0 and D±D̄∗∓ are the scattering states. As
for the interaction term, we consider the interaction vertex V for that |cc̄〉 couples to
the |D0D̄∗0(q )〉 and |D±D̄∗∓(q )〉 scattering states. The matrix elements of V can be
parametrized as

〈D0D̄∗0(q )|V |cc̄〉 = 〈D±D̄∗∓(q )|V |cc̄〉 =
g
√
Λ

Λ2

q2+Λ2 , (6.59)

where q is the relative three-dimensional momentum in D0D̄∗0 or in D±D̄∗∓, and
q = |q |. g and Λ are the coupling strength and the momentum cutoff parameter in
momentum space, respectively. With this basis, we write the Hamiltonian by a 3×3
matrix form

27 The existence of χc0(2P) may be a subtle problem at present. The candidate of χc0(2P) was
known to be X(3915). However, it is pointed out that the quantum number of X(3915) could be
2++.
28 We notice that χc0(2P) can couple also to the DD̄ state in S-wave, which may give a strong
coupling between χc0(2P) and the DD̄ scattering state. Furthermore, we may consider that
χc2(2P) can couple to the D∗D̄∗ scattering state in S-wave. However, the threshold energy of
D∗D̄∗ is much larger than the χc2(2P) mass, and hence this coupling may be neglected.
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H =
©«

mcc̄ V V
V mD0D̄∗0 +K 0
V 0 mD±D̄∗∓ +K

ª®®¬, (6.60)

in the momentum space. K is the kinetic term for D0D̄∗0 or D±D̄∗∓. The parameter
values of g was determined to reproduce the X(3872) mass by fixing several values
ofΛ. As result, it was found that the absolute value of c2 is the largest, and hence the
D0D̄∗0 component is the most dominant one in the wave function. The component
of cc̄ is small. The obtained result can be understood in the spectral function

S(E) =
−1
π

Im〈cc̄ |
1

E −H + iε
|cc̄〉, (6.61)

which shows a sharp peak around the D0D̄∗0 threshold and a broad peak around
the cc̄ mass. Therefore, the spectral function can explain why χc1(2P) cannot be
observed in experiments.

To understand the structure of X(3872), the γ emission is a good probe, be-
cause the wave function is sensitive to the decay width due to the simple vertex
structure between a quark and a photon. In experimental studies, the branching
ratios X(3872) → ψ(2S)γ and X(3872) → J/ψγ were measured, and the result
was B(X(3872) → ψ(2S)γ)/B(X(3872) → J/ψγ) = 3.4± 1.4 [60], < 2.1 (at 90%
C.L.) [61], 2.46± 0.64(stat) ± 0.29(syst) [71]. It is possible to reproduce the above
experimental values in the three-channel model in Eq. (6.58) [72].

6.3.3 Y(4260)

Y (4260) was observed in ISR (initial state radiation) in e+e− collisions [73, 74, 75].
The quantum number is JPC = 1−−. The mass of Y (4260) is in the middle of the
ψ(3S) mass and the ψ(4S) mass, and hence it is not reasonable to assign Y (4260)
as an excited state of J/ψ. Interestingly, in spite of the fact that the Y (4260) mass
is above the DD̄ threshold, the decay of Y (4260) to DD̄ was not observed. This
anomalous suppression of decay also suggests that Y (4260) is not the conventional
charmonium state. As a comparison, the D-wave charmonium (ψ ′′(3770)) whose
mass is above the DD̄ decays to DD̄ (B.R. = 93 % [76]) rather than to J/ψπ+π−.

One interpretation of Y (4260) is a hybrid state cc̄g, in which the gluon excitation
(g) is accounted as the effective degrees of freedom in addition to cc̄ [77]. Since
earlier days, there have been many theoretical ideas how the gluon excitation is
realized in the hybrid meson. We may naively consider it a bound state of c, c̄ and g,
which is called the constituent gluon model [78]. There are also other interpretation
that the "bag" containing c and c̄ are deformed [79]29, and that the string connecting

29 In the bag mode, the quarks are regarded to be confined inside the bag. Here the bag is the small
spatial region which is a perturbative vacuum surrounded by the non-perturbative vacuum of QCD.
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c and c̄ for color confinement becomes excited [53]30. Recently, the lattice QCD
simulation is also actively performed [80, 81, 82, 83] 31. The development of the
lattice QCD studies revealed the rich structure of gluon excitations 32. The hybrid
meson structure may shed a new light on the mechanism of color confinement.

6.3.4 Zc(4430)+ and Zc(3900)+

Zc(4430) is a charged meson which has been observed in B→ ψ(2S)π+K [87, 88].
Because the final state contains cc̄, it is natural to suppose that Zc(4430) contains
the ud̄cc̄ component at least. The observed quantum number is JP = 1+ [89, 90].
The Argand plot was also obtained, hence Zc(4430) can be considered as a real
resonance [90].

Similarly, another charged meson, Zc(3900), was observed in Y (4260) →
J/ψπ+π− [75, 91]. The final state contains cc̄, and hence Zc(3900) contains the
ud̄cc̄ component as well as Zc(4430) does.

Zc(3900) has been studied in many lattice QCD simulations [92, 93, 94, 95].
Among them, one of the remarkable achievement was reported by the HAL-QCD
collaboration [95] 33. In [95], they considered the coupled-channel problem of the
J/ψπ, ηcρ and DD̄∗ scattering states on the lattice space. As a result, it was found
that the coupling between J/ψπ and DD̄∗ and the coupling between ρηc and DD̄∗

were stronger rather than the other channels. The result was unexpected from the
phenomenological point of view. This is because the two dominant couplings induce
the process in which a charm quark is exchanged, and the mesonic exchange model
induces the small coupling in the charm exchange process. In fact, when we consider
the D meson exchange, the spatial scale in which the D meson can propagate
virtually is less than 0.1 fm, and this short distance is much smaller than the hadron
size. Instead of the meson exchange, we may consider the direct exchange of a quark
between two hadrons. In any case, Zc(3900) seems not to be a simple DD̄∗ molecule.

Based on the inter-hadron potential obtained by the HAL-QCD collaboration,
the decay spectrum of Y (4260) → J/ψππ, in which Zc(3900) was observed, was
analyzed by considering the Jψπ, ηcρ and DD̄∗ interactions in the final state, and the
experimental data is well reproduced [95]. It turned out however that the interaction
strength is not enough strong to make bound states or resonance states, and that the
peak of Zc(3900) observed in experiments should be understood as a cusp rather
than a resonance.

30 The string excitations are considered to be caused by the gluon excitations.
31 See [84] as a review article including light flavor sectors.
32 See for example recent developments in [85, 86].
33 See [96, 97] for the details of the methods used in the HAL-QCD collaboration.
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6.3.5 Yb(10888)

In section 6.3.3, we pointed out that Y (4260) is the exotic hadron whose mass lies
between the ψ(3S) mass and the ψ(4S) mass. We may ask a question whether there
can be a similar exotic state in bottomonium, whose mass lies between two different
bottomonium masses. As a candidate of such particle, Yb(10888) was observed in
e+e− → Υ(nS)π+π− (n = 1,2,3) [?] 34. Yb(10888) decays to BB̄ states, but it can
decay also to Υππ to a certain extent. This property is sharply in contrast to that the
lower state Υ(4S) decays dominantly to BB̄ states and does not decay to Υ(nS)π+π−

so much. Further research will be required to seek the relevance between Y (4260)
and Yb(10888).

6.3.6 Zb(10610)+ and Zb(10650)+

Zb(10610) and Zb(10650)with hidden bottomwere the first exotic stateswhich have a
nonzero electric charge [99]. Those two states were observed inΥ(5S)→Υ(nS)π+π−

(n = 1,2,3). The quantum number would be JP = 1+ or 2+, but JP = 1+ is favored.
Zb(10610) and Zb(10650) were observed also in Υ(5S) → hbπ+π− (m = 1,2) [99].
The measured masses are the same in those different decay channels.

When we regard that Zb’s have a quark structure ud̄bb̄, it would be natural to
expect that there are charge neutral states, uūbb̄ and dd̄bb̄, as a charged partner.
In fact, such charged partner was found as Zb(10610)0 in Υ(5S) → Υ(nS)π0π0

(n = 1,2,3) [100]. However, the charged partner Zb(10650)0 was not seen due to the
low statistics in the experiment.

The masses of Zb(10610) and Zb(10650) are much close to the thresholds of BB̄∗

(B∗B̄) and B∗B̄∗, respectively. Thus, it would be natural to consider that Zb(10610)
and Zb(10650) are the hadron molecules composed of BB̄∗ (B∗B̄) and B∗B̄∗, respec-
tively. In fact, Zb’s were observed in Υ(5S) → BB̄∗π and Υ(5S) → B∗B̄∗π [101].
Furthermore, when we compare the branching ratios of the decays from Zb to
Υ(nS)π+ (n = 1,2,3), hb(mP)π+ (m = 1,2), B+B̄∗0+ B̄0B∗+ and B∗+B̄∗0, we find that
the large branching ratios are given in B+B̄∗0 + B̄0B∗+ (B.R. = 82.0± 3.5 %) and
B∗+B̄∗0 (B.R. = 67.2± 7.1 %) [101]. Therefore, we can regard that Zb’s contain
much BB̄∗ (B∗B̄) or B∗B̄∗ components.

As another experimental data, which may be relevant to the abundant components
of BB̄∗ (B∗B̄) or B∗B̄∗ in Zb’s, there is a measurement about B.R.(Zb → Υπ) '
B.R.(Zb → hbπ) [101]. Because the spin of bb̄ in Υ (hb) is S = 1 (S = 0), it is
concluded that the spin of bb̄ in Zb is a superposition of S = 1 and S = 0 due to the
conservation of the heavy quark spin in the heavy quark limit. Supposing that Zb’s
are the states composed of BB̄∗ (B∗B̄) or B∗B̄∗, we can decompose the heavy quark
spin and the light quark spin in Zb’s as

34 As a byproduct of e+e−→ Υ(nS)π+π−, hb (2P) was also first observed.
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|Zb(10610)〉 ' |BB̄∗〉 =
1
√

2
|0H ⊗ 1l〉 −

1
√

2
|1H ⊗ 0l〉,

|Zb(10650)〉 ' |B∗B̄∗〉 =
1
√

2
|0H ⊗ 1l〉+

1
√

2
|1H ⊗ 0l〉, (6.62)

where SH is the spin of bb̄ and Sl is the light quark spin (SH,Sl = 0,1). Therefore, in
either Zb’s, the fraction of SH = 1H corresponding to Υ is the same as the fraction
of SH = 0H for hb , hence it can explain naturally the experimental data in [101], i.e.
the branching ratio of the decay for Zb to Υπ is almost the same as that for Zb to
hbπ [102, 103].

Now let us investigate more about the hadron molecule states with the basis of the
BB̄, BB̄∗, B∗B̄ and B∗B̄∗ scattering states. Because thresholds in those four channels
are close to each other 35, it is essentially important to include all the four channels.
In fact, those thresholds become completely degenerate in the heavy quark limit.
Considering that the masses of BB̄∗ and B∗B̄ are the same and that C-parity is a
good quantum number of the neutral state, we find it more convenient to use the
eigenstates of C-parity (C = ±1), instead of the particle basis 36. We notice that the
C-parity of BB̄ is C = +1, and that the C-parity of B∗B̄∗ is C = (−1)S where S is the
total spin of B∗B̄∗ 37.

Table 6.1 Various components of the B(∗)B̄(∗) states for several JPC (J ≤ 1) (cf. [104]). The
exotic quantum numbers which cannot be assigned to bottomonia bb̄ are indicated by

√
. The 0+−

state cannot be neither bottomonium nor B(∗)B̄(∗) states.

JPC components exoticness

I = 0 I = 1

0+− ——
√ √

0++ BB̄(1S0), B∗B̄∗(1S0), B∗B̄∗(5D0) χb0
√

0−− 1√
2

(
BB̄∗ +B∗B̄

)
(3P0)

√ √

0−+ 1√
2

(
BB̄∗ −B∗B̄

)
(3P0), B∗B̄∗(3P0) ηb

√

1+− 1√
2

(
BB̄∗ −B∗B̄

)
(3S1), 1√

2

(
BB̄∗ −B∗B̄

)
(3D1), B∗B̄∗(3S1), B∗B̄∗(3D1) hb

√

1++ 1√
2

(
BB̄∗ +B∗B̄

)
(3S1), 1√

2

(
BB̄∗ +B∗B̄

)
(3D1), B∗B̄∗(5D1) χb1

√

1−− BB̄(1P1), 1√
2

(
BB̄∗ +B∗B̄

)
(3P1), B∗B̄∗(1P1), B∗B̄∗(5P1), B∗B̄∗(5F1) Υ

√

1−+ 1√
2

(
BB̄∗ −B∗B̄

)
(3P1), B∗B̄∗(3P1)

√ √

35 The mass splitting between a B meson and a B∗ meson is about 45 MeV.
36 The charge-conjugate states of a B meson and a B∗ meson are a B↔ B̄ meson and a B∗↔ B̄∗

meson, respectively.
37 We use the relationship for the Clebsch-Gordan coefficients, 〈j1 j2m1m2 | j1 j2JM 〉 =
(−1)J− j1− j2 〈j2 j1m2m1 | j2 j1JM 〉.
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For several JPC , we give the basis by BB̄, BB̄∗ ± B∗B̄ and B∗B̄∗ as shown in
Table 6.1 38. In this table, we use the spectroscopic notation 2S+1LJ with a relative
angularmomentum L, a total spin S and their sum J. As the quantum number relevant
to Zb’s, we consider JPC = 1+− and I = 1. The basis channels are given by

1
√

2
(
BB̄∗−B∗B̄

)
(3S1),

1
√

2
(
BB̄∗−B∗B̄

)
(3D1), B∗B̄∗(3S1), B∗B̄∗(3D1).

(6.63)

Now, let us consider the interaction potential between B(∗) and B̄(∗) 39. We consider
the light meson exchange potential, because π, ρ, ω mesons can couple to B(∗) (B̄(∗))
mesons. In order to construct the potential, we need (i) the interaction vertex of the
light meson and the B(∗) (B̄(∗)) meson and (ii) the propagator of the light mesons. As
for (ii), we consider the spatial propagator in real space. As for (i), as discussed in
section 6.2.2, we obtain the vertices from the effective Lagrangian based on the heavy
quark spin symmetry and chiral symmetry . Concretely, we consider the interaction
vertex of the π meson and the B(∗) (B̄(∗)) meson based on Eq. (6.39) 40. In the rest
frame, substituting Eq. (6.36) to Eq. (6.39), we obtain the three vertices,

gqiP∗i†v Pv, gqiP†vP∗iv , gqiε i jkP∗j†v P∗kv , (6.64)

where qi (i = 1,2,3) is the spatial component of the π meson. As for the value of g,
we use g = 0.56 which is obtained from the reproduction of the experimental value
of the decay width of D∗→ Dπ 41.

Because Eq. (6.63) has four components, the Hamiltonian is given by the 4× 4
matrix. We write the Hamiltonian as H = H0+V where H0 is the kinetic term and V
is the potential term. V is given as V = Vπ +Vv with the π meson exchange potential
Vπ and the v = ρ,ω exchange potential Vv 42. Calculating the π meson exchange
potential from Eq. (6.64), we obtain the matrix for Vπ ,

Vπ =

©«
VC −

√
2VT −2VC −

√
2VT

−
√

2VT VC +VT −
√

2VT −2VC +VT
−2VC −

√
2VT VC −

√
2VT

−
√

2VT −2VC +VT −
√

2VT VC +VT

ª®®®®®¬
, (6.65)

whereVC andVT are the central and tensor potentials, respectively.When the distance
between B(∗) and B̄(∗) is sufficiently large (r � 1/mπ), they can be expressed as

38 For for more information about J ≤ 2, see [104].
39 As a short notation, we use B(∗) (B̄(∗)) to denote B or B∗ (B̄ or B̄∗).
40 As for ρ, ω meson exchange interaction, see [104].
41 More precisely, we need to take into account the 1/mQ correction, because the mass of a D
meson is different from the mass of a B meson. In the heavy quark limit, g ' 0.59 is known from
the lattice QCD study. Therefore, there should exist about 10% when g = 0.56 is used for B and
B∗ mesons.
42 See [104] for more information.
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VC(r) '
1
r

e−mπr, (6.66)

VT (r) '
(
1+

3
mπr
+

3
m2
πr2

)
1
r

e−mπr, (6.67)

where mπ is a π meson mass. For smaller r , we need to introduce the form factor
due to the finite size effect of hadrons. We notice that the tensor potential is much
stronger than the central potential. Therefore, the tensor potential plays the dominant
role in this system. From Eq. (6.65), we find that all the four channels in Eq. (6.63)
are mixed by the π meson exchange interaction. In the channel couplings, we notice
that

• The heavy quark spin symmetry: themixing between BB̄∗i −B∗i B̄ and B∗i B̄∗j −B∗j B̄∗i
(i , j)

• The tensor potential: the mixing between S-wave and D-wave

play the important role. We will show their importance in the followings.
First, we consider the heavy quark spin symmetry. We remember that the heavy

quark spin symmetry allows the rotation of the heavy quark spin without essentially
changing the state (cf. section 6.2.1). In the present case, the rotation of the heavy
quark spin induces the mixing between the B meson and the B∗ meson. Let us
suppose that they are transformed by δB and δB∗i as B→ B+ δB, B∗i → B∗i + δB∗i
(i = 1,2,3). As for the heavy quark spin rotation Qv → ei

1
2σ ·θQv in the SU(2) spin

symmetry, δB and δB∗i are expressed by

δB = −
1
2
θiB∗i , (6.68)

δB∗i =
1
2
εi jkθ jB∗k −

1
2
θiB. (6.69)

Then, the change of BB̄∗i −B∗i B̄ is

δ(BB̄∗i −B∗i B̄) = −θ j
(
B∗j B̄∗i −B∗i B̄∗j

)
+ εi jkθ j

(
BB̄∗k −B∗k B̄

)
, (6.70)

and the change of B∗i B̄∗j −B∗j B̄∗i (i , j) is

δ(B∗i B̄∗j −B∗j B∗i ) = εiklθk
(
B∗l B̄∗j −B∗j B̄∗l

)
+ εjklθk

(
B∗i B̄∗l −B∗l B̄∗i

)
− θi

(
BB̄∗j −B∗j B̄

)
+ θ j

(
BB̄∗i −B∗i B̄

)
. (6.71)

Thus, BB̄∗−B∗B̄ and B∗B̄∗ are mixed each other by the rotation of the heavy quark
spin. In other words, we need to consider the basis superposed by those two states
as long as the heavy quark spin is conserved.

Second, we consider the tensor potential. The S-wave must be the dominant
component kinematically, because of the absence of the centrifugal energy. However,
themixing of the S-wave and the D-wave is induced the strong attraction by the tensor
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potential in Eq. (6.65), and it makes the system more stable. For example, in the top-
left or bottom-right 2× 2 submatrix in Eq. (6.65), the S-wave and the D-wave in

1√
2
(BB̄∗−B∗B̄) are mixed, and in the same way the S-wave and the D-wave in B∗B̄∗

are mixed also. Interestingly, in the top-right or the bottom-left 2× 2 submatrix in
Eq. (6.65), the S-wave (the D-wave) in 1√

2
(BB̄∗ − B∗B̄) is mixed with the D-wave

(the S-wave) in B∗B̄∗. Thus, there are S- and D-wave mixing between two channels
even when particle components are different. We remind that the mixing between
BB̄∗−B∗B̄ and B∗B̄∗ stems from the heavy quark spin. Thus, we may conclude that
the heavy quark spin symmetry is entangled with the mixing between the S-wave
and the D-wave.

Let us investigate intuitively why the heavy quark spin symmetry can be entangled
with the channel coupling between different angular momentum by tensor potential.
The important property of the tensor potential mixing the S-wave and the D-wave is
that it changes the direction of spin (z-component) also. The well-known example is
the two nucleon system (deuteron). The tensor force in nuclear potential acts on the
NN with total spin S = 1, and changes the z-component, Sz , in the NN total spin 43.
The situation is similar to the B(∗)B̄(∗) systems. We remember that the b quark spin
and the b̄ quark spin are conserved quantities in the heavy quark limit. Therefore,
the relevant degrees of freedom in the tensor potential are only the light quark (q)
in the B(∗) meson and the light antiquark (q̄) in the B̄(∗) meson. Thus, the π meson
which is coupled to the B(∗) or B̄(∗) is in fact coupled to the light quark and antiquark
directly, and hence this coupling gives the spin flip of the light quark and antiquark.
Consequently, the spin flip of the light quark and antiquark appears in the mixing
between the B meson and the B∗ meson as well as in the mixing between the B̄
meson and the B̄∗ meson. Thus, we understand that the tensor interaction is related
to the heavy quark spin symmetry.

In analyzing the eigenvalues of the Hamiltonian H = H0+V with V in Eq. (6.65),
we need to include not only the bound states but also the resonance states, because the
B(∗) meson and the B̄(∗) meson are in the scattering states above the thresholds. For
investigating the scattering states, we need to apply the partial-wave decomposition
with the angular momenta l = 0,1,2, . . . , and consider the asymptotic wave function
with the phase shift δl in each partial wave. The phase δl is a function of the scattering
energy E or the momentum k, which is denoted by δl(k). The resonance energy is by
Er = k2

r /2µ with the momentum kr which satisfies cotδl(kr ) = 0 (or δl(kr ) = π/2),
where µ is the reduced mass of the two-body system. We define the decay width
by Γ = −2

( dcotδl
dE

)−1��
δl=π/2

. Then, the scattering amplitude in the partial wave with
angular momentum l is expressed by

43 For the exchanged momentum q between the two nucleons, the tensor operator is given by

S12(q̂) =

√
24π

5

2∑
m=−2
(−1)m(σ×σ)(2)−mY2m(q̂), (6.72)

where we define q̂ = q/ |q |,σ is the spin Pauli matrices acting on the nucleon i, andY2m(q̂) is the
spherical harmonics (σ×σ)(2)−m is a tensor product with rank-2 given by byσ.



232 Shigehiro Yasui

fl(k) '
1
k

Γ/2
E −Er + iΓ/2

, (6.73)

and hence it gives the resonance state with energy E = Er and width Γ. Though
the angular momenta are not conserved in the present B(∗)B̄(∗) states, we can still
define the phase shift in each angular momenta whose solution of δl(k) = π/2 gives
the resonance state 44. As a numerical methods for solving δl(k), there are methods
which are often used: (i) matching method and (ii) complex scaling method 45. In
(i), for the given scattering energy E , we prepare the asymptotic form of the wave
function without phase shift around r = 0 and the wave function with phase shift at
large r , and connect the two smoothly at some intermediate value of r to obtain δl .
In (ii), we replace the radial coordinate to the complex number by r → eiθr with
θ being a real number, and find the eigenvalue of the (non-hermite) Hamiltonian
which is not sensitive to the change of θ 46. The complex scaling method can be
easily extended to many-body systems, and it is often used in the recent hadron and
nuclear physics.

Because the resonance state decays to the final state, it can exist only in a short
time (' 1/Γ). The mechanism of generating resonance states is complex in general.
In practice, the following situations are often investigated.

1. Centrifugal potential: The sum of the attractive potential and the centrifugal
potential l(l+1)

2µr2 can make a valley in the potential, and it leads to the formation
of the quasi-bound state 47. Due to the quantum tunneling effect, the quasi-bound
state decays to the asymptotic states within a finite life-time.

2. Feshbach resonance: We consider the system with two-channels 1 and 2 whose
energies are different to each other, and suppose that there is a transition between
the channel 1 (lower energy) and the channel 2 (higher energy). Furthermore, we
suppose that the channel 2 has an attraction so that a shallow bound state can be
formed when only the channel 2 is considered. Due to the coupling between the
two channels, the bound state in the channel 2 can decay to the asymptotic states
in the channel 1. This quasi-bound state with a finite life-time is the Feshbach
resonance 48.

3. Energy-dependent interaction (potential):When there is an energy-dependence
in the interaction (potential) between two particles, the resonance state can exist in
S-wave. The known example is the Weinberg-Tomozawa interaction in the chiral

44 Precisely, the mixing parameter between the wave functions with different angular momenta
needs to be introduced in the asymptotic states.
45 As a review article of the complex scaling method, see [105].
46 We can regard the energy the complex number in Eq. (6.73), and find the (complex) energy
which gives zero in the denominator, as a pole Er − iΓ/2. This complex energy corresponds to the
resonance pole in the scattering amplitude.
47 l is the relative angular momentum in the two-body system, µ is the reduced mass and r is the
distance between the two particles.
48 We demonstrate the simple example of the Feshbach resonance in one-dimensional system in
appendix 6.5.
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perturbation theory [31]. As an application, Λ(1405) is often discussed as the
resonance state by this mechanism 49.

In the case of the B(∗)B̄(∗) resonance states, it will turn out that the centrifugal potential
and the Feshbach resonance are mixed up to each other. There, it is important to
keep in mind that the tensor potential and the mixing effect by the heavy quark spin
symmetry plays the important role as well.

As a result of the analysis of B(∗)B̄(∗), we obtain several bound and resonance states
in the mass spectrum as shown in Fig. 6.1 50. The colored dashed lines (red, green
and blue) indicate the threshold for each quantum number IG JPC (cf. Table 6.1).
We find two states in JPC = 1+−, one is just below the BB̄∗ threshold and another is
just above the B∗B̄∗ threshold, whose masses are close to Zb(10610) and Zb(10650),
respectively. The latter state lies above the threshold, hence it seems to be the
resonance state formed by the centrifugal potential. However, the mechanism may
not be so simple, because there are not only the D-wave component but also the
S-wave component. In the present analysis, there is a bound state below the BB̄∗

threshold, while the observed Zb(10610) state lies above the BB̄∗ threshold. In spite
of some discrepancy between the experimental result and the theoretical result, it is
interesting to obtain twin states near the thresholds in the B(∗)B̄(∗) molecule model.

In the other quantum numbers, we obtain also several bound and resonant B(∗)B̄(∗)

states. It is particularly interesting to obtain the Feshbach resonances in JPC = 1−−,
2++, 2−− and 1−+. It is also interesting that there are twin states in JPC = 1−− and
2−− like Zb’s.

We have to keep it in mind however that the above analysis was performed by
using only the B(∗) meson and the B̄(∗) meson as effective degrees of freedom. In
reality, we need to consider carefully the coupling to the other scattering states like
Υπ and hbπ [104], and the final state interaction in the decay processes like a triangle
diagram [106]. It is also an important problem to investigate the inner spin structure
by utilizing the γ decays from Zb’s [102, 107, 106]. To research more states near the
B(∗)B̄(∗) thresholds is an interesting subject in future experiments.

6.3.7 Pc(4380) and Pc(4450): charm pentaquark

In 2015, the LHCb collaboration reported Pc(4380) and Pc(4450) [108]. Their
masses and decay widths are 4380±9±29MeV and 204±18±86MeV for Pc(4450),
and 4449.8± 1.7± 2.5 MeV and 35± 5± 19 MeV for Pc(4450). Those states were
found in the invariant mass of J/ψ and p in the decay process Λb → J/ψK−p.
Because the final state is J/ψ and p, it is natural to consider that Pc’s have the cc̄uud
component at least. Thus, Pc’s are called the charm pentaquarks. The quantum
numbers of Pc(4380) and Pc(4450) is possibly JPC = 3/2− and 5/2+, respectively.

49 See [17] for more details.
50 As for the values of the coupling constants and the momentum cutoff parameters, refer to the
original paper [104].
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Fig. 6.1 Diagram of Zb mass spectrum as B(∗)B̄(∗) bound/resonance states (cf. [104]). See the text
for details. The colored short dashed lines (red, green and blue) indicate the thresholds relevant for
each IGJPC .

However, there are other possibilities that they are JPC = 3/2+ and 5/2−, or JPC =

5/2+ and 3/2−.
As an early work for charm pentaquark, there is a study as a bound state composed

of the Skyrmion and a charmonium (cc̄) [109]. Their motivation was to investigate
(i) the interaction between a nucleon and a quarkonium, and (ii) and an ηcN molecule
state as an extension from the ηN molecule state to the charm sector. Considering
the nucleon as the Skyrmion and extending the flavor of the π meson field to the ηc
field, the authors obtained the bound state of a nucleon and a charmonium. However,
the calculated mass was about 2800 MeV (binding energy 1 GeV), and hence the
obtained bound state cannot be regarded to be same as the Pc observed by LHCb.
Before the appearance of the report by LHCb, there have been several theoretical
studies of the hadron molecules by ηcN , D̄Σc and D̄Λc [110, 111] and by D̄Λc , D̄Σc
and D̄Σ∗c [112, 113, 114]. As for the former, the obtained masses are below 4 GeV
which is much smaller than the masses of Pc’s. As for the latter, the theoretically
obtained masses are close to the masses of Pc’s, but the quantum numbers seem not
to be consistent with the values from the experiment.

After the report by LHCb, many theoretical studies have been done. However, it is
difficult to cover them in this lecture note. It will be recommended for the interested
readers to refer to the original papers and the review article [22].
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6.3.8 Miscellaneous exotic hadrons

There are X , Y , Z hadrons which could not be covered up to here. We give a brief
summary for some of them.

• Y (4360) andY (4660): Those two were observed in ISR in e+e− collisions. At first,
they were observed as a single peak [?]. After that, the statistics was improved
and they were identified as two peaks [116]. Those two states were confirmed by
another group [117].

• Zc(3885)+, Zc(4020)+ and Zc(4025)+: Those are the electrically charged states
with cc̄ component which were observed by BESS III [91, 118, 119]. They should
be tetraquark state like Zc(4430) and Zc(3900) in section 6.3.4.

• X(4140), X(4274), X(4500) and X(4700): Those four states are the states which
contain cc̄ss̄ component, which were observed simultaneously [120]. It may be
a hadron state composed of J/ψ and φ. However, it is known by the lattice QCD
study that the interaction between J/ψ and φ is not so strongly attractive to make
bound or resonance states [121].

• X(5568): The flavor structure ofX(5568) is sb̄ud̄. This is the firstly observed
exotic hadron which has four different flavors [122].

6.3.9 Tcc —new possible exotic hadrons—

So far, we have introduced the exotic hadrons which were observed in experimental
studies. There are also exotic hadrons which have been predicted in theories but
have not been found in experiments. As an example, let us consider Tcc hadron [7].
The quark structure of Tcc is udc̄c̄ which is the double charm hadron. This may be
comparable with the “hidden" charm hadron such as Zc . The charm number of Zc is
C = 0 due to the existence of c and c̄ quarks. In contrast, the charm number of Tcc is
|C | = 2. We notice the difference of the light quark component also. The light quark
component in Zc is ud̄. This is the same flavor as a π meson, and hence Zc can decay
easily through the fall-apart process (cc̄ud̄→ cc̄+ ud̄) by emitting a π meson due
to its light mass. In contrast, the light quark component of Tcc is ud, and this does
not allow a π meson emission in the fall apart process. We may think that Tcc can
decay by the fall-apart process by udc̄c̄→ uc̄+ dc̄, namely D̄ and D mesons in the
final state. However, when we consider the ud diquark structure, we can conclude
that this decay does not occur, as explained in the following [7, 123, 124].

In the quark model, we have the spin-dependent interaction between two quarks
i, j, whose interaction term is given by

Hint =
∑
i< j

CH

mimj
si ·sj, (6.74)
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whereCH is the interaction strength, mk the mass of quark k, and sk is a spin operator
for quark k (k = i, j).CH is defined by CH = v0λi ·λ j 〈δ(ri j)〉, as the expectation value
of the δ-function sandwiched by the quark wave functions, where v0 the strength of
the δ-function, λk is the color Gell-Mann matrices for quark k and ri j is the distance
between two quarks i and j. From Eq. (6.74), the spin interaction is enhanced for
the light quark mass, and it is suppressed for the heavy quark mass. The most light
quarks in Tcc (udc̄c̄) are the ud pair. For sufficiently large charm quark mass, we
may consider that only the ud pair gives the dominant attraction 51. In fact, there is
an attraction for the ud diquark with spin 0 due to su ·sd = −3/4 < 0. Considering
the color factor λi ·λ j , we find that the color anti-triplet channel is the attractive one.
Furthermore, when we assume that the ud pair is the S-wave, the isospin of the ud
diquark has to be I = 0 due to the antisymmetrization of the two identical fermions.
For the color anti-triplet ud diquark, c̄c̄ inTcc has to be color triplet. Furthermore, for
the c̄c̄ being the S-wave, the spin of c̄c̄ has to be S = 1 due to the antisymmetrization
of the fermions. From the above consideration, we find that the quantum number of
Tcc should be I = 0 and JP = 1+.

For the Tcc being spin 1, we consider the S-wave decay as the most dominant one.
We notice that the final state (uc̄ and dc̄ mesons) in the possible fall-apart process
should be spin 1 in total also. Therefore, the lowest threshold of Tcc is the sum of the
D̄ meson mass and the D̄∗ meson mass. Based on Eq. (6.74), we compare the Tcc

mass and the sum of the D̄ meson mass and the D̄∗ meson mass, and find that the
former mass is smaller by about a few ten MeV than the latter one. Therefore, Tcc

cannot decay to the D̄ meson and the D̄∗ meson, and hence it can be a stable state
in the strong interaction. Only the decay process is allowed by the weak interaction
where one of the possible final states would be D∗−K+π−.

Beside the attractiveud diquark inTcc , we can consider the possible stability ofTcc

in terms of the hadron molecule. In the hadronic degrees of freedom, the interaction
between a D̄ meson and a D̄∗ meson makes bound or resonance states [8, 125]. The
interaction potential is very similar to that used in the B(∗)B̄(∗) bound and resonance
states in section 6.3.6. In general, we can consider the basis spanned by the DD,
DD∗ ±D∗D and D∗D∗ states. We have to pay an attention to the symmetrization
in boson particle systems, because DD or D∗D∗ are identical bosons. This is much
different from the case of B(∗)B̄(∗) where the symmetrization was not necessary
(cf. section 6.3.6). Now, we consider the particle basis concretely for JP = 1+,

1
√

2
(
D̄D̄∗− D̄∗D̄

)
(3S1),

1
√

2
(
D̄D̄∗− D̄∗D̄

)
(3D1), D̄∗D̄∗(3S1), D̄∗D̄∗(3D1),

(6.75)

which may look similar to the basis used in Zb , Eq. (6.63). The interaction potential
is constructed based on Eq. (6.64), which is similar to the case of the B(∗)B̄(∗) states.

51 The spin-interaction in Eq. (6.74) can be obtained by the magnetic gluon sector in the one-gluon-
exchange potential. On the other hand, the electric gluon makes the color Coulomb potential which
does not have any dependence on quark mass. In more realistic calculation, we need to consider the
color Coulomb potential also.
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Fig. 6.2 Diagram of Tcc mass spectrum as D̄(∗)D̄(∗) bound /resonance states (cf. [125]). See the
text for details. The numbers (in the parentheses) are masses (decay widths) which were predicted.
The box sizes indicate the decay widths.

Precisely, the basis angular momenta and spins are the same in Zb (JPC = 1+−), and
hence the π meson exchange potential is essentially given by the equations similar to
Eq. (6.65), provided that the isospin and the reduced mass are different. As a result,
we find several bound and resonance states by solving the Hamiltonian numerically,
as shown in Fig. 6.2.

There are recently many lattice QCD studies about Tcc and the related states. For
example, the HAL-QCD group reported the analysis in the scattering of a D meson
and a D∗ meson [126]. Although there was an attractive potential, it was not so
attractive to make bound or resonance state. Other group analyzed the system of a B
meson and a B∗ meson, Tbb , instead of a D meson and a D∗ meson, and it showed
that there is a bound state [127].

The production of Tcc is also in important subject. In e+e− collisions, the produc-
tion ofTcc was analyzed theoretically and the cross section was estimated [128, 129].
So far we considered that the ud diquark is color anti-triplet and that c̄c̄ is color
triplet. However, we can consider also that the ud diquark is color sextet and that
c̄c̄ is color anti-sextet, though the attraction is much smaller in this color configu-
ration. Interestingly, it was shown that the cross sections of Tcc with those different
color structures exhibit different angle-dependence [128, 129]. This is an important
information because we may be able to research the inner color structure by the
experimental measurement of the cross section. At present, only the upper limit of
the cross section was measured in experiments [130]. The study of Tcc as well as
Tbb will open a new way to understand exotic hadrons.
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6.4 Heavy hadrons in nuclear matter

6.4.1 Flavor nuclei: from strangeness to charm and bottom

In the previous section, we investigated the structures of exotic hadrons, and the
inter-hadron interaction in the hadron molecules. Among a variety kinds of inter-
hadron interaction, the interaction between a nucleon and a (heavy) hadron will be
also interesting, because it will be essentially helpful to study exotic nucleus in which
the hadron is bound. The hadron in nucleus is useful as probes for investigating the
properties of nuclear matter. So far, light hadrons such as π, η, ρ, ω, φ, K̄ , ∆, Λ, Σ, Ξ
and so on have been extensively researched in experimental and theoretical studies.
Light mesons have a sensitivity to the partial restoration of the chiral symmetry
breaking in nuclearmatter, and strangeness baryons (hyperons) canmake newnuclear
structures (hypernuclei) as an extension from up and down sectors to strangeness
sector. As further extension of flavor to charm and bottom, we may study charm
nuclei and bottom nuclei. The theoretical idea of such heavy-flavor nuclei was
already known in 1970’s, but there have been no further development due to lack of
information from experiments. At present, charm and bottom nuclei are interested
again as (i) a naive extension from strangeness and as (ii) new types of many-body
systems of charm and bottom hadrons. There are only theoretical studies currently,
but experimental studies may become possible in near future in GSI-FAIR, NICA,
J-PARC and so on. In this section, focusing on the interaction between a nucleon
and a heavy hadron, we consider the properties of the heavy hadrons in nuclei 52.

As a starting point, we classify the heavy hadrons to three groups: quarkonia,
heavy-light mesons and heavy baryons. Their interactions with nucleons have unique
properties as the followings.

• Quarkonium (QQ̄)-nucleon interaction:
A quarkonium and a nucleon has no common quark, and hence there is no direct
exchange quark between the two. It has been considered that the interaction is
dominated by the gluon exchange [131]. The strength of the gluon exchange
was estimated from the Reggeon exchange between a J/ψ and a nucleon in
high energy scattering. The obtained potential was used to calculate the binding
energy of a J/ψ in a nucleus with a few baryon number, and it was shown that
there can be bound states for the baryon number larger than a few. The analysis
of the QCD sum rules was also performed where the binding energy of a J/ψ
in nuclear matter was a few MeV [132]. There, it was shown that the gluon
condensate plays the dominant role. Recently the studies by the lattice QCD
simulations were performed to the analysis of the interaction between a J/ψ and
a nucleon [133, 134, 135, 136]. For example, it was reported by using the HAL-
QCD method that the interaction is attractive and the binding energy of a J/ψ in
nuclear matter is about a few ten MeV at most [133].

52 See [28, 29] as review articles.
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• Heavy–anti-light (q̄Q) meson-nucleon interaction:
To consider a q̄Q (D or B) meson in nucleus is an extension from a K̄ (q̄s) meson
in nucleus. The q̄ quark in the q̄Q meson has a strong attraction with the q quark
in a nucleon, and hence it can be expected that the interaction between a q̄Q
meson and a nucleon is strongly attractive. Due to the heavy mass of a q̄Q meson,
it is easily expected that the kinetic energy of the q̄Q meson can be suppressed,
and the binding energy can be enhanced. Besides, due to the heavy quark spin
symmetry, the pseudoscalar meson (D or B̄ meson) and the vector meson (D∗
or B̄∗ meson) are degenerate in mass, and both of them should be considered as
effective degrees of freedom (cf. section 6.2.1). In this case, the mixing effect by
DN↔ D∗N or B̄N↔ B̄∗N may make an attractive interaction. The real situation
may be however not so simple, because a π meson can appear to exist due to the
q̄q component. For example, the two-body system by a D meson and a nucleon
decays to a π meson and a Σc baryon, and hence it is not a stable bound state.

• Anti-heavy–light (qQ̄) meson-nucleon interaction:
A qQ̄ (D̄ or B) meson is a charge-conjugate state of a q̄Q meson. In vacuum,
because of the charge-conjugate symmetry, a qQ̄ meson has the same property as
a q̄Q meson except for charge. However, the nuclear matter violates the charge-
conjugate symmetry, and hence the qQ̄ meson has properties different from those
of the q̄Q meson. Such a difference is seen in the absence of the scattering states
below the mass threshold of a qQ̄ meson and a nucleon. This is sharply contrasted
with the case of a q̄Qmeson, because a q̄Qmeson in nucleus is unstable and decays
to a qq̄ meson and a qqQ baryon as it was explained previously. The hadron in
strangenesswhich corresponds to a qQ̄ meson is aK (qs̄)mesonwhose interaction
with a nucleon is however slightly repulsive. On the other hand, the interaction
between a qQ̄ meson and a nucleon may be attractive due to the same reason
for the q̄Q meson case. Due to the heavy quark spin symmetry, the pseudoscalar
meson (D̄ or B meson) and the vector meson (D̄∗ or B∗ meson) are degenerate
in mass, and both of them should be considered as effective degrees of freedom
(cf. section 6.2.1). Then, the mixing effect by D̄N ↔ D̄∗N or BN ↔ B∗N may
make an attractive interaction. This mixing process allows the one-pion exchange
interaction with tensor force between a qQ̄ meson and a nucleon, and the tensor
force may induce a strong attraction (cf. section 6.4.2). We have to notice that
there could be a repulsive core at short distance because the q quark in a qQ̄
meson can be the same as the q quark in a nucleon and the Pauli blocking effect
can work.

• Heavy baryon (qqQ)-nucleon interaction:
The extension of a strangeness baryon qqs to a heavy baryon qqQ is a natural
idea. The possibility of the existence of charm nuclei was already pointed out
in 1970’s when the hypernuclear physics has started 53. Recently, the interaction
between a qqQ baryon and a nucleon is investigated in terms of the heavy quark
spin symmetry. When the qq diquark in the qqQ baryon has spin 1, two states of
a spin 1/2 qqQ baryon (Σc or Σb) and a spin 3/2 qqQ baryon (Σ∗c or Σ∗

b
) need

53 See [137] as a review article for summarizing the situation at that time.
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to be considered because they are the HQS doublet 54. In this case, the mixing
effect by ΣcN↔ Σ∗cN or ΣbN↔ Σ∗

b
N may induce an attractive interaction [37].

At long distance, there is the one-pion exchange potential, and hence it leads to
the mixing between different angular momenta [37]. This situation is similar to
that of a qQ̄ meson and a nucleon, as it will be demonstrated in section 6.4.2. In
contrast, the case with the spin 0 qq diquark in a qqQ baryon (Λc or Λb) is quite
different, because there is no mixing effect due to the HQS singlet and because
there is no one-pion exchange interaction due to the isosinglet qq in the ground
qqQ baryon. Thus, it may be concluded that the interaction between a Λc (Λb)
and a nucleon would not be so strong. However, the situation is not so simple
because the mixing effect by ΛcN↔ ΣcN↔ Σ∗cN or ΛbN↔ ΣbN↔ Σ∗

b
N may

give a strong attraction [37]. Recently, the HAL-QCD collaboration reported the
potential between aΛc and a nucleon, where the potential is not so strong to make
a bound state [138]. However, it was discussed that the bound states of a Λc in a
nucleus can exist for larger baryon numbers. The recent analysis by the QCD sum
rules also reported the stable bound state of a Λc in nuclear matter [139].

Based on the interaction between a heavy hadron and a nucleon, we can research
charm and bottom nuclei ranging from a few baryon number to large baryon number.
Thus, the spectroscopy of the heavy hadrons in nuclei will be interesting subjects.
Until now, several few-body systems of a heavy hadron and two nucleons were
investigated for J/ψNN (ηcNN) [140], DNN [141], D̄(∗)NN [142, 143], ΛcNN −
Σ
(∗)
c NN [144]. In the next section, we consider concretely anti-heavy–light mesons

in nuclear medium.

6.4.2 Topics on anti-heavy–light (qQ̄) meson in nuclear matter

Interaction

We consider an anti-heavy–light (qQ̄) meson in a nucleus. It is a merit for this meson
that the number of the relevant channels is limited due to the absence of quark-
antiquark annihilation channels. We will show that the heavy quark spin symmetry
plays an important role in the dynamics in the systems (cf. section 6.4.1).

Before investigating the interaction between an anti-heavy–light (qQ̄) meson and
a nucleon N (qqq) in a nucleus, let us remember that we have discussed that the mass
spectrum of qqqqQ̄ (= qqq+ qQ̄) is classified either to the HQS doublet or to the
HQS singlet according to the total angular momentum of the subcomponent qqqq
( j = 0 or j ≥ 1) (cf. section 6.2.1). Because the two-body systems of a qQ̄ meson
and a nucleon N has the qqqqQ̄ structure, it can exhibit the HQS doublet and/or the
HQS singlet 55. It depends on the interaction which is realized in the ground state.

54 See Eqs. (6.49) and (6.50) for the effective fields of the qqQ baryons.
55 This decomposition is defined in the spin space. The composite state (qN ) was called a light
spin-complex [35, 36].
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Now we consider the bound or resonance states of a qQ̄ meson and a nucleon
N [145, 146, 147]. We introduce one-pion exchange between a qQ̄ meson and a
nucleon at long distance. In reality, we need to consider also the scalar meson (σ)
exchange and the vector meson exchange (ρ, ω) at middle distance as well as the
direct exchange of quarks at short distance, but we do not treat them in the following
discussion 56. To obtain the one-pion exchange potential, we need to introduce the
vertex of a π meson and a qQ̄ meson and the vertex of a π meson and a nucleon.
The former is obtained by Eq. (6.64), and the latter is obtained from the axial-vector
interaction

LπNN = −
gA
√

2 fπ
N̄γµγ5∂µφN, (6.76)

based on chiral symmetry, where gA is the axial-vector coupling constant.
As the states of a qQ̄ meson and a nucleon, we consider the quantum number

JP = 1/2− and 3/2−. The wave functions are given by the bases{
|D̄N(2S1/2)〉, |D̄∗N(2S1/2)〉, |D̄∗N(4D1/2)〉

}
, (6.77){

|D̄N(2D3/2)〉, |D̄∗N(4S3/2)〉, |D̄∗N(4D3/2)〉, |D̄∗N(2D3/2)〉
}
, (6.78)

for JP = 1/2− and 3/2−, respectively. With those bases, the Hamiltonians are given
by the matrix forms as

H1/2− =
©«

K0
√

3VC −
√

6VT
√

3VC K0−2VC −
√

2VT
−
√

6VT −
√

2VT K2+ (VC −2VT )

ª®®¬, (6.79)

H3/2− =

©«
K2

√
3VT −

√
3VT

√
3VC

√
3VT K0+VC 2VT VT
−
√

3VT 2VT K2+VC −VT
√

3VC VT −VT K2−2VC

ª®®®®¬
, (6.80)

where Kl is the kinetic term with angular momentum l, and VC and VT are the
central and tensor potentials in the one-pion exchange potential 57. We remember
that the mass spectrum of D̄(∗)N has to be either of the HQS doublet or the HQS
singlet in the heavy quark limit. Then, we may ask which is realized for D̄(∗)N when
the one-pion exchange potential is adopted. At first sight, Eq. (6.79) and Eq. (6.80)
seem much different each other. However, when the unitary transformation from the
hadron (particle) basis (qQ̄ and N) to the HQS basis (Nq and Q̄) is adopted, the
Hamiltonians H1/2− and H3/2− become transformed as

56 See for more information the papers [146, 147, 148] or the review article [28, 29].
57 See [145, 146, 147] for detailed information.
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H1/2− → H̃1/2− =
©«

K0−3VC 0 0
0 K0+VC −2

√
2VT

0 −2
√

2VT K2+ (VC −2VT )

ª®®¬, (6.81)

H3/2− → H̃3/2− =

©«
K0+VC 2

√
2VT 0 0

2
√

2VT K2+ (VC −2VT ) 0 0
0 0 K2−3VC 0
0 0 0 K2+ (VC +2VT )

ª®®®®®¬
,

(6.82)

respectively [35, 36]. Notice that eigenvalues are not changed due to the unitary
transformations. Comparing Eq. (6.81) and Eq. (6.82), we notice that there are com-
mon submatrices in the bottom-right of Eq. (6.81) and in the top-left in Eq. (6.82)
except for the different signs in the non-diagonal components. Therefore, it is con-
cluded that the JP = 1/2− and 3/2− states are degenerate in mass, and they form
the HQS doublet. In the numerical calculation, we can confirm that those states are
indeed degenerate as shown in Fig. 6.3. This HQS doublet has the light Nq (= qqqq)
spin j = 1. We notice that the K0 − 3VC in the top-left in Eq. (6.81) can make the
HQS singlet with the light Nq spin j = 0. However, it is confirmed that there is no
bound state in this HQS singlet because VC is not so attractive.

By using the parameters, we obtain numerically the eigenvalues of Eq. (6.79) and
(6.80) [145, 146, 147]. We need to consider the finite masses of charm and bottom
quarks, and consider the mass difference of the kinetic terms for the pseudoscalar and
vector mesons, and the thresholds of D̄N and D̄∗N or BN and B∗N . The numerical
results are shown in Fig. 6.3. For charm and bottom, due to the violation of the
heavy quark spin symmetry, the states become non-degenerate and have different
masses. The JP = 1/2− states are the bound states, while the JP = 3/2− states are
the resonance states 58. It is interesting that there are still twin states in the HQS
doublet as the pair of the bound state and the resonance state.

Properties in nuclear matter

The interaction potential between a D̄(∗) and a meson can be used to study the charm
nuclei with the D̄(∗) meson for large baryon numbers. Based on the interaction dis-
cussed above, the three-body systems of D̄(∗)NN was investigated theoretically [142].
It was shown that the HQS doublet JP = 0− and 1− is realized as the ground state
in the heavy quark limit, and that the bound and resonance states appear as the
approximate HQS doublet in charm and bottom 59.

The mass changes of a D̄(∗) meson in nuclear matter have been investigate theo-
retically so far. To study a D̄(∗) meson in nuclear matter is an interesting topics in
relation to understanding the partial restoration of the chiral symmetry breaking at

58 Those resonance states are the Feshbach resonances.
59 The structure of the HQS doublet was seen also in ΛcN -Σ(∗)N in the heavy quark limit [144].
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Fig. 6.3 Diagram of mass spectrum as D̄(∗)N bound /resonant states (cf. [145, 146, 147]). See the
text for details. P̄ and P̄∗ are the pseudoscalar and vector mesons qQ̄ in the heavy quark limit. The
zero point of energy is set to be the lowest threshold in each sector.

finite baryon number density. We summarize briefly the theoretical studies in the
following lists.

• Quark-meson coupling model [149, 150]: The quark-meson coupling model
gives a direct coupling of the asymptotic light meson (σ meson and ω meson)
and the quark confined in a hadron. The wave function of the confined quark is
calculated based on the quark model or the bag model to estimate the coupling
strength. The medium effect is taken into account by the change of the mean-field
of σ meson and ω meson.

• QCD sum rule [151, 152, 153, 154, 155]: Based on the operator production ex-
pansion about the current-current correlation function, several condensate values
in the QCD vacuum, such as the chiral condensate and the gluon condensate, are
introduced. The current-current correlation function is on the other hand given by
the spectral function of the hadrons. By setting the equality for the two different
approaches, it is investigated how the changes of the condensate values in the
medium affect the change of the spectral function of the hadrons, and how the
hadron masses change in the medium.

• Coupled channel analysis [156, 157, 158, 159]: The interaction between a D̄(∗)

meson and a nucleon is given by the Weinberg-Tomozawa interaction, or the
vector-meson exchange interaction. By summing the s-channel diagrams, the
poles of the D̄(∗) meson in nuclear matter are obtained.

• Chiral effective model [160, 161, 162, 163, 164]: The interaction between a D̄(∗)

meson and a nucleon is given by the exchange of a σ meson and a π meson. The
interaction vertex is determined uniquely by chiral symmetry. It is investigated
that how the nucleon-loop effect affects the change of the D̄(∗) meson mass in
nuclear matter.

In spite of many theoretical studies, it is not yet clear if a D̄ meson can be bound
in nuclear matter or not. Some studies suggest the repulsive mass changes and the
others suggest the attractive one. See Table 1 in [164] for the summary of the recent
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studies. Whether a D̄ meson can be bound in nuclear matter or not is still an open
problem.

Up to here, we have considered the violation of the heavy quark spin symmetry
only in the mass difference between a D̄ meson and a D̄∗ meson. However, the
violation exists in the interaction vertices of a π meson and a D̄∗ meson also as
shown in Eq. (6.44). We remember that the heavy hadron mass was given by a series
of the 1/mQ expansion in Eq. (6.20), where the coefficients λ1 and λ2 at O(1/mQ)

are concerned with the color electric field and the color magnetic field, respectively.
In other words, when we know the values of λ1 and λ2 for the heavy hadron in
nuclear matter, we can investigate the color electric field and the color magnetic field
in nuclear matter. Therefore, the D̄(∗) in nuclear matter plays the role of probes of
the gluons [165]. It is of course a difficult problem to calculate directly the values
of λ1 and λ2 in nuclear matter by calculating the right-hand sides of Eqs. (6.24) and
(6.25). One of the possible estimation is to calculate the D̄(∗) meson mass (MH in
the left-hand side of Eq. (6.20)) by using the heavy hadron effective theory, and to
calculate the values of λ1 and λ2 by Eq. (6.20). As a model of the heavy hadron
effective theory, we consider again the π meson exchange between a D̄(∗) meson
and a nucleon in nuclear matter. We remember that the interaction vertex including
O(1/mQ) is given in the effective interaction in Eq. (6.44). We calculate the mass
change of the D̄(∗) and B(∗) mesons in nuclear matter up to the nucleon two-loop
orders. Then, it was shown that the value of λ1 increases and the value of λ2 decreases
when they are compared with the values in vacuum. We can interpret this result as
that the color electric field is enhanced in nuclear matter while the color magnetic
field is suppressed [165].

Kondo effect

We discuss a characteristic phenomena for a qQ̄ meson in nuclear matter: the Kondo
effect [44, 166, 45]. The Kondo effect is a famous phenomena in the condensed
matter physics. This is the effect that the electric resistance in metal increases log-
arithmically as the temperature decreases, when the metal contains impurity atoms
with finite spin and there is a spin exchange interaction between the impurity atom
and the conducting electron [167]. The logarithmic enhancement can be understood
intuitively by formation of a bound sate of the impurity atom and the conducting
electron. It should be noticed that the conducting electron participating in the bound
state is not one, but it is the superposed state of many electrons on the Fermi surface.
Therefore, the Kondo effect is essentially the many-body problem. For the Kondo
effect to occur, there are three conditions besides the existence of the heavy impurity
particle 60:

(i) Fermi surface (degenerate state).
(ii) Loop effect (particle-hole pair creations).

60 See appendix 6.5 for the simple analysis of the Kondo effect.
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Fig. 6.4 Diagram of the scattering between a nucleon (thin solid lines) and an anti-heavy–light
(qQ̄) meson (thick solid lines) for the Kondo effect in nuclear matter.

(iii) Non-Abelian interaction between the conducting fermion and the impurity par-
ticle (SU(n) symmetry).

In nuclear matter, we can regard a charm hadron or a bottom hadron as an impurity
particle and can apply the conditions of the Kondo effect 61. It is easy to check that
the conditions (i) and (ii) are satisfied. As for the condition (iii), the non-Abelian
interaction between a qQ̄ meson and a nucleon is provided by the heavy quark spin
symmetry and by the isospin symmetry, SU(2)HQS × SU(2)isospin. Therefore, it is
possible to consider the Kondo effect for the D̄(∗) meson or the B(∗) meson in nuclear
matter in the heavy quark limit. For the interaction between a qQ̄ meson and a nucleon
in nuclear matter, it is in fact confirmed that the one-loop diagrams in Fig. 6.4 induce
the infrared logarithmic divergence at low energy scale due to the particle-hole pair
creations near the Fermi surface. In this case, the contribution from the one-loop
diagram becomes larger than that from the tree level, and the perturbative treatment
breaks down in the low energy (temperature) scale. Therefore, the non-perturbative
treatment is essentially needed to consider the interaction between a qQ̄ meson and
a nucleon in nuclear matter.

To see the Kondo effect in perturbative treatment as a first trial, we consider
concretely a D−s (D∗−s )meson or a B̄0

s (B̄∗0s )meson as a qQ̄ mesonwith q = s in nuclear
matter [45]. For those mesons, we consider only the heavy quark spin symmetry
by neglecting the isospin symmetry, and hence we can simplify the problem. We
remember that the interaction between an sQ̄ meson and a nucleon was given by
Eq. (6.46) according to the heavy quark spin symmetry. The coefficients cs and ct
get modified due to the Kondo effect in nuclear matter. To investigate how those
coefficients are modified, considering the one-loop diagrams in Fig. 6.4, we give the
renormalization group equation

d
d`

cs(`) = 0, (6.83)

d
d`

ct (`) =
mkF

2π2 ct (`)2, (6.84)

where m the nucleon mass and kF the Fermi momentum in nuclear matter. ` is
defined by ` = − logΛ/kF where Λ is the cutoff parameter in the infrared region

61 Similar discussion can be applied to a charm quark or a bottom quark in quark matter [44,
168, 169, 170, 171, 172, 173, ?]. In this case, the non-Abelian interaction is provided by the color
exchange interaction.
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in the momentum integrals. Eqs. (6.83) and (6.84) describe how the interaction
coefficients cs and ct change at energy scale Λ. The low energy (temperature) limit
is given by `→∞ (Λ→ 0). From (6.83), we find that cs(`) is a constant and it does
not change in nuclear matter. From Eq. (6.84), on the other hand, we find that the
solution of ct (`) is given by

ct (`) =
ct (0)

1−
mkF

2π2 ct (0)`
, (6.85)

where ct (0) is the coupling constant at ` = 0. The energy scale ` = 0 is much away
from the Fermi energy, and hence ct (0) can be regarded as the same value as the
coupling constant in vacuum, ct in Eq. (6.46). It is important to notice that, for
ct (0) > 0, the low energy limit ` → ∞ cannot be taken, because ct (`) becomes
divergent at the energy scale

ΛK = kF exp
(
−

2π2

mkFct (0)

)
. (6.86)

The energy scaleΛK is called theKondo scale, which ismuch lower than kF due to the
exponential factor. In the low energy scale below the Kondo scale, the perturbative
treatment is not applicable, and the non-perturbative treatment becomes necessary 62.

One may ask which non-perturbative state realizes in the energy scale lower
than the Kondo scale. There are many theoretical methods, such as the Wilson’s
numerical renormalization group, the Bethe ansatz, the conformal symmetry and so
on, for obtaining exactly the non-perturbative solution [174, 175, 176]. As a more
intuitive method, the mean-field approximation is often used. This approximation
was applied to the Kondo effect for the sQ̄ meson in nuclear matter, and it was shown
that the resonance state (the Kondo resonance) is formed around the Fermi energy as
amixed state of a nucleon and an s quark in the sQ̄ meson [45]. The Kondo resonance
may be used for the observation of the Kondo effect in a charm and bottom nucleus.

6.5 Summary

In this lecture, I focused on the exotic hadrons containing a heavy quark in charm
and bottom flavors. I introduced the heavy quark spin symmetry and the heavy quark
effective theory for the heavy quark in the heavy quark limit in QCD, and exhibited
concretely the construction of the heavy hadron effective theory based on the heavy
quark spin symmetry and chiral symmetry. I summarized briefly the properties of
quarkonia, and explained how the X , Y , Z hadrons observed in experiments behave

62 For ct (0)< 0, there is no divergence at low energy scale. In this case, the interaction interchanging
the vector meson (D̄∗ and B∗ mesons) and the pseudoscalar meson (D̄ and B mesons) becomes
suppressed, and the vector meson exist as a stable particle in nuclear matter.
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differently from the normal quarkonia. I also introduced the tetraquark Tcc which
has been predicted in theoretical studies. Finally, I introduced the recent studies of
the heavy hadrons in nuclear matter focusing on the role of the heavy quark spin
symmetry, and explained the Kondo effect which is relevant to the heavy quark spin
symmetry in nuclear matter.

In spite of much effort to understand the X , Y , Z hadrons, there remain many
unsolved problems which should be pursued in future studies. It will be especially
important to study the hadron spectroscopy (production, mass spectrum, decay) in
a comprehensive way and to reveal the inner structures of the X , Y , Z hadrons. The
cooperation between the phenomenological studies and the lattice QCD simulations
will be important also. Motivated by the recent observation of double charm baryon
Ξcc [177], the many-body systems with multi-charm (|C | ≥ 2) would become the
important subject both in experimental studies and in theoretical studies. To unveil
the nature of exotic hadrons with charm and bottom flavors will give us an important
hint for understanding deeply the variety of the matter in the strong interaction.
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Exercises

Exercise 1: Feshbach resonance in one-dimensional system

We consider the Feshbach resonance in the one-dimensional system. The system is
so simple that the solutions can be obtained in analytical calculation. This problem
was originally given in the book by Harry J. Lipkin, Quantum Mechanics: New
Approaches to Selected Topics, in North-Holland Publishing Company (1973) 63.

Basics

In the one-dimensional system with x-axis, the kinetic term in the Hamiltonian
for the particle with mass m is H0(x) = − 1

2m
d2

dx2 which gives the free plane wave
solution ψk = eikx for the momentum k 64. When the potential V(x) exists, the total

63 This book is now available in Dover Publications.
64 We use the unite h̄ = h/2π = 1 for the Planck constant h.
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Hamiltonian is given by H(x) = H0(x)+V(x). We suppose that the potential V(x) is
symmetric at x > 0 and x < 0: V(−x) = V(x). Because the Hamiltonian H(x) is also
symmetric, the eigenstates are classified by even parity and odd parity for the parity
transformation x→−x. For the even parity state ψk0 and the odd parity state ψk1,
their parity transformations by the operator P are given by

Pψk0(x) = ψk0(x), (6.87)
Pψk1(x) = −ψk1(x), (6.88)

where Pψ(x) = ψ(−x). The asymptotic states for ψk0(x) and ψk1(x) at long distance,
where the potential is negligible, are given as

ψk0(x) =

{
cos(k x− δ0) (x < 0)
cos(k x+ δ0) (x > 0)

, (6.89)

for even parity, and

ψk1(x) =

{
sin(k x− δ1) (x < 0)
sin(k x+ δ1) (x > 0)

, (6.90)

for odd parity, where δ0 are δ1 are the phase shifts. It is easily confirmed that
ψk0(−x) = ψk0(x) and ψk1(−x) = −ψk1(x) for even and odd parities, respectively.

We consider the S-matrix in the scattering states, and define the resonance state.
We introduce the “polar coordinate" for ψk0(x) and ψk1(x) where we define the
“angle coordinate" θ as being θ = 0 for x > 0 and θ = π for x < 0. Then, for
ψk0(x) = ψk0(r, θ) = φk0(r) and ψk1(x) = ψk1(r, θ) = eiθφk1(r), we obtain

φk0(r) =
1
2

e−iδ0
(
e−ikr + e2iδ0 eikr

)
, (6.91)

and

φk1(r) =
i
2

e−iδ1
(
e−ikr − e2iδ1 eikr

)
. (6.92)

We notice that ei`θ is an analogue to the spherical harmonics in the three-dimensional
system.

The “polar coordinate representation" for ψk`(x) (` = 0,1) is

ψk`(r, θ) = αei`θ
(
e−ikr + (−1)`e2iδ` eikr

)
, (6.93)

where the coefficient α = i`e−iδ` /2 is an overall factor mimicking the three-
dimensional case. We notice that each of e−ikr and (−1)`e2iδ` eikr means the in-
cident wave and the reflected wave, respectively. The phase shift δ` is a function of
the momentum k, and thus it can be written as δ`(k). We define the S-matrix by



6 Heavy flavors and exotic hadrons 249

S`(k) = e2iδ` (k). (6.94)

for ` = 0,1 65. We define the partial wave amplitude f`(k) by

f`(k) =
S`(k)−1

2ik
=

1
k

eiδ` (k) sinδ`(k). (6.95)

The “−1" in S`(k)−1means the subtraction by the free planewave. The cross section,
which is proportional to | f`(k)|2, has a maximum for the momentum kr satisfying
sinδ`(kr ) ' 1 (cotδ`(kr ) ' 0). Hence, kr is the momentum which contributes to the
scattering process dominantly.Noting the relation f`(k)= 1

k
1

cotδ` (k)−i and introducing
the energy E = k2/2m, we expand cotδ`(k) around the energy region for kr , or
Er = k2

r /2m (resonance), and we obtain

f`(k) ' −
1
k

Γ/2
E −Er + iΓ/2

, (6.96)

where Γ is the decay constant defined by

−
2
Γ
=

d
(
cotδ`

)
dE

����
E=Er

. (6.97)

The resonance is defined as the state with the complex energy E = Er − iΓ/2 as a
pole position of f`(k) on the complex energy plane. This resonance pole gives the
enhanced scattering amplitude which is dominant in the scattering process.

Feshbach resonance

We consider the particle (mass m) with internal degrees of freedom of two channels.
We denote each channel by ψg and ψe, where ψg is the lower energy state and ψe

is the higher energy state. When there is no interaction between those two channels,
their energies are given by Eg and Ee (Eg < Ee), respectively. In this case, the
Hamiltonian is given by the 2×2 matrix form with the basis of ψg and ψe

H0(x) =

(
− 1

2m
d2

dx2 +Eg 0
0 − 1

2m
d2

dx2 +Ee

)
. (6.98)

Now, we consider the interaction term.We suppose an attractive δ-function poten-
tial at x = 0 in ψe, and an interaction between ψg and ψe by the δ-function potential
at x = 0. Hence, we introduce the potential by the 2×2 matrix form with the basis

65 In the three-dimensional system, for a reference, the asymptotic form of the wave function
ψl (k, r) for the partial wave with angular momentum l is given by ψl (k, r) →

i l+1

2k l+1

(
f +
l
(k)e−ikr −

(−1)l f −
l
(k)eikr

)
, where each of e−ikr and (−1)`e2iδ` eikr means the incident wave and the

reflected wave, respectively. Then, we define the S-matrix by Sl (k) =
f −
l
(k)

f −
l
(k) . For more information,

see for example [105]
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of ψg and ψe

V(x) = −
1

2m
δ(x)

(
0 U1

U1 U0

)
, (6.99)

with U0 > 0 in the diagonal term for an attraction in ψe. We suppose U0 is a small
quantity that satisfiesU2

0 � 8m(Ee−Eg). The non-diagonalU1 term gives themixing
between ψg and ψe. We consider the even parity state ψ(x) =

(
ψg(x),ψe(x)

)
for the

Hamiltonian H(x) = H0(x)+V(x).
For a small and positive number ε > 0, we have the relationship

dψg(x)
dx

����
x=+ε

−
dψg(x)

dx

����
x=−ε

+U1ψe(0) = 0, (6.100)

dψe(x)
dx

����
x=+ε

−
dψe(x)

dx

����
x=−ε

+U0ψe(0)+U1ψg(0) = 0, (6.101)

as the condition that the wave functions are smooth at x = 0. We assume that, for
|x | > 0, ψg(x) and ψe(x) are given by

ψg(x) = α cos(k |x |+ δ0), (6.102)

ψe(x) = βeike |x |, (6.103)

where δ0 is a phase shift. The coefficients α and β are introduced for normalization
factors of ψg and ψe, respectively. For the energy eigenvalue E , we express k and ke
by

k2 = 2m(E −Eg), (6.104)

k2
e = 2m(E −Ee), (6.105)

respectively. In the following discussion, for simplification, we consider E < Ee

so that the eigenstate can be regarded as the quasi-bound state in ψe. Due to this
condition, we consider that ψe becomes zero at |x | →∞ and introduce the equation
ke = iκe with the positive number κe > 0. In this case, we can show the following
relation

tanδ0 =
U2

1
2k(2κe −U0)

. (6.106)

For the energy satisfying tanδ0 ' π/2, we can obtain a resonance state. The resonance
energy Er and the decay width Γ are given by
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Er = Ee −
U2

0
8m

, (6.107)

Γ =
U0U2

1

8
√

2m3
√

Ee −Eg −U2
0/8m

, (6.108)

respectively, for Eg < E < Ee. The Feshbach resonance is the resonance in which
the part of the kinetic energy in the scattering state is transformed to the internal
excitation by channel couplings. Thus, we can regard the above resonance state as
the Feshbach resonance.

Exercise 2: Simple model of the Kondo effect

To demonstrate the Kondo effect, we consider the Fermi gas composed by light
fermion (ψ) has a impurity heavy particle (Ψ). We suppose that their interaction
Hamiltonian is given by a simple contact interaction

Hint = G
n2−1∑
c=1

n∑
k,l,i, j=1

ψ†
k
(tc)klψlΨ

†

i (t
c)i jΨj, (6.109)

where the non-Abelian interaction is introduced by SU(n) symmetry [168]. tc = λc/2
(c = 1, . . .,n2 − 1) for the Gell-Mann matrix λc is a generator of SU(n) group, and
i, j, k, l = 1, . . .,n are indices of the fundamental representation.G (> 0) is the coupling
strength parameter. The Born term of the scattering amplitude (the most-left term in
Fig. 6.4) is given by

M (0)
kl,i j
= GTkl,i j, (6.110)

where we introduce a short notation Tkl,i j =
∑

c(tc)kl(tc)i j . The one-loop order term
of the scattering amplitude (the middle and most-right terms in Fig. 6.4) is given by

M (1)
kl,i j
= G2T

(a)
kl,i j

∫
ρ(E)
−E + iε

dE +G2T
(b)
kl,i j

∫
ρ(E)

E − iε
dE

' G2ρ(0)
n
2

Tkl,i j

∫
1

E − iε
dE, (6.111)

where T (a)
kl,i j

and T (b)
kl,i j

are defined by

T
(a)
kl,i j
=

1
2

(
1−

1
n2

)
δklδi j −

1
n

Tkl,i j, (6.112)

T
(b)
kl,i j
=

1
2

(
1−

1
n2

)
δklδi j −

(
1
n
−

n
2

)
Tkl,i j, (6.113)
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respectively. ρ(E) is the density-of-state at energy E where the energy E is measured
from the Fermi surface, and ε > 0 is an infinitely small positive number. The right
equation in the first line in Eq. (6.111) is the sum of the contributions from the
particle and hole states in the intermediate states in the loop integrals. In the last
line, we use the approximation E ' 0 in the integrals. The integration around E ' 0,∫
(1/E)dE , gives the logarithmic divergence in the infrared energy scale (E → 0).

Thus, we find that the one-loop order term in Eq. (6.111) becomes larger than the
Born term in Eq. (6.110). The infrared divergence stems from the non-cancellation
of T (a)

kl,i j
and T (b)

kl,i j
from the non-Abelian symmetry 66. Therefore, we conclude that

the perturbative treatment breaks down in the Kondo effect, and that the system
changes to the strongly interacting one at low energy (temperature) scale.

Exercise 3: Resonance states in one-dimensional system

We encounter often the existence of the resonance states when we study exotic
hadrons. In this exercise, as examples by hand calculations, we examine the resonance
states caused by several mechanisms in the simple one-dimensional systems. Based
on the S-matrix formalism, we investigate the concrete equations of the resonance
energy and the decay widths for the resonance state in the two δ-potential system
and the Feshbach resonance in the couple-channel system. In the one-dimensional
systems, we can obtain the analytical forms avoiding the complexity in realistic situ-
ations, and thus they may be helpful for us to deeply understand the resonance states.
The content of this exercise is based on the textbook by Harry J. Lipkin, Quan-
tum Mechanics: New Approaches to Selected Topics, published in North-Holland
Publishing Company, 197367.

The kinetic term is

H0 =
p̂2

2m
, (6.114)

with p̂ = −i d
dx . The total Hamiltonian is

H(x) = H0(x)+V(x), (6.115)

with a potential V(x). The plane wave is

ψk = eikx, (6.116)

with momentum k. Throughout this exercise, we assume that the potential V(x) is
symmetric for x > 0 and x < 0: V(−x) = V(x) for all x. Hence the total Hamiltonian
H(x) is symmetric also. Parity even and odd (subscripts 0 and 1):

66 In fact, without those factors, the two terms in the right equation in the first line in Eq. (6.111)
cancel each other, and it leads to no logarithmic divergence.
67 This book is available in Dover Publications, 2014.
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Pψk0(x) = ψk0(x), (6.117)
Pψk1(x) = −ψk1(x). (6.118)

In the asymptotic region |x | > X > 0 for a sufficiently large X , ψk0(x) and ψk1(x) are
given by

ψk0(x > X) = cos(k x+ δ0), (6.119)
ψk0(x < −X) = cos(k x− δ0), (6.120)

for odd parity, and

ψk1(x > X) = sin(k x+ δ1), (6.121)
ψk1(x < −X) = sin(k x− δ1),

for even parity,where δ0 and δ1 are the phase shifts for each parity. [The normalization
constants are omitted here.] Check ψk0(−x) = ψk0(x) for even parity and ψk1(−x) =
−ψk1(x) for odd parity.

In the following, we begin with the basic summary for the S-matrix. We then
apply it to the bound state problem in the one δ-potential system, and investigate
the resonance states in the two δ-potential system and the Feshbach resonance in the
coupled-channel system.

1 Preparation: S-matrix and resonance states
We consider that the S-matrix is represented by the phase shift. This provides us
with an essentially important basics to understand the resonance states through-
out this exercise. As a particular notion, we use the “spherical" coordinate in
one-dimensional system in order to make the clear comparison with the three-
dimensional case in general.

1.1 "Spherical" coordinate: Show that ψk0(x) and ψk1(x) are expressed by

ψk0(r) = cos(kr + δ0) =
1
2

e−iδ0
(
e−ikr + e2iδ0 eikr

)
, (6.122)

and

ψk1(r) = eiθ sin(kr + δ1) =
i
2

e−iδ1 eiθ
(
e−ikr − e2iδ1 eikr

)
, (6.123)

with r = |x |. We define θ = 0 for x > 0 and θ = π for x < 0 corresponding to the
odd parity. For simplicity of the notations, we use the same symbols ψk0(r) and
ψk1(r) for r in correspondence to ψk0(x) and ψk1(x), respectively.

1.2 "Partial-wave" decomposition: Show that the above two equations are ex-
pressed by

ψk`(r) = ei`θ
(
e−ikr + (−1)`e2iδ` eikr

)
, (6.124)
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with ` = 0,1. Notice that ei`θ is the “angular part" in one-dimensional system,
i.e. ` = 0 (1) correspond to even (odd) angular momentum in three-dimensional
system.

1.3 S-matrix and resonance states For the phase shift δ`(k) as a function of
momentum k, we define the S-matrix by

S`(k) = e2iδ` (k), (6.125)

for ` = 0,1. The partial wave amplitude f`(k) is defined by

f`(k) =
S`(k)−1

2ik
=

1
k

eiδ` (k) sinδ`(k). (6.126)

Notice that the second term −1 in S`(k) − 1 is the subtraction of the free part.
Notice also that 1/2ik was multiplied to mimic the three-dimensional case. The
cross section, which is proportional to | f`(k)|2, has the large value for k = kr
which satisfies sinδ`(kr ) ' 1 (or cotδ`(kr ) ' 0). The momentum kr means the
momentum corresponding to the resonance state. Show that f`(k) is expressed by

f`(k) =
1
k

1
cotδ`(k)− i

. (6.127)

Expanding cotδ`(k) in terms of E = k2/2m around the resonance energy Er =

k2
r /2m, show that f`(k) is approximately expressed by

f`(k) ' −
1
k

Γ/2
E −Er + iΓ/2

, (6.128)

with the decay width Γ defined by

−
2
Γ
=

d
dE

cotδ`
����
E=Er

. (6.129)

It is straightforward to check the absolute value of the amplitude | f`(k)| has the
shape with the maximum value at the resonance energy Er and with the vagueness
by Γ. The S-matrix plays an important role in understanding the resonance states
as shown throughout the exercise.

2 Bound state in δ-potential
We consider the δ -potential:

V(x) = −
U0
2m

δ(x). (6.130)

with the constant U0 > 0 (attraction). The 2m in the denominator is introduced
for convenience of the calculation. For this potential, we investigate the problems
of the bound state and scattering state.



6 Heavy flavors and exotic hadrons 255

2.1 Boundary condition: For the wave function ψk0(x) with momentum k (E =
k2/2m), as an eigenstate of H(x) = H0(x)+V(x), show the relation

dψk0(x)
dx

����
x=+ε

−
dψk0(x)

dx

����
x=−ε

+U0ψk0(0) = 0, (6.131)

with a small positive number ε > 0.

2.2 Phase shift: We consider the even parity solution with momentum k, ψk0(x) =
cos(k |x |+ δ0). By using the boundary condition, show that the phase shift δ0(k)
is given by

tanδ0(k) =
U0
2k
, (6.132)

and draw the graph of δ0(k) as a function of k.

2.3 S-matrix and a bound state: For the S-matrix element expressed as

S0(k) = e2iδ0(k) =
1+ i tanδ0(k)
1− i tanδ0(k)

, (6.133)

show that the S0(k) gives a pole for k = iU0/2, and also show that there exists one
bound state with binding energy U2

0/(8m).
3 Resonant state in two δ-potentials

We consider two δ-potentials,

V(x) = −
U0
4m
(δ(x− a/2)+ δ(x+ a/2)), (6.134)

with a > 0 the distance between the two δ-potentials68. We see that the resonance
state is generated by the multiple reflections of the particle between the two
δ-potentials.

3.1 Boundary condition: We consider the wave function ψk0 with even parity and
momentum k. Show the relation

dψk0(x)
dx

����
x=±a/2+ε

−
dψk0(x)

dx

����
x=±a/2−ε

+U0ψk0(±a/2) = 0, (6.135)

with a small and positive number ε at x = ±a/2, respectively.

3.2 Phase shift I: We consider the wave functions for |x | ≤ a/2 and |x | > a/2,

ψk0(x) = cos k x (|x | ≤ a/2), (6.136)
ψk0(x) = cos(k x± δ0) (|x | > a/2), (6.137)

68 In the limit of a→ 0, this potential can be reduced to the one δ-potential in the previous problem.
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with the phase shift δ0 for the latter. By using the boundary conditions, show that
δ0 as a function of k is give by the relation

tanδ0 =
4k/U0+ sin ka

1+ cos ka
. (6.138)

3.3 Phase shift II: Show that δ0 behaves like

tanδ0 '
U0

2k(1+U0a/2)
(k→ 0), (6.139)

tanδ0 '
U0
4k
(1+ cos ka) (k→∞), (6.140)

in the limits of k→ 0 and∞, respectively.

3.4 Resonance state: The scattering amplitude

f0(k) =
1
k

1
cotδ0− i

, (6.141)

has a large value for momentum k where cotδ0 = 0. Show the existence of the
resonance state with momentum k satisfying cotδ0 = 0, i.e.,

sin ka = −
4k
U0

. (6.142)

3.5 Decaywidth: For the resonance state with the energy Er = k2
r /2m for the solution

kr of sin kra = −4kr/U0, calculate the decay width Γ for Er .
4 Feshbach resonance in coupled-channel system

We consider the coupled-channel problem of two states, which are composed
of the ground state ψg with energy Eg and the excited state ψe with energy Ee

(Eg < Ee).We suppose that two states have the samemassm. The freeHamiltonian
is given by

H0 =

(
p̂2/2m+Eg 0

0 p̂2/2m+Ee

)
, (6.143)

in a matrix form with basis of ψg and ψe. We assume that there is a mixing
interaction between ψg and ψe at x = 0, and an external attraction for ψe at x = 0.
The interactions are given by δ-function;

V(x) = −
1

2m
δ(x)

(
0 U1

U1 U0

)
, (6.144)
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with U0 > 0 (attraction for ψe). We assume that the interaction strength U0 is not
so large: U2

0 � 8m(Ee −Eg). The sign of U1 can be arbitrary because this term
provides themixing effect.We consider the two-componentwave functionψk(x)=
(ψg(x),ψe(x)) with momentum k for the Hamiltonian H(x) = H0(x)+V(x), and
the couple-channel generates the resonance state.

4.1 Boundary condition: Show the relation

dψg(x)
dx

����
x=+ε

−
dψg(x)

dx

����
x=−ε

+U1ψe(0) = 0, (6.145)

dψe(x)
dx

����
x=+ε

−
dψe(x)

dx

����
x=−ε

+U0ψe(0)+U1ψg(0) = 0, (6.146)

with a small positive number ε > 0.

4.2 Phase shift: We consider the wave function with even parity

ψg(x)=α cos(k |x |+ δ0), (6.147)
ψe(x)=βeike |x |, (6.148)

with coefficients α and β and momentum k and ke, respectively, for ψg and ψe

and the phase shift δ0. The k and ke are related to the energy E is by

k2=2m(E −Eg), (6.149)
k2
e=2m(E −Ee), (6.150)

respectively. As a resonance state, in the followings, we consider “the quasi-bound
state solution" for ψe with E < Ee and set ke = iκe with a positive real number
κe > 0. Show the relation for δ0,

tanδ0 =
U2

1
2k(2κe −U0)

. (6.151)

4.3 Resonance state: Show the resonance energy Er and the decay width Γ are
given by

Er=Ee −
U2

0
8m

, (6.152)

Γ=
U0U2

1

8
√

2m3
√

Ee −Eg −U2
0/8m

, (6.153)

in the energy scale Eg < E < Ee. We confirm that the resonance state can be
regarded as the quasi-bound state with “binding energy" U2

0/(8m) in terms of
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theψe state, which decays to the ψg state through the mixing effect by the U1
term.
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Chapter 7
Flavored aspects of QCD thermodynamics from
Lattice QCD

Olaf Kaczmarek

Abstract We discuss recent progress in lattice QCD studies on various aspects
involving strange quarks. Appropriate combinations of conserved net strange and
net charm fluctuations and their correlations with other conserved charges provide
evidence that in the hadronic phase so far unobserved hadrons contribute to the ther-
modynamics and need to be included in hadron resonance gas models. In the strange
sector this leads to significant reductions of the chemical freeze-out temperature of
strange hadrons. In this context, a discussion of data from heavy-ion collisions at
SPS, RHIC and LHC on the chemical freeze-out of hadronic species is presented.
It can be observed that a description of the thermodynamics of open strange and
open charm degrees of freedom in terms of an uncorrelated hadron gas is valid only
up to temperatures close to the chiral crossover temperature. This suggests that in
addition to light and strange hadrons also open charm hadrons start to dissolve al-
ready close to the chiral crossover. Further indications that open charm mesons start
to melt in the vicinity of Tc is obtained from an analysis of screening masses, while
in the charmonium sector these screening masses show a behavior compatible with
a sequential melting pattern. At the end of this chapter we will discuss some basics
of lattice gauge theory and Monte Carlo calculations. This will provide the required
knowledge for performing first lattice calculations for SU(3) pure gauge theory and
studying thermodynamic quantities in the exercises of this chapter. Recent progress
in extracting spectral and transport properties from lattice QCD calculations will be
addressed separately in the following chapter.

7.1 Introduction

In these lecture notes we will discuss recent lattice QCD results relevant for the
understanding of strongly interacting matter under extreme conditions. We will
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mainly focus here on observables which are relevant for the study of such matter at
high temperatures and densities that are probed in heavy ion collision experiments.
We will only give a brief introduction to lattice QCD in the next section and refer
to the textbooks [1, 2, 3, 4] and lecture notes [5] for more detailed introductions to
lattice field theory. For the topics addressed in this lecture note we also like to refer
to the overview articles on QCD thermodynamics and the QCD phase transition
[5, 6, ?] and quarkonium in extreme conditions [8].

7.2 QCD Thermodynamics and strangeness

7.2.1 Tc and the equation of state

At vanishing chemical potentials it is well established that the transition from
hadronic matter at small temperatures to the deconfined and chiral symmetric phase
at high temperatures is not a real phase transition but rather a smooth cross-over for
physical values of the quark masses [9, 10, 11]. Strictly speaking an order parameter
for the chiral symmetry restoration and a critical temperature of the chiral phase
transition can only be defined in the limit of vanishing light quarks masses where
the QCD chiral transition is likely to become a second order phase transition. In
the vicinity of the second order phase transition the behavior of chiral observables
can be described by scaling properties of the corresonding universality class, which
for QCD in the chiral limit is most likely to be the 3D O(4) universality class [12].
Although physical quark masses may lie outside of this scaling region, neverthe-
less, they show signatures of pseudo-critical behavior and can be used to define a
pseudo-critical temperature, Tc , for the chiral cross-over.

At µB/T = 0, consistent results for the pseudo-critical temperature Tc [9] and
the equation of state of (2+1)-QCD [13, 14] have been obtained from continuum
extrapolated results of different lattice discretizations. The pseudo-critical tempera-
ture can be identified from the peak of chiral susceptibility or other sensitive chiral
observables. This is illustrated in Fig. 7.1, where in the left panel results for the chiral
susceptibility

χl =
T
V
∂2 log Z
∂m2

l

(7.1)

is shown as a function of the temperature. In the right panel of that figure the
dependence of the pseudocritical temperature Tc on the number of lattice sites Nτ
in the timelike direction is shown for two different lattice discretizations: HISQ/tree
and Asqtad. The continuum limit is obtained for N−2

τ → 0, which corresponds to the
limit of lattice spacing a→ 0, as the temperature is given by T = 1/(aNτ).

The most recent determination of the chiral cross-over temperature [15] is based
on the study of different chiral observables which in the continuum limit provide a
consistent result of
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Fig. 7.1 Lattice determination of pseudo-critical temperature Tc . Left panel: Chiral susceptibility
for light flavors χl as a function of temperature for QCD with 2+1 flavors and physical quark
masses. Right panel: Dependence of Tc on the number of Lattice sites in the timelike direction Nτ
for two different lattice discretizations: HISQ/tree and Asqtad. The continuum limit is obtained for
N−2
τ → 0. Both figures taken from [9].

Tc = (156±1.5)MeV. (7.2)

The equation of state (EoS) of strong interaction matter, i.e. basic bulk thermo-
dynamic observables like pressure (P), energy density (ε) and entropy density (s),
provides important information for the understanding of QCD and its properties
at high temperatures and densities. In recent years lattice QCD calculations have
reached an accuracy that allows to obtain continuum extrapolated results at physical
quark masses for these quantities.

The equation of state (EoS) can be obtained from the trace of the energy momen-
tum tensor, Θµµ (also called trace anomaly or interaction measure), which is related
to the pressure,

Θµµ(T)
T4 =

ε −3P
T4 = T

d
dT

(
P
T4

)
. (7.3)

On the lattice at finite temporal extent Nt , spatial extent Ns and lattice spacing a the
temperature is given by T = 1/(aNt ), the volume byV = (aNs)

3 and the equation can
be expressed in terms of the derivative of the logarithm of the partition function Z
with respect to the lattice spacing,
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Θ
µµ = ε −3P = −

T
V

d ln Z
d lna

. (7.4)

Although the partition function itself can not be calculated, the derivative of the
logarithm of Z with respect to the lattice spacing or equivalently to temperature in
(7.4) leads to expressions in terms of expectation values of combinations the gauge
action and light and strange quark chiral condensates, see for instance [16, 13, 17].
The remaining thermodynamic functions can be derived from Θµµ. The pressure P
can be determined using the so called integral method up to an integration constant
at a temperature T0 by integrating the trace anomaly,

P(T)
T4 −

P(T0)

T4 =

∫ T

T0

dT ′
ε −3P

T ′5
, (7.5)

which allows to reconstruct the energy density through (7.4) and the entropy density
as s/T3 = (ε +P)/T4.

Continuum extrapolated results for pressure, energy density and entropy density
are shown in Fig. 7.2 for two different lattice calculations using different lattice
discretizations. Although on finite lattices these discretization effects can be different,
from the right panel of that figure we can conclude that the results from the hotQCD
collaboration using the HISQ fermion discretization [13] and from the Budapest-
Wuppertal collaboration using the stout fermions [14] show a good agreement in the
continuum.

In the high temperature limit bulk thermodynamic observables are expected to
approach their free gas values, i.e. the non-interacting Stefan-Boltzmann limit. The
deviations from this limit seen in Fig. 7.2 indicate that QCD matter is still strongly
interacting rather than a weekly interacting gas at the highest temperatures shown
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here. Nevertheless, the strong increase of the thermodynamic quantities around the
crossover region, indicated by the yellow band, shows the liberation of the quark and
gluon degrees of freedom in the high temperature phase, while at temperatures up to
the crossover region a hadron resonance gas model, which will be described in more
detail in the next section, can be used to describe the thermodynamics rather well.

The comparison with the hadron resonance gas (HRG) in the left panel shows that
the HRG model, using all known hadronic resonances from the PDG compilation
[18], describes the QCD equation of state quite well up to the crossover region. The
QCD results lie systematically above the HRG ones for T < 160 MeV, which is a
first indication that additional resonances which are not listed in the PDG, i.e. which
are not yet experimentally observed may contribute. This will be discussed in the
next section in more detail. At higher temperatures the QCD thermodynamics can no
longer be described by a hadron resonance gas as the hadronic degrees of freedom
cease to be present and a strongly interacting gas of fermionic and gluonic degrees
of freedom take over. QCD is quite different from HRG thermodynamics at T > 160
MeV.

7.2.2 HRG and missing strange baryons

In the previous section we have seen that a hadron resonance gas model provides a
good approximation of the QCD thermodynamics up to the crossover region. In the
HRG model, hadrons are treated as an uncorrelated free gas and the thermodynamic
pressure is simply given by the sum of their partial pressure,

PHRG ≈
∑

allhadrons

T4

2π2 gh(
mh

T
)2K2(mh/T)cosh[Bh µ̂B +Qh µ̂Q + Sh µ̂S] (7.6)

Here gh is the degeneracy factor of hadrons of mass mh and µ̂X = µX/T the chemical
potential with respect to the quantum numbers for baryon number, electric charge
and strangeness, X = B,Q,S. The list of hadrons included can be the states listed in
the particle data group (PDG-HRG), i.e. which have been experimentally observed,
or in addition those calculated within a quark model (QM-HRG), Where the latter
may include additional strange mesons and baryons predicted by the quark model
[19, 20]. A large number of additional resonances has also been identified in lattice
QCD calculations [21].

By comparing the HRGmodels to the lattice calculation, one can obtain important
information about the hadronic content of the thermal medium. For example, lattice
QCD suggests the existence of additional strange baryons beyond the known ones
listed in the PDG table. This can be inferred from the study of the relevant generalized
susceptibilities, which are defined as Taylor coefficients of the pressure expanded in
the chemical potentials of conserved charges, i.e. baryon number B, electric charge
Q and strangeness S,
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P(T)
T4 =

∞∑
i, j,k=0

1
i! j!k!

χBQS
ijk
(T)

( µB
T

) i ( µQ
T

) j ( µS
T

)k
(7.7)

The generalized susceptibilities can be calculated at vanishing chemical potential by

χBQS
ijk
(T) =

∂i+j+kP(T, µ̂B, µ̂Q, µ̂S)/T4

∂ µ̂iB∂ µ̂
j
Q
∂ µ̂k

S

����
µ=0

. (7.8)

These susceptibilities can be trivially computed in theHRGmodels by taking relevant
derivatives. Any trivial volume dependence in the susceptibilities can be absorbed
by taking ratios of two different susceptibilities of the same order. In particular, we
will first look at the following ratio

χBS
11

χS
2
, (7.9)

which provides the correlation of net strangenesswith net baryon number fluctuations
normalized to the second cumulant of net strangeness fluctuations. This ratio is one of
the sensitive probes of strangeness.Within the HRGmodel, the numerator is given by
the strange baryon density while the denominator is dominated by strange mesons.
Results of this ratio from lattice calculations with almost physical quark masses
(ms/ml = 20) using the HISQ action [22] can be found in Fig. 7.3. Also shown are
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Fig. 7.4 Freeze-out parameters imposing strangeness neutrality. Experimental results for NA57
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QM-HRG (solid lines). Taken from [22].

two linearly independent pressure-observables for the open strange meson (MS
1 ,M

S
2 )

and baryon (BS
1 ,B

S
2 ) partial pressures, which are defined in [22]. The agreement of all

these strangeness sensitive pressure observables up to the crossover region shows that
a description of QCD thermodynamics in terms of an uncorrelated gas of hadrons
is valid till the chiral crossover region (yellow band), while the deviations at higher
temperatures are an indication for the liberation of strange degrees of freedom. In all
observables shown here it is found that the QM-HRG scheme, which contains some
so-far undiscovered strange baryonic states, gives a better description of the lattice
result for these observables and that these states give a sensible contribution to the
thermodynamics in the strangeness sector.

7.2.3 Strangeness freeze-out

Freeze-out is the heuristic concept that the evolution of the system, e.g. by expansion,
proceeds via quasi-equilibrium states defined by a temperature and a set of chemical
potentials until at one time step the rate for the equilibration processes drops below
the expansion rate and the particle distributions do not change upon further expansion
and cooling of the system - they are ’frozen out’. The freeze-out of the momentum
distribution is called "kinetic freeze-out" or "thermal freeze-out", while the freezing
of the distribution of particle species is called "chemical freeze-out". Since the
freeze-out is a sudden process, the particle distributions at the very moment of
freeze-out are still described by the parameters of equilibrium thermodynamics. A
comparison between experimental results and theoretical predictions based on either
model descriptions (e.g., hadron resonance gas model) or ab-initio lattice QCD data
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shows that the concept of a sudden freeze-out is very successful [23]. For further
details, see the chapter on statistical hadronization by Radoslaw Ryblewski.

We will now discuss how lattice QCD results of suitable ratios of generalized
susceptibilities compared to experimental results can be used to determine the freeze-
out conditions for strangeness.

The system of initial nuclei in a heavy ion collision is net strangeness neutral.
This constraint,

〈nS〉 = 0 (7.10)

implies that the strangeness chemical potential, µS , can be expressed in terms of the
temperature, T and the baryon chemical potential, µB. To leading order in µB, it can
be shown that(

µS
µB

)
≈ −

χBS
11

χS
2
−
χQS

11

χS
2

µQ

µB
, (7.11)

where the second term provides a small correction involving the electric charge
chemical potential, µQ, and higher order terms in µB/T are small for values of µB
smaller than 200 MeV.

The relative yields of strange anti-baryons (H̄S) to strange baryons (HS) can be
used to determine the freeze-out parameters µ fB/T

f and µ f
S
/µ

f
B via

RH ≡
H̄S

HS
= e−2(µ f

B/T
f )(1−(µ f

S
/µ

f
B ) |S |). (7.12)

Experimental results for these strangeness freeze-out parameters for NA57 [24] and
STAR [25] are shown in Fig. 7.4. These results can be compared to lattice QCD
results and predictions for the different hadron resonance gas models. Varying the
temperature in these calculations and matching the values to experiment allows to
determine the freeze-out temperature.While the QM-HRGpredictions and the lattice
QCD results are in good agreement, the freeze-out temperatures of PDG-HRG are
larger. This again shows the sensitivity of the HRG to the strangeness particle content
and their relevance to the thermodynamics in the vicinity of the QCD crossover.

7.2.4 Taylor expansion in chemical potential

In this section, we discuss lattice QCD results on the equation of state (EoS) at finite
baryon density based on a Taylor expansion in the chemical potentials of conserved
charges, i.e. in the baryon, strangeness and electric charge chemical potentials.
The Taylor expansion of the pressure Eq. (7.7) and the corresponding expansion
coefficients defined by the generalized susceptibilities, Eq. (7.8) have been introduced
already in section 7.2.2. For µS = µQ = 0, the expansion coefficients are determined
solely by the fluctuations of baryon charges at µB = 0 and the expansion of the
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pressure, P(T, µB), and the net baryon-number density, nB, becomes

P(T, µB)−P(T,0)
T4 =

∞∑
n=1

χB
2n(T)

(2n)!

( µB
T

)2n

=
1
2
χB

2 (T)µ̂
2
B

(
1+

1
12

χB
4 (T)

χB
2 (T)

µ̂2
B +

1
360

χB
6 (T)

χB
2 (T)

µ̂4
B + ...

)
,

(7.13)

nB

T3 =
∂P/T4

∂ µ̂B
=

∞∑
n=1

χB
2n(T)

(2n−1)!
µ̂2n−1
B

= χB
2 (T)µ̂B

(
1+

1
6
χB

4 (T)

χB
2 (T)

µ̂2
B +

1
120

χB
6 (T)

χB
2 (T)

µ̂4
B + ...

)
.

(7.14)

Lattice QCD results and continuum estimates of the first Taylor expansion coeffi-
cients from [26] are shown in Fig. 7.5. These correspond to the variance of the net
baryon number distribution χB

2 . In Fig. 7.6 (left) the ratio of fourth and second order
cumulants of net-baryon number fluctuations, that corresponds to the kurtosis times
variance κBσ2

B = χ
B
4 /χ

B
2 , is shown as a function of the temperature. Fig. 7.6 (right)

shows the ratio of fourth and second order cumulants.
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7.2.5 Equation of state in a strangeness neutral system
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Tomatch to the conditions of the heavy ion collision, the constraint of strangeness
neutrality and fixed ratio of electric charge to baryon-number density should be
imposed,

〈nS〉 = 0, nQ/nB = r . (7.15)

As previously discussed, this allows the determination of µ̂Q and µ̂S in terms of
(T, µB), here as expansions in µ̂B

µ̂Q(T, µB) = q1(T)µ̂B + q3(T)µ̂3
B + q5(T)µ̂5

B + · · · (7.16)

µ̂S(T, µB) = s1(T)µ̂B + s3(T)µ̂3
B + s5(T)µ̂5

B + · · · . (7.17)

These expansion parameters can be determined from lattice QCD calculations at
µB/T = 0. The results for the leading order expansion coefficients, s1(T) and −q1(T),
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for the expansions of µ̂S(T, µB) and µ̂Q(T, µB) with respect to µ̂B can be found in
Fig. 7.7. The result of the total energy density and three times the pressure of [26]
compared to stout results of [27] are shown in Fig. 7.8. The calculations with HISQ
and stout actions provide consistent results in the continuum for µB/T ≤ 2, which
correspond to a collision energy √sNN ≥ 14.5 GeV.
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The thermal conditions at the chemical freeze-out (hadronization) in heavy ion
collisions are characterized by lines of constant pressure, energy and entropy density
in theT − µB plane. For different observable f (T, µB), like pressure P, energy density
ε or entropy density s, these lines can be parameterized for small µB as an expansion
in µB/T0 where T0 is the corresponding temperature at vanishing chemical potential,
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Tf (µB) = T0

(
1− κ f2

(
µB
T0

)2
− κ

f
4

(
µB
T0

)4
)
. (7.18)

Around Tc consistent results for the three observables were estimated in [26] with
0.0064 ≤ κP2 ≤ 0.0101, 0.0087 ≤ κε2 ≤ 0.012 and 0.0074 ≤ κs2 ≤ 0.011. These results
correspond well to that of the chiral crossover line for the QCD transition for which
a range of 0.0066 ≤ κc2 ≤ 0.020 is consistent with results of various groups using
different methods [28, 29, 30, 31, 32]. Fig. 7.2.5 shows this crossover line and lines
of constant physics for the three observables for three values ofT0 = 145,155 and 165
MeV.Also shown are freeze-out temperatures determined by the STARCollaboration
in the beam energy scan program (BES) at RHIC [33] and the ALICE Collaboration
at the LHC [34]. In addition hadronization temperatures obtained by comparing
experimental data on particle yields with a hadronization model calculation [35] are
also shown. For a recent update on this analysis including various other conditions,
also in the strangeness (µS), electric charge (µQ) and isospin (µI ) directions see
[15].

7.2.6 Melting and abundance of open charm hadrons

χ13
BC

/χ22
BC

χ11
BC

/χ13
BC

 

 

1.0

1.5

2.0

2.5

3.0

140 160 180 200 220 240 260 280

T [MeV]

N
τ
:  8    6

un-corr.
hadrons

non-int.
quarks

(χ2
C

-χ22
BC

)/(χ4
C

-χ13
BC

)

χ4
C

/χ2
C

 

 

1.0

1.1

1.2

1.3

140 160 180 200 220 240 260 280

T [MeV]

N
τ
:  8     6

un-corr.
hadrons

non-int.
quarks

Fig. 7.10 Left: Ratios of fourth order baryon-charm (BC) correlations that are sensitive to charmed
baryons. Right: Combinations of charmfluctuations and baryon-charm correlations that only receive
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The generalized susceptibilities defined in Eq. (7.8) can also be extended to
include charm degrees of freedom, i.e. including a charm chemical potential, µ̂C ,
one can define

χBQSC
ijkl

(T) =
∂i+j+k+lP(T, µ̂B, µ̂Q, µ̂S, µ̂C)/T4

∂ µ̂iB∂ µ̂
j
Q
∂ µ̂k

S
∂ µ̂l

C

����
µ=0

. (7.19)

These can be used to analyze ratios of cumulants of correlations between net charm
fluctuations and net-baryon number fluctuations (BC-correlations) as well as cu-
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mulants of net charm fluctuations (χCn ) [36]. A comparison of these fluctuation
observables to the HRG model can be used to determine the validity range of an
uncorrelated hadron resonance gas model description of the open charm sector of
QCD. Deviations from a hadron resonance gas model may then indicate the melting
of open charm degrees of freedom. In the charmed baryon sector of thermodynamics,
|C | = 1 baryons give the dominant contribution. In a good approximation, this leads
to a simple relation of the BC-correlations in the hadronic phase,

χBC
nm ' χ

BC
11 , n+m > 2 and even . (7.20)

While the ratio χBC
11 /χ

BC
13 indeed is unity not only in the hadronic phase but also

for an uncorrelated charmed quark gas, higher order ratios like χBC
13 /χ

BC
22 are unity

only in the hadronic phase but deviate from unity when an uncorrelated gas of
charmed baryons is no longer a good description of the system. These two ratios that
are sensitive to the charmed baryon sector are shown in Fig. 7.2.6 (left). Suitable
combinations of charmed susceptibilities can be used to calculate observables that are
sensitive to the open charmmeson sector. Two of these are shown in Fig. 7.2.6 (right).
The results in both sectors show that a description of a gas of uncorrelated charmed
hadrons breaks down in or just above the chiral crossover region, therefore indicating
that open charm degrees of freedom start to dissolve already close to the chiral
crossover.
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The analysis of generalized susceptibilities is limited to the open charm sector as
flavor singlet meson states, like charmonium states, do not contribute here. Spatial
correlation functions and screening masses defined by the exponential decay of the
correlation functions at large distances are suitable observables to study the in-
mediummodifications of hadrons and the dissociation of individual states. Although
they do not allow for a direct determination of spectral properties of these states (see
next chapter for this), they have the advantage that they can be calculated rather easily
already on rather small lattices. Results for screeningmasses of strangemesons, open
strange-charm mesons and charmonium from [37] are shown in Fig. 7.2.6. Although
medium modifications of the spatial meson correlation functions set in close to the
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crossover region, the amount of in-medium modifications in the spatial correlators
is different in different sectors and decreases with the heavy quark content. This is in
agreement with a sequential melting of different states. Especially in the charmonium
sector a shift of thermal modifications to higher temperatures compared to the lighter
states including strange quarks is visible as well as a sequential melting of different
charmonia states. Larger and more loosely bound P-wave states may dissociate at
lower temperatures than the smaller and tightly bound S-wave charmonia. For a more
detailed description of in-medium modifications of hadrons a determination of the
corresponding spectral functions from temporal correlation functions would be very
useful in the future. Unfortunately this requires very large and fine lattices which
so far where only available in the quenched approximation. Methods and results on
this will be discussed in the following chapter and will provide the methodology to
tackle these questions also in full QCD caluclations in the future.

7.2.7 Conclusions

We have presented recent progress in the studies of lattice QCD thermodynamics,
with particular emphasis on different aspects involving strange quarks. The discus-
sion is based on a Taylor expansion of the QCD thermodynamical potential with
respect to chemical potentials for baryon number, electric charge and strangeness.
The so-defined generalized susceptibilities allow for a direct comparison with the
phenomenology of the confined phase of QCD, represented by the hadron resonance
gas model on the one hand and ratios of identified particles produced in heavy-ion
collisions. Appropriate combinations of conserved net strange and net charm fluc-
tuations and their correlations with other conserved charges provide evidence that
in the hadronic phase so far unobserved hadrons contribute to the thermodynamics
and need to be included in hadron resonance gas models. In the strange sector this
leads to significant reductions of the chemical freeze-out temperature of strange
hadrons. We have presented a discussion of data from heavy-ion collisions at SPS,
RHIC and LHC in terms of the sudden chemical freeze-out model. It was found
that a description of the thermodynamics of open strange and open charm degrees
of freedom in terms of an uncorrelated hadron gas is valid only up to temperatures
close to the chiral crossover temperature. This suggests that in addition to light and
strange hadrons also open charm hadrons start to dissolve already close to the chiral
crossover.

In the remainder of this chapter we discuss some basics of lattice gauge theory and
Monte Carlo calculations. This will provide the required knowledge for performing
first lattice calculations for SU(3) pure gauge theory and studying thermodynamic
quantities in the exercises of this chapter. Recent progress in extracting spectral and
transport properties from lattice QCD calculations will be addressed separately in
the following chapter.
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7.3 Basics of lattice gauge theory

Lattice QCD is a framework in which the theory of strong interactions can be studied
from first principles. It is based on the formulation of the theory of QCD in Euclidean
space and discretizing space and Euclidean time. The Euclidean path integral allows
to define the QCD partition function that controls equilibrium thermodynamics and
is the basis for the calculation of all thermodynamic observables of QCD thermo-
dynamics. In this basic introduction we will only focus on gluonic part sector of
QCD as a discussion of the discretization of fermionic degrees of freedom goes
beyond the scope of this book. Nevertheless, the basic concepts of lattice field theory
can already be well discusssed for gauge theories. The exercises at the end of the
chapter will allow practicing the discussed concepts using a simple framework for
performing Monte Carlo calculations of the SU(3) lattice gauge theory.

7.3.1 discretization of space-time points

The grand canonical partition function of QCD at temperature T , volume V and
vanishing chemical potentials for the different quark flavors can be written as a path
integral over the gauge fields, Aµ and fermion fields ψf of the different flavors f as

Z(T,V) =
∫ ∏

µ

DAµ
∏
f

DψfDψ̄f e−SE (T,V ) , (7.21)

with the Euclidean action

SE (T,V) = −

1/T∫
0

Dx0

∫
V

D3x LE
QCD(Aµ,ψf , ψ̄f ) , (7.22)

which in continuous space-time is an integral of the QCD Lagrangian, LE
QCD , over

space and time. The path integral defined in this way needs to be regularized.
In lattice gauge theory, as suggested by K.G. Wilson in 1974 [38], space and time

is discretized on a hyper-cubic lattice of size N3
σ ×Nτ by introducing a finite lattice

spacing a (cut-off). This is a particular regularization scheme of the path integral by
introducing a finite ultra-violet cut-off. This leads to high dimensional integrals over
the gauge and fermion field variables that renders the path integral finite.

The temperature T and spatial volume V is then given by

T = 1/(Nτ a) ,

V = L3 = (Nσ a)3 .

The lattice spacing, a, serves as a cut-off which regularizes the ultraviolet diver-
gences of the quantum field theory. In most lattice calculations an isotropic lattice
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is introduced, but sometimes also anisotropic lattices with different lattice spacings
in temporal and spatial directions are used. The discretization leads to systematic
cut-off effects in obserables calculated on finite lattices. Therefore the lattice spacing
needs to be taken to zero at the end of the calculations to obtain continuum results.
This corresponds to taking the limit of Nτ→∞ at fixed temperature T , while appro-
priately tuning up Nσ to keep the volume finite and large or taking the limit Nσ→∞,
i.e. also performing the thermodynamic limit. A large enough volume means that it
sufficiently encompasses the various physical length scales in the problem. One of
the longest scale is the pion wavelength and hence most lattice QCD calculations
require mπL � 1 to reduce any finite volume effects. In finite temperature calcu-
lations this usually leads to temporal extents, Nt , which are much smaller than the
spatial extents, Nσ . Typical aspect ratios, Nσ/Nt , are of the order of 4 for physical
pion masses but need to be increased for smaller than physical pion masses, e.g. in
studies of the chiral limit of QCD.

Although the discretized version of the partition function is finite, still a direct
calculation of Z is usually not possible. Rather than calculating it directly, thermal
expectation value of physical observables O can be obtained through

〈O〉 =
1

Z(T,V)

∫ ∏
µ

DAµ
∏
f

DψfDψ̄f O e−SE (T,V ) , (7.23)

using Monte-Carlo techniques as will be described in section 7.4.

7.3.2 Gauge transformation and gauge action

In the lattice approach to QCD, the quark field ψ(x) and ψ̄(x) are defined on the
sites of the lattice as anticommuting Grassmann variables, while the gauge fields
Aa
µ(x),a = 1,2, ...,8 are defined on the links connecting the nearest neighboring sites

via the link variable Uµ(x),

Uµ(x) = P exp
(
ig

∫ x+aµ̂

x

dxµTaAa
µ(x)

)
, (7.24)

where P denotes path ordering. The gauge links live on the site connecting x and x+
a µ̂where µ̂ is a unit vector along µ-th direction andTa are the eight generators of the
SU(Nc = 3) color group. Under local gauge transformationΩ(x) = exp [−iαa(x)Ta],
the fields Uµ(x) and ψ(x) transform as

ψ(x) →Ω(x)ψ(x)

ψ̄(x) → ψ̄(x)Ω(x)†

Uµ(x) →Ω(x+ a µ̂)Uµ(x)Ω†(x).

(7.25)
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This distribution of the fermion and gauge fields allows for a gauge invariant dis-
cretization of the QCD action on the lattice. The simplest gauge invariant object on
the lattice is the trace of the product of links enclosing the smallest closed path, i.e.
the plaquette Uµν(x) (see Fig. 7.12):

Uµν(x) =Uµ(x)Uν(x+ µ̂)U†µ(x+ ν̂)U
†
ν (x) . (7.26)

Uµν(x)

ψ(x) ψ(x+ µ̂)ψ(x− µ̂)

Uµ (x)U−µ (x)

Fig. 7.12 Lattice implementation of QCD: fermion fields ψ(x) (blue) living on the sites and gauge
link variablesUµ (x) living on the links. The plaquetteUµν (x) is a product of links enclosing the
smallest closed path. Picture by Lukas Mazur, Bielefeld University.

The gauge invariant trace of the plaquettes can be used to formulate the simplest
version of the discretization of the gluonic action, the so called Wilson gauge action,

SG = β
∑
x

∑
µ>ν

(1−
1

Nc
ReTrc Uµν(x)) , (7.27)

with β = 2Nc

g2 . In the continuum limit, a→ 0, this action reproduces the continuum
gauge action and at non-zero lattice spacing has discretization errors of O(a2).
These systematic errors introduced by the finite lattice cut-off can be reduced using
improved discretization schemes.

A detailed discussion of the discretization of the fermionic part of the QCD action
goes beyond the scope of this book and can be found in the textbooks [1, 2, 3, 4].
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7.3.3 Renormalization and continuum limit

In the gauge action (7.27) we introduce a bare parameter, the coupling constant g.
To ensure a correct continuum limit, a→ 0, and physical results in the continuum
that do not depend on the lattice spacing and the specific discretization of the
theory, the coupling and also other bare parameters, like quark masses, have a non-
trivial dependence on the lattice spacing. Or turning this around, the lattice spacing
a depends on the bare parameters. Therefore, in the pure gauge theory, the bare
coupling g is the only parameter that provides a handle to tune the lattice spacing
a. The dependence of the lattice spacing on the bare coupling, correspondingly the
running of the coupling with the lattice spacing is controlled by the renormalization
group. For small values of the bare gauge coupling this is controlled by the QCD
β-function,

aΛL =

(
1

b0g2

)b1/2b2
0

e−1/2b0g
2
(1+O(g2)) , (7.28)

with b0 = (
11
3 Nc −

2
3 Nf )/16π2 and b1 = (

34
3 N2

c − (
10
3 Nc +

N2
c−1
Nc
)Nf )/(16π2)2. The

parameters b0 and b1 are universal and do not dependent on the specific regularization
of the theory, while the higher order terms are in general non-universal. The limit
of vanishing lattice spacing a corresponds to the limit of vanishing gauge coupling
g, i.e. asymptotic freedom. As the QCD β-function has a UV fixed point at g = 0
implies that with a proper tuning of the bare parameters, on a line of constant
physics, physical observables can be extracted using lattice calculations at finite
lattice spacing a and that a non-trivial continuum limit exists.

Although the pure gauge theory has no dimensional parameter, the renormaliza-
tion introduces a mass scale, ΛL , and all physical quantities with a dimension are
proportional to appropriate powers ofΛL , which is the integration constant in (7.28).
This allows to extract physical observables, up to remaining cut-off effects, already
on finite lattices and allows to set the scale, i.e. determining the lattice spacing a
in physical units, from calculating observables on the lattice and matching these to
their physical values obtained from experiment.

7.4 Basics of Monte Carlo integration

Although discretizing space and time changes the infinite dimensional integrations
appearing in the partition function Eq. (7.21) and in the calculation of observables
Eq. (7.23) to high dimensional integrations, in most situations it is impossible to do
these integrations analytically or using standard numerical integration methods. The
basic idea to the Monte Carlo integration technique to studying statistical systems is
to obtain a suitable distribution of states. Given that one can determine the value of
the Hamiltonian for a given state, the task is then to construct an algorithm to obtain
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an ensemble in which configurations appear according to the Boltzmann weight.
In this section we denote the fields as φ, which in the pure gauge theory can be
interpreted as the gauge fields Ux,µ, but the discussion is general for arbitrary fields.

7.4.1 Importance sampling

The expectation value of a physical observable O is represented as

〈O〉 =
1
Z

∫
D[φ] O[φ] e−S[φ] (7.29)

=

∫
D[φ] O[φ]W[φ], (7.30)

where φ denotes collectively the degrees of freedom and Z on the right hand is the
partition function defined as

Z =
∫
D[φ] e−SE [φ], (7.31)

where SE is the Euclidean action. For example, for the pure gauge theory the Wilson
gauge action Eq. (7.27) can used here. In that case the functional integral in the
above equations turns into high dimensional integrals over all gauge fields Ux,µ. In
the case of real actions, the Boltzmann weight,

W[φ] =
1
Z

e−S[φ] , (7.32)

appearing in Eq. (7.30) can be interpreted as a probability density, i.e.

W[φ] ≥ 0 ,

∫
D[φ]W[φ] = 1. (7.33)

If this probability density is available, there is no need to calculate the partition
function to calculate physical observables. The idea of Monte Carlo calculations is
to sample the states of the system, i.e. the field configurations, using importance
sampling, where the configurations are sampled with a distribution according to the
corresponding probability density. Generating a finite number, N , of field configu-
rations, {φ}l , l = 1, . . .N , the integral in (7.30) can be calculated statistically by an
average over these specific configurations,

〈O〉 ≈
1
N

∑
i

O[φi]+O(
1
√

N
). (7.34)

This statistical integration, based on field configurations that are weighted according
to the Boltzmann weight, is called importance sampling and allows to calculate
expectation values of O and its statistical errors using a finite number of field
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configurations. As the probability density is usually not known, methods are required
to generate field configurations respecting this. Most algorithms are based on the
concept of Markov chains which will be discussed in the following.

7.4.2 Markov chain

The idea of Markov chains is to generate a sequence of field configurations {φ}l
using a sequential stochastic process,

{φ}0→ {φ}1→ {φ}2→ . . . (7.35)

starting with an initial configuration {φ}0 and such that, after some steps of thermal-
ization of the process, the probability to find a configuration in [φ, φ+ δφ] is given
by w[φ]δφ.

The idea is to construct a stochastic process with a transition probability,

P(φ→ φ′) with
∑
φ′

P(φ→ φ′) = 1, (7.36)

for the subsequent steps in the Markov chain. Using the concept of ergodicity,

P(φ→ φ′) > 0 ∀φ, φ′ , (7.37)

which ensures a finite probability to reach any state φ′ from any other state φ, one can
proof the existence of a unique fixed point of the stochastic process and furthermore
that the distribution of states converges to the fixed fixed point, independent of the
start configuration. A sufficient (not necessary) condition for the process to reach
the desired equilibrium distribution given by the Boltzmann weight Eq. (7.32) is the
detailed balance condition,

e−S[φ] P[φ→ φ′] = e−S[φ
′] P[φ′→ φ]. (7.38)

Therefore most algorithms are based on this condition, e.g. the Metropolis algorithm
[39] developed in the year 1953 is a prototype of a Monte Carlo algorithm and
applicable to any statistical system.

In pure gauge theories it is common to combine two algorithms. In the heat-bath
algorithm single gauge links, Ux,µ, are updated by choosing a new link U ′x,µ that
depends only on the interaction with its immediate surrounding links, while the other
links are treated as the heat-bath. The probability for updating is proportional to

P(U) ∝ e−
β
Nc

ReTrUA , (7.39)

where A represents the staple, i.e. the local parts of the action that are connected
to but do not contain Ux,µ This local update process is iterated for all links of the
lattice (a sweep), eventually covering the whole system, providing a new gauge field
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configuration. For SU(2) gauge theory the heat-bath algorithm was found by Creutz
[40] and for SU(3) a pseudo heat-bath algorithm developed by Cabibbo andMarinari
[41] is based on updating SU(2) subgroups of the SU(3) links.

Generated gauge field configurations using such local algorithms are highly cor-
related and it takes a large number of sweeps to obtain statistically independent
configurations. Therefore the heat-bath algorithm is usually combined with an over-
relaxation update [42] to reduce auto-correlations. The idea is to find a new link
U ′x,µ which is far away from Ux,µ, but has the same probability weight. Therefore
this new link doesn’t change the action and the algorithm alone is not ergodic, but
in combination with the heat-bath algorithm this leads to a large reduction of auto-
correlations. For SU(2), SU(3) and general SU(N) gauge theories discussions on
overrelaxation algorithms can be found in [43, 44, 45].

7.5 Exercises

In the exercises for this chapter we use a simple Monte Carlo program for SU(3)
pure gauge theory with Wilson gauge action written in C++.

The program can be download from

https://www.physik.uni-bielefeld.de/∼okacz/su3.tgz

and compiled using make resulting in an executable su3_run which can be run using
su3_run in.sample, where in.sample is a parameter file containing parameters like
the lattice size, beta values, file names for the result files and others. The program
uses a combination of the heatbath and overrelaxation algorithms and calculates as
observables the plaquette and Polyakov loop.

Exercise 1

Take a look into the main program in su3_run.cpp and the parameter file in.sample
and try to understand the usage and flow of the program, especially how the gauge
fields are defined and used and how the updates andmeasurements of the observables
are programmed.

Exercise 2

Take a look into the paper "Critical point and scale setting in SU(3) plasma: An
update" [46]. You will find the critical values for various Nt and typical lattice
volumes and the scale for the Wilson gauge action. Estimate the run-time of the pro-
gram on your computer to generate measurements with O(10.000) sweeps. Choose
an appropriate lattice size and perform calculations at some temperatures around
the critical temperature. Study the thermalization behavior for different start config-

https://www.physik.uni-bielefeld.de/~okacz/su3.tgz
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urations (random vs. unit) and study the behavior of the Polyakov loop, the order
parameter for the deconfinement transition in the SU(3) gauge theory (after thermal-
ization of the Monte Carlo sweeps).

Exercise 3

Take a look into the famous Boyd et al. paper [47] on the "Thermodynamics of
SU(3) Lattice Gauge Theory" and reproduce Fig. 3 of that paper. If your computer
is fast enough, you may add a finer lattice, e.g. for Nt = 10. Follow the discussion on
the derivation of thermodynamic observables and use your results together with the
scale setting of [46] to reproduce the results for the pressure and energy density.
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Chapter 8
Spectral and transport properties from lattice
QCD

Olaf Kaczmarek and Hai-Tao Shu

Abstract In these lecture notes we will discuss recent progress in extracting spectral
and transport properties from lattice QCD. We will focus on results of probes of
the thermal QCD medium as well as transport coefficients which are important in-
gredients for hydrodynamic and transport models that describe the evolution of the
produced medium. These include electromagnetic probes, like the rates of emitted
photons and dileptons, quarkonium spectral functions as well as transport coeffi-
cients, like the electrical conductivity or heavy flavor diffusion coefficients, of the
quark gluon plasma (QGP). All these real time quantities are encoded in the vector
meson spectral function. A direct determination of the spectral functions is not pos-
sible in Euclidean lattice QCD calculations. Fortunately the spectral functions can
be analytically continued from imaginary to real time, i.e. they are even equivalent
in real and imaginary time. Therefore it is possible to relate the spectral function to
the corresponding Euclidean correlation functions, although this requires a spectral
reconstruction to obtain it from the corresponding correlation functions. In the fol-
lowing sections we will discuss the procedure to determine the required correlation
functions and the extraction of the spectral functions from lattice QCD correlators.
We will illustrate the concepts and methods to obtain spectral functions and related
physical observables from continuum extrapolated correlation functions. We will
focus here on results obtained from continuum extrapolated lattice correlation func-
tions, which requires large and fine lattices, which so far was only possible to obtain
in the so-called quenched approximation, where the effect of dynamical degrees of
freedom in the medium are neglected.Wewill only give a brief introduction to lattice
QCD and refer to the textbooks [1, 2, 3, 4] and lecture notes [5] for more detailed
introductions to lattice field theory. For the topics addressed in this lecture note we
also like to refer to the overview articles on QCD thermodynamics and the QCD
phase transition [5, 6, 7] and quarkonium in extreme conditions [8].
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8.1 Motivation

Direct photons and leptons are produced in all stages of the heavy-ion collision
and the subsequent evolution of the produced medium. Therefore they are good
probes that carry information of the evolving medium, including information on the
quark gluon plasma phase. As a matter of fact, these two objects form the basis
for the electroweak interaction. Since their coupling to the QGP constituents is
weak [9], once produced they escape from the interaction region hardly changed.
The experimental quantities characterizing the thermal production rate of these two
objects are called thermal dilepton rates and thermal photon rates. Fig. 8.1 (left)
shows an example of experimentally measured dilepton yields, in this case from
electron-positron pairs detected in at the PHENIX experiment [10], compared to the
expected contributions from various hadronic decays. The excess in the low-mass
region below 1 GeV/c2 is expected to originate from the in-medium modification
of the ρ-meson may be related the restoration of chiral symmetry. Fig. 8.1 (right)
shows a sketch [11] of the expected photon rates from different stages of the medium
produced in heavy-ion collisions. At intermediate photon energies thermal radiation
from the QGPmay be a dominant source which allows the study the thermal medium
using photons.
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Fig. 8.1 Thermal dilepton rates from the PHENIX experiment (left), from [10]. A sketch of different
sources of photons (right), from [11].

As these electromagnetic probes are produced in all stages of the evolution of the
system, the experimentally measurable dilepton and photon rates are integrated over
the whole life-time of the dynamical evolving system. In lattice QCD calculations
contributions can be extracted for individual (equilibrium) stages of the thermal
medium. This can provide important input for model calculations of the evolution of
the system and the resulting integrated rates.
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The dilepton and photon rates could be determined from the vector meson spectral
functions. For the thermal dilepton rate the relation is [12]

dΓ`−`+ (ω,k)
dωd3k

=
2e4 ∑

f Q2
f θ(M

2−4m2
`)

3(2π)5M2

(
1+

2m2
`

M2

) (
1−

4m2
`

M2

) 1
2

nB(ω)ρV (ω,k), (8.1)

while for the thermal photon rate the formula reads

dΓγ(k)
d3k

=
e2 ∑N f

f=1 Q2
f

(2π)3k
nB(ω)ρV (ω = k,k). (8.2)

Here Q f is the electric charge of flavour f in units of the elementary charge e and M
is the invariant mass M2 =ω2− k2, k = |k|. Note the vector channel spectral function
in our notation is defined as

ρV (ω,k) ≡ ρ
ii(ω,k)− ρ00(ω,k)

≡

∫
d4x ei(ωt−k·x)

〈1
2
[
V i(t,x), V i(0)

]
−

1
2
[
V0(t,x), V0(0)

]〉
c
,

(8.3)

where 〈...〉c means only the connected part is considered and V i
f
≡ ψ̄f γ

iψf .

In addition to the information on dilepton and photon rates, the vector meson
spectral function discussed has another contribution which allows to extract trans-
port coefficients, i.e. diffusion coefficients and the electrical conductivity. The lattice
determination of the transport coefficients relies on a Kubo formula, which estab-
lishes the connection between the low frequency regime of the spectral function
and transport properties of the system from linear response theory. The deriva-
tion of Kubo formula can be found in common textbooks [13, 14, 15] and review
papers [16, 17, 18].

As an example the flavor diffusion coefficient can be obtained from the frequency
to zero limit of the slope of the vector meson correlation functions,

D =
1

3χq
lim
ω→0+

3∑
i=1

ρii(ω,0)
ω

(8.4)

from which the electric conductivity can also be obtained as

σ = e2
N f∑
f=1

Q2
f χqD , (8.5)

where χq is the quark number susceptibility defined by the temporal component of
the vector meson correlator,

χq =

∫ β

0
dτ

∫
d3x〈V0(τ,x)V0(0)〉 . (8.6)



294 Olaf Kaczmarek and Hai-Tao Shu

Other transport coefficients could be expressed in similar ways from different corre-
lation functions. Transport coefficients are important ingredients for hydrodynamic
and transport model descriptions of the evolution of the system. Examples are the
heavy quark diffusion constant D [19], the heavy-quark momentum diffusion coef-
ficient κ [20] and for light quarks the electric conductivity [21, 22].

In the following we will discuss how to calculate the corresponding hadronic
correlation functions on the lattice and how to determine spectral functions from
these. Thiswill include a discussion on spectral reconstructionmethods, i.e. inversion
methods, as well as perturbative constraints on the spectral that allow to improve the
extraction of spectral properties from lattice correlation functions.

8.2 Hadronic correlation functions

The correlation function of interest is defined as the expectation value of a two point
function of the meson current

GH (τ,x) = 〈JH (τ,x)J†H (0,0)〉 , (8.7)

with the meson current defined as

J(τ,x) = 2κZH ψ̄(τ,x)ΓHψ(τ,x) . (8.8)

The matrix ΓH = 1, γ5, γµ, γ5γµ determines the scalar, pseudoscalar, vector, and axial
vector mesons respectively. κ is called hopping parameter responsible for the quark
mass

κ =
1

2(amq +4)
. (8.9)

ZH are the renormalization constants that can be found in [23, 24, 25, 26]. The quark
mass should be tuned in lattice calculations to set the hadron mass to the desired
value. Making use of the integral property of Grassmann number Eq. (8.7) can be
rewritten as

〈GH (m|n)〉 = −
1
Z

∫
D[U]e−SG [U]

∏
f ′

det[D f ′]×
{
Tr[ΓHD−1

f (m|n)ΓHD−1
f (m|n)]

−2Tr[ΓHD−1
f (n|n)]Tr[ΓHD−1

f (m|m)]
}
,

Z =

∫
D[U]e−SG [U]

∏
f ′

det[D f ′],

(8.10)

where m and n are the positions of the two currents and f , f ′ denote the flavor of
quarks. U are gauge links constructed from the gauge fields.
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When calculating mesonic correlators Eq. (8.10) on the lattice, one usually only
considers the connected part, i.e. the first line of Eq. (8.10). The disconnected parts
are expensive to calculate, and according to OZI suppression their contribution is
small so are neglected in most calculations. Furthermore they do not contribute
to iso-vector mesons. Since the lattice simulations are carried out at finite lattice
spacings, there are lattice cutoff effects in the calculated quantities. To eliminate
the cutoff effects one usually simulates the same physics at different lattice spacings
(and lattice extensions), and then performs the so-called continuum extrapolations
to reach the continuum limit. The Ansätz used in the extrapolation must respect the
order of errors in the observables considered.

In this lecture we will focus mainly on vector mesons. Performing the Fourier
transform along the spatial directions we obtain the correlator in a mixed represen-
tation

G(τ,p) =
∫

d3xe−ipx〈J(τ,x)J†(0,0)〉. (8.11)

Spectral functions are related to the corresponding correlators by an integral equation
1

G(τ,p) =
∫ ∞

0

dω
2π

ρ(ω,p,T)K(τ,ω,T) , (8.12)

with the kernel function

K(τ,ω,T) =
cosh(ω(τ− 1

2T ))

sinh( ω2T )
(8.13)

respecting the periodic boundary condition.
As mentioned above, coefficients like thermal dilepton/photon production rate,

electric conductivity and heavy quark diffusion coefficient, all can be obtained from
the vector current-current correlators. But one should be clear in mind what va-
lence quark should be used when calculating the vector correlators. For thermal
dilepton/photon production rate, one should use light quarks. As for the electric
conductivity, in principle it should be a summation of all possible flavors (but usu-
ally only u, d and s are considered). And for heavy quark diffusion, obviously only
heavy flavors, i.e. charm and beauty will be considered. And in different scenarios,
different prior information can be obtained from perturbative theories for the spectral
function. These information impose strong constraint on the shape or structure of the
spectral function and makes the spectral reconstruction possible. In the following
sections after a short introduction to the reconstruction methods we will show some
lattice results to the fore-mentioned transport coefficients case by case based on
different spectral reconstruction strategies.

1 There are different conventions in the definition of ρ in the literature (also in these lecture notes
from chapter to chapter), for instance sometimesG(τ, p) =

∫ ∞
0

dω
π ρ(ω, p,T )K(τ,ω,T ) is used. In

this case the definition of transport coefficient via spectral function also changes accordingly but
the physics remains unchanged.
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8.3 Inversion methods

To infer the spectral function within lattice QCD methods one needs to invert
Eq. (8.12). Since numerical data is only available for a finite number of points
this procedure cannot be unique, i.e. there are infinitely many spectral functions
leading to the same correlator. This is the famous known ill-posed problem. And to
solve this problem, there are many different methods on the market. In this section
we give a brief introduction to some of them.

First we introduce a very commonly used method: Maximum Entropy Method
(MEM) [27]. It is based on Bayes’ theorem and the solution is obtained by maximiz-
ing the probability of having the solution ρ from the given lattice correlators G and
the prior information known about the solution D

P[ρ|G,D, α] =
P[G |ρ,D, α]P[ρ|D, α]

P[G |D, α]
. (8.14)

Here P[G |ρ,D, α] and P[ρ|D, α] are the likelihood function and the prior probability,
respectively. The likelihood function can be obtained purely from our lattice data

P[G |ρ,D, α] ∝ exp(−χ2/2) (8.15)

based on the Gaussian distribution of our lattice data. While the prior probability is
given by

P[ρ|D, α] ∝ exp(αS) (8.16)

where S is the Shannon-Jaynes entropy defined as

S[ρ] =
∫ ∞

0

dω
2π
[ρ(ω)−D(ω)− ρ(ω) ln

ρ(ω)

D(ω)
], (8.17)

where α is a regularization parameter that controls contributions to the reconstructed
image from the prior information relative to the data. The final solution is obtained
by integrating out α with special solution at each α and weights constructed from
the above ingredients. Lattice studies using this method can be found in [19, 28, 29,
30, 31]. And later on we will show the charmonia and bottomonia spectral functions
obtained from this method. Recently a novel Bayesian approach was proposed by
replacing the entropy in MEM by a different term in [32]

SMEM [ρ] =⇒ SBR[ρ] ≡

∫ ∞

0

dω
2π
[1−

ρ(ω)

D(ω)
+ ln

ρ(ω)

D(ω)
]. (8.18)

Studies using this method can be found in [33, 34, 35, 36].
Recently two approaches based on stochastic sampling of spectral images were in-

troduced to extract the spectral functions from the correlators [37], namely stochastic
optimization method (SOM) and stochastic analytical inference (SAI). SOM has the
advantage that no default model is needed while SAI is proven to be a generalized of
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MEM and reduces to MEM in mean field approximation. And for a specific choice
of the prior SAI can also proven to be equivalent to SOM. Other available methods
include Backus Gilbert method [20, 38], which manipulates in the local vicinity of
some frequency range in a model-independent way, Tikhonov method with Morozov
discrepancy principle [39] and sparse modeling [40]. Apart from all these methods,
a classic approach that is widely used is χ2-fitting. In this method one usually needs
extra physical constraints imposed on the spectral function to guarantee meaningful
results. And a few fit parameters are introduced to account for the uncertainties when
adapting perturbative based Ansätz to non-perturbative lattice data. In the following
sections we will show results based on some of the above methods.

8.4 Thermal dilepton rate and electrical conductivity

In this section we will describe the procedure to determine estimates for the thermal
dilepton rate and electrical conductivity of the QGP using light vector meson cor-
relation functions calculated on the lattice. We will first discuss the comparison to
the correlators in the free non-interacting limit, which is also used to normalize the
lattice correlators. Continuum extrapolated vector meson correlation functions will
then provide the basis for the spectral reconstruction, where a perturbatively inspired
Ansätz in the UV part and a transport peak in the IR part of the spectral function is
used to fit the continuum vector meson correlation function. As this study required
large and fine lattices together with a subsequent continuum extrapolation, the lattice
calculations were done in the quenched approximation, where dynamical fermionic
degrees of freedom have been neglected, i.e. in a deconfined gluonic medium. The
lattice setup and other details for this study can be found in [22]. For a recent review
on the determination of the electrical conductivity from lattice QCD see [41].

8.4.1 Continuum extrapolated vector meson correlation functions

As an example for light quarkmeson correlators in the vector channel we show results
on finite lattices at some lattice spacing a with lattices extents Nt corresponding to
three different temperatures above the critical temperature in Fig. 8.2. The correlation
functions show exponential damping behavior up to the midpoint of the lattice. Note
that the Euclidean correlation functions are periodic around the midpoint, τT = 0.5,
where the temperature is given byT = 1/aNτ and τa is the separation in the temporal
direction. On this scale no temperature effects are visible and the correlators are close
to the non-interacting free correlator.

To see the thermal effects we normalize the correlation functions by the massless
non-interacting (free) correlator,
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Fig. 8.2 Lattice results of the vector meson correlation functions for three different temperatures
compared to the free continuum correlator, from [42].

Gfree
V (τ,ω,T) = 6T3

(
π(1−2τT)

1+ cos2(2πτT)
sin3(2πτT)

+2
cos(2πτT)
sin2(2πτT)

)
. (8.19)

which is also shown in Fig. 8.2. In general the correlators calculated on finite
lattices need to be renormalized before extrapolating to the continuum. For the
vector channel it is more suitable to use renormalization independent ratios by
dividing by the quark number susceptibility χq/T2 = −G00/T3 which is obtained
from the (constant) temporal component of the vector meson correlator and shares
the same renormalization as the spatial component. In this way any ambiguities
stemming from renormalization are absent.

Two examples of the lattice correlation functions normalized in thisway are shown
in Fig. 8.3(top).When comparing the results for the three different lattices strong cut-
off effects are visible especially at small τT . To remove the cut-off effects a continuum
extrapolation was performed in 1/N2

τ for all distances τT down to around τT ' 0.1.
The results of the continuum extrapolated vector meson correlation functions for
three temperatures in the QGP are shown in Fig. 8.3(bottom). For the bottom right
plot the continuum extrapolated values for χq were used to remove the dependence
on the quark number susceptibility. The temperature effects observed in the lower
left plot are mainly caused by the normalization with χq/T2 and disappear in the
lower right plot.

Note that in the lower-right panel of Fig. 8.3, for τ→ 0, the ratio Gii/Gfree
V ap-

proaches unity, which manifests that at small distance the correlator is dominated
by the UV part of the spectral function, which should approach to the free spectral
function according to asymptotic freedom. At large τ one sees substantial deviations
from the free case reaching up to around 50%. This is already an indication for non-
perturbative contributions and has an impact on the determination of the transport
coefficients and thermal dilepton rates as will be discussed in the following section.
In this temperature window the only scale is the temperature and no resonance con-
tributions, e.g. a rho meson, are expected in the gluon plasma at these temperatures.
Therefore the weak temperature dependence already indicates that temperature ef-
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Fig. 8.3 Normalized lattice correlators and the resulting continuum extrapolated correlators in the
vector channel. Taken from [22].

fects in the temperature scaled dilepton rates and the electrical conductivities will
be rather small.

8.4.2 Lattice estimate on the thermal dilepton rate and electrical
conductivity

We will now discuss the spectral reconstruction in terms of a phenomenologically
inspired Ansätz for the spectral function and show results for the thermal dilepton
rate and electrical conductivity based on the continuum extrapolated vector meson
correlation functions discussed in the previous section. These results obtained from
continuum correlators are only available in the quenched approximation, as only in
this case the required large temporal extents of the lattice could be achieved achieved
so far. Nevertheless, this already allows to study the these observables in a gluonic
medium and provides amethodology that can be extended to amore realistic medium
including light dynamical degrees of freedom in the future.

In principle the spectral function can be split into different parts. Due to asymp-
totic freedom, at asymptotically large frequencies the correlation functions should
approach their free continuum limit, which at large frequencies gets perturbative cor-
rections. At intermediate frequencies possible contributions from bound states may
arise at small temperatures, but are not expected in the temperature region discussed
here, as already indicated by the discussion on the correlator level in the previous
section. Since in this study all correlators are obtained at above Tc temperature, even
the lightest meson, e.g. the ρ meson in the vector channel, can be neglected. At
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Fig. 8.4 Fitted shape of the vector spectral function to the continuum lattice correlation function.
Upper-left panel shows results for Eq. (8.27). The other panels show results for Eq. (8.23). Also
shown is the hard thermal loop (HTL) result. Taken from [22].

very low frequencies transport contributions, i.e. a transport peak, is expected in the
vector channel.

Due to asymptotic freedom the high temperature limit of the spectral function
should approach the free particle limit. The latter can be computed analytically
[43, 44],

ρfree
00 (ω) = 2πωT2δ(ω) , (8.20)

ρfree
ii (ω) = 2πωT2δ(ω)+

3
2π
ω2 tanh(ω/(4T)) . (8.21)

and eventually ρV (ω) = ρii(ω)− ρ00(ω) so that delta contributions cancel. When one
includes interactions the delta function in the temporal component is protected but
the one in the spatial components gets smeared out due to interactions leading to a
transport peak at low frequencies. This motivates the following Ansätz

ρ00(ω) = 2πχqωδ(ω) , (8.22)

ρii(ω) = 2πχqcBW
ωΓ/2

ω2+ (Γ/2)2
+

3
2π
(1+ κ)ω2 tanh(ω/(4T)) , (8.23)

with the quark number susceptibility χq , two parameters for the transport peak,
cBW and Γ and a coefficient κ, which attributes to perturbative corrections of the
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continuum part of the spectral function. At the leading order in perturbation theory
κ = αs/π. The electric conductivity, σ, is given by the frequency to zero limit (Kubo
formula) and can be expressed by the parameters introduced in the Ansätz as

σ

T
=

Cem

6
lim
ω→0

ρii(ω,p = 0,T)
ωT

=
2
3
χq

T2
T
Γ

cBWCem , (8.24)

where Cem =
∑

f Q2
f is the sum of the square of the elementary charges of the

quark flavors f. This rather simple Ansätz for the spectral function can be fitted
to the continuum extrapolated vector meson correlator and already describes the
data rather well [22]. Nevertheless to study systematic uncertainties of the resulting
spectral functions, one can further modify this Ansätz accounting for effects in the
frequency regions where the transport peak and the continuum part overlap. As the
continuum part contributes also in the low frequency regime we modify this part in
such a way that the small ω contribution is smoothly removed,

ρii(ω) = 2πχqcBW
ωΓ/2

ω2+ (Γ/2)2
+

3
2π
(1+ κ)ω2 tanh(ω/(4T))Θ(ω0,∆ω) , (8.25)

with

Θ(ω,ωi,∆i) =

(
1+ exp(

ω2
i −ω

2

ω∆i
)

)−1

. (8.26)

The effect of this modification can be seen in the right panel of Fig. 8.4, which shows
the corresponding result of the fit.
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Fig. 8.5 Result for the spectral function fitted to the continuum extrapolated correlator at 1.1 Tc
for the three Ansätz of the spectral function [22].

As the Ansätz 8.23 and the modified Ansätz 8.25 contain a real transport peak,
the corresponding fits are not sensitive to a behavior where the small frequency part
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is rather flat behavior. Therefore an additional Ansätz explores the small frequency
behavior to examine the appearance of a flat frequency to zero limit rather than a
real transport peak,

ρflat
ii (ω) = aχqω(1−Θ(ω,ω0,∆0))+ (1+ k)ρfree(ω)Θ(ω,ω1,∆1) . (8.27)
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Fig. 8.6 Left: The thermal dilepton rate obtained from ρR as a function of ω/T . Also shown is
the hard thermal loop (HTL rate) and the non interacting Born rate. Right: The final results for
the electrical conductivity incorporating the the full systematic uncertainties, i.e. the minimum and
maximum conductivities, respectively, of ρans and ρR. Taken from [22].

This is motivated by the strongly coupled results of the AdS/CFT correspondence
where a rather featureless and flat low energy behavior is generic [45]. The fitted
shape of Eq. (8.27) to lattice data is presented in left panel of Fig. 8.4.

Another region of changing or improving the Ansätz is in the UV behavior of
the spectral function. So far we have used the leading order perturbative correction
to the free behavior incorporated by constant, i.e. not running coupling constant.
At very high frequencies the spectral function can be determined from perturbation
theory and furthermore thermal effects should be suppressed at sufficiently large
frequencies. Therefore vacuum perturbation theory is expected to become reliable
and can be used to improve the model in the high frequency regime. The five loops
vacuum spectral function [46, 47] reads

ρV (ω) =
3ω2

4π
R(ω2) , (8.28)

where

R(ω2) = r0,0+ r1,0αs + (r2,0+ r2,1l)α2
s + (8.29)

+ (r3,0+ r3,1l + r3,2l2)α3
s +

+ (r4,0+ r4,1l + r4,2l2+ r4,3l3)α4
s +O(α5

s ) ,

Using 3-loop running coupling αs and l = log(µ2/ω2) with µ = 1.5max(πT,ω).
Taking into account the leading effects of the temperature this perturbative vacuum
behavior can be incorporate in the Ansätz [48] for the spectral function and one
obtains
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ρ
(T )
ii (ω) =

3ω2

4π
[1−2nF (ω/2)]R(ω2)+ πχfree

q ωδ(ω) . (8.30)

Using this as an Ansätz for the high frequency part together with the Breit-Wigner
description of the non-perturbative, low frequency part one gets an excellent de-
scription of the lattice data

ρR(ω) = ρBW(ω)+
3ω2

4π
[1−2nF (ω/2)]R(ω2) , (8.31)

where

ρBW = 2πχqcBW
ωΓ/2

ω2+ (Γ/2)2
. (8.32)

The fit strategy using these three Ansätz for the spectral function and the results
of the fits to the continuum extrapolated vector meson correlation functions are
explained in [22] in more detail. All three Ansätz of the spectral functions reproduce
the continuum extrapolated lattice data at the three temperatures T = 1.1,1.3 and
1.5Tc with high accuracy and χ2/dof of order unity. While all spectral functions
converge at high frequencies, they differ substantially in the infrared region as can be
seen in Fig. 8.5. This indicates the general difficulties in the extraction of transport
coefficients from lattice QCD. Comparing the three Ansätz, we see that the area
under each peak of the spectral functions is very similar, but the sensitivity to the
shape of the spectral in this region is limited. Nevertheless these results allow for
an estimate of the electric conductivity and the discrepancy in the zero frequency
limit acts as a measure of the systematic uncertainty in the results for the electrical
conductivity, shown in Fig. 8.6 (right), which is estimated by the respectiveminimum
and maximum of the two Ansätz ρans and ρR.

The resulting thermal dilepton rates, obtained from the spectral function ρR
inserted in Eq. (8.1) are shown in Fig. 8.6 (left) for all three temperatures and a sum
of squared charges ofCem =

∑
f q2

f = 5/9, corresponding to two valence quark flavors
u and d. The results are qualitatively comparable to the rate obtained by an hard
thermal loop (HTL) calculation [49] in the large frequency region, as well as to the
leading order (Born) rate. However, compared to the HTL computation, the lattice
results show an enhancement in the intermediate region ω/T ∼ 2 and a qualitatively
different behavior for small frequencies.

Fig. 8.7 shows a collection of available results for the electrical conductivity in
quenched (left) and full QCD (right). More details and discussions on this topic
can be found in the review [41]. Although the full QCD results shown in the right
plot are obtained on rather coarse lattices and not continuum extrapolated yet, a
qualitative comparison to the quenched results indicates different behavior when
approaching small temperatures. While the quenched results show no clear temper-
ature dependence down to the critical temperature, the conductivity in full QCD
shows a decreasing trend towards smaller temperatures. This may be attribute to the
change of the transition from first order in quenched to a cross-over in full QCD and
the system becoming more non-perturbative and more interacting when dynamical
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fermion degrees of freedom are included. Final conclusions on this remain for the
future when calculations on larger and finer lattices become available allowing for
continuum extrapolations also in full QCD.

Taking the limit of zero frequency in Eq. (8.2) allows to estimate the soft photon
rate which can be written in terms of the electrical conductivity,

lim
ω→0

ω
dΓγ
d3k
=
αemCem

2π2

(
σ

CemT

)
T2. (8.33)

In the following section we will discuss how to obtain the full thermal photon rate
from vector meson correlators at non-zero momenta.

8.5 Lattice estimate of thermal photon rate

In the previous section we discussed how to obtain thermal dilepton rates and
estimates on the electrical conductivity from continuum extrapolated vector meson
correlation functions at zero momentum.We will now extend this discussion to finite
momentum, k. Extracting the spectral function at finite k allows to use Eq. (8.2) to
calculate the thermal photon rate. We will follow here [12] where the same lattice
setup is used as the one in previous section. The calculation of the photon requires
the extraction of the spectral function at the photon point (ω = |k|), meaning that
the momentum dependence of the spectral function has to be carefully studied.
Compared to the extraction of the electrical conductivity we are now interested in
frequencies of the order of k. At larger k it is expected that the spectral function
becomes more perturbative and perturbatively constraining the spectral function in
the large frequency region becomes more effective and provides a cleaner extraction
of the spectral information.
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We start with a discussion about the perturbative knowledge on the behavior
of the spectral function in different regimes. In the high frequency limit where in
the limit of (asymtocically) large invariant mass, M � πT , with M2 = ω2 − k2 the
non-interacting spectral function is known analytically [44] as

ρV (ω,k) =
NcT M2

2πk

{
log

[
cosh(ω+k4T )

cosh(ω−k4T )

]
−
ωθ(k −ω)

2T

}
. (8.34)

Perturbatively, at finite temperature a logarithmically enhanced term has beenworked
out analytically [50, 51] for the photon rate,

ρV (k,k) =
αsNcCFT2

4
log

(
1
αs

)
[1−2nF (k)]+O(αsT2) . (8.35)

Non-logarithmic terms are only known in numerical form [52, 53]. Recently, these
results have been extended to O(α3/2

s T2) both at vanishing [54] and non-vanishing
photonmasses (|M | . gT , where g ≡

√
4παs) [55], which wewill use in the following

for the large frequency part of the spectral function.
For M � πT , the spectral function goes over into a vacuum result [56] which

is known to relative accuracy O(α4
s ) [46, 57] and can directly be taken over for a

thermal analysis [48, 58]. Such precisely determined results play an essential role
in the investigation as they constrain the UV behavior and lead to more reliable
extractions of the small and intermediate frequency parts.

In the low frequency limit the form of the spectral function can be deduced
from the so-called hydrodynamic regime, where the general theory of statistical
fluctuations applies and for k . α2

sT , the spectral function has the form,
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ρV (ω,k)
ω

=

(
ω2− k2

ω2+D2k4 +2
)
χqD , (8.36)

with the diffusion coefficient,

D =
1

3χq
lim
ω→0+

3∑
i=1

ρii(ω,0)
ω

, (8.37)

which is related to the electrical conductivity and the soft photon rates as already
discussed in the previous section.

Knowing the form of the spectral function in the two regimes of low frequencies
from hydrodynamics and and high frequencies from perturbation theory, one still has
to model the spectral function in the intermediate frequency regime incorporating
this knowledge. In [12] a high order polynomial Ansätz,

ρfit(ω) =
βω3

2ω3
0

(
5−

3ω2

ω2
0

)
−
γω3

2ω2
0

(
1−

ω2

ω2
0

)
+

nmax∑
n=1

δnω
1+2n

ω1+2n
0

(
1−

ω2

ω2
0

)
, (8.38)

was used with the constraint to smoothly match the perturbative result at ω = ω0

ρV (ω0) = β, ρ′V (ω0) = γ , (8.39)
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and nmax+1 free parameters starting with a linear behavior forω� T . The matching
frequency is defined as ω0 '

√
k2+ (πT)2 and nmax = 0 and nmax = 1 was used. More

details on the Ansätz and the fitting strategy can be found in [12].
Results from this procedure are shown in Fig. 8.8 for a temperature of 1.1 Tc

and three momenta k in comparison to the best estimate from perturbation theory.
While at τ→ 0, all correlators approach the perturbative result, at larger values of τ
non-perturbative effects are clearly visible. This deviations become smaller for larger
values of k, i.e. the lattice results approach the perturbative behavior for increasing
momenta.

The spectral function at the photon point ω = k

Deff(k) =

{
ρV (k,k)

2χqk , for k > 0
limω→0+

ρii (ω,0)
3χqω , for k = 0

(8.40)

can be used to compute the thermal photon rate

dΓγ(k)
d3k

=
2αem χq

3π2 nB(k)Deff(k)+O(α2
em) . (8.41)

While this equation is perturbative with respect to electromagnetic interactions, the
function Deff contains all non-perturbative information from strong interactions. The
results are shown in Fig. 8.9. The results approach the NLO perturbative prediction
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(valid for k � gT) for large momenta, while for momenta k/T < 3 non-perturbative
effects become visible. The electrical conductivity could also be obtained in the
k→ 0 limit, but the available momenta are not small enough for such a determination
from Deff . The value shown in the plot at k = 0was calculated from the result obtained
at zero k from [22], see previous section. The AdS/CFT value is DT = 1/(2π).

The results of this study show the potential for obtaining results for the photon
rates obtained from continuum extrapolated lattice QCD correlation functions incor-
porating perturbative knowledge in the spectral reconstruction. Obtaining results at
even smaller momenta would be very interesting for future studies. In a finite-size
box momenta are given by k = 2πn/(aNs), where a is the lattice spacing and n is an
integer and aNτ = 1/T , i.e. in units of temperature,

k/T = 2πn×
Nτ
Ns

, (8.42)

where Nτ and Ns are the temporal and spatial lattice extents, respectively. Therefore
going to small momenta requires to do the calculations at larger momenta and
therefore become more expensive in terms of numerical calculations.

First results on the photon rate obtained in full QCD using a different method to
extract the photon rates can be found in [60] and are shown in Fig. 8.10. This study
is based on the difference between the spatially transverse and longitudinal parts of
the vector meson spectral function, which has the advantage that UV contributions
are exponentially suppressed.

In addition to improving the lattice QCD results, e.g. obtaining continuum results
also in full QCD including realistic dynamical fermion degrees of freedom, combin-
ing different methods for the spectral reconstruction, including perturbative models,
special combinations of different operators, reconstruction methods discussed in
Sec. 8.3 or machine learning techniques may improve the determination of spectral
properties from lattice QCD correlation functions in the future.

8.6 Charmonia and bottomonia spectral function from lattice
QCD

So far we have discussed the light quark correlation and spectral functions and related
observables. In the following sections we will discuss meson correlation functions
in the heavy flavor sector. We focus on charmonium and bottomonium in the vector
channel, namely J/ψ and Υ. We perform lattice calculations on very large and fine
lattices so that charm and bottom quarks can be treated relativistically. The results
given below are based on [31]. As preparation we first give a brief introduction to
free spectral functions that will be used in the spectral analysis.
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8.6.1 Free spectral function
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Fig. 8.11 Free meson spectral functions in the continuum (dotted) and on the lattice (solid) in
different channels calculated according to [44] taken from [61]. In left panel the quark mass is
am = 0 and in the right panel the quark mass am = 0.01. Nτ = 64 in both panels.

The non-interacting spectral functions for massive free quarks, including the
one in the continuum and on the lattice, can be analytically calculated in the high
temperature limit [43, 44]. At zero momentum, the continuum free meson spectral
function reads

ρH (ω) =Θ(ω
2−4m2)

Nc

8πω

√
ω2−4m2 [1−2nF (ω/2)]

[
ω2

(
a(1)H − a(2)H

)
+4m2

(
a(2)H − a(3)H

) ]
+2πωδ(ω)Nc

[ (
a(1)H + a(2)H

)
I1

+
(
a(2)H − a(3)H

)
I2

]
, (8.43)

with

I1 = −2
∫

k
n′F (ωk), I2 = −2

∫
k

k2

ω2
k

n′F (ωk). (8.44)

Here nF is the fermi distribution and n′F the partial derivative with respect to ωk.
The coefficients a(1)H , a(2)H and a(3)H can be found in Tab.8.1. We could see that in
the pseudo-scalar, the δ function sitting at zero frequency vanishes because of the
coefficients. So there will be no transport peak in this channel. While for vector
channel it does not.

The free spectral function can also be calculated on the lattice using the lattice
propagtors in momentum space as a sum over lattice momenta. For the Wilson
fermion discretization of the fermionic action, it is given by
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ΓH a
(1)
H a

(2)
H a

(3)
H

ρS 11 1 −1 1
ρPS γ5 1 −1 −1
ρ00 γ0 1 1 1
ρii γi 3 −1 −3
ρV γµ 2 −2 −4
ρ00

5 γ0γ5 1 1 −1
ρii5 γiγ5 3 −1 3
ρA γµγ5 2 −2 4

Table 8.1 Coefficients a(i)H for free spectral functions in different channels H taken from [44].

ρWilson
H (P) =

4πNc

L3

∑
k

sinh
( ω
2T

) {
[
a(1)H S4(k)S†4 (r)+ a(2)H

∑
i

Si(k)S†i (r)+ a(3)H Su(k)S†u(r)
]
δ(ω+Ek−Er)

+

[
a(1)H S4(k)S†4 (r)− a(2)H

∑
i

Si(k)S†i (r)− a(3)H Su(k)S†u(r)
]
δ(ω−Ek−Er)

+(ω→−ω)

}
. (8.45)

Here L = aNσ is the spatial extent of the lattice. And the lattice propagators are
given by

S4(k) = sinh(Ek/ξ)
2Ek cosh(Ek/2T ),

Si(k) = 1
ξ

i sinki
2Ek cosh(Ek/2T ),

Su(k) = − 1−cosh(Ek/ξ)+Mk
2Ek cosh(Ek/2T ) , (8.46)

where ε = a/aτ is the anisotropy parameter, i.e. allows for different lattice spacings
in temporal and spatial direction and ε = 1 for an isotropic lattice. Relevant quantities
are defined as

Kk =
1
ξ

∑3
i=1 γi sin ki,

Mk =
1
ξ

[
r
∑3

i=1 (1− cos ki)+m
]

Ek = (1+Mk)sinh (Ek/ξ), (8.47)

and the energy of a single partical Ek is determined by the following equation

cosh (Ek/ξ) =
√

1+K2
k + (m/ξ)

2. (8.48)
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5. Heavy quarkonium correlators on quenched lattices
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Figure 5.8: Visualization of which parts of the spectral function contribute to the correlator at different
⌧T . Top: The spectral function that is integrated to calculate the corresponding correlator.
The spectral function is the charmonium perturbative vector spectral function from section
3.5 at T = 2.25Tc. The transport peak is modeled by a Breit-Wigner peak with 2⇡DT = 3
and ⌘/T = 0.51. Bottom left: Integrated correlator for the spectral function in the upper
plot. The different colors bands correspond to the contribution of the different colored
regions in the spectral function. Bottom right: The same as bottom left, but the transport
contribution is modeled by a �-peak with the same integrated contribution as as for the
Breit-Wigner peak.

96

Fig. 8.12 Upper: a sketch showing different parts of the spectral function. Lower: the contributions
of different parts of the spectral function to the correlators. All three figures here are taken from
[62].

Fig. 8.11 shows the free particle spectral function in the continuum and on
the lattice (Wilson fermion discretization) calculated according to Eq. (8.43) and
Eq. (8.45). The lattice spectral functions approach the continuum one at small
frequencies but differ at large frequencies and even vanish above a cut-off around
aω ' 4, which is dictated by the lattice spacing. The peaks and cusps in the lattice
spectral functions correspond to effect of the so called Wilson doublers. If one
would scale the x-axis to physical units or units of temperature, i.e. ω/T = aωNτ ,
it becomes clear that these lattice discretization and cut-off effects move to larger
frequencies with increasing Nτ and disappear in the Nτ →∞ limit and the lattice
spectral functions approach their continuum values in this limit.

In the interacting theory these discretization effects are also present and can
lead to cut-off effects in the spectral function in the physically interesting frequency
regions when the lattice spacings are not small enough, especially for heavy quarks,
e.g. for a typical inverse lattice spacing of a−1 = 3.6 GeV corresponding to a lattice
spacing of a = 0.055 fm the peak in the lattice spectral function will be of the
order of the bottomonium ground state and would influence any studies of this state.
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Note that according to Eq. (8.45) these discretization effects stem from finite spacial
lattice spacing effects. Therefore on anisotropic lattices, where the temporal extend
is chosen to be smaller as the spatial one, e.g. to improve the spectral reconstruction
at fixed temperatures using larger Nτ , these effects are given by the coarser spatial
lattice spacing.

Fig. 8.13 A sketch of the spectral function in the vector channel at different temperature [62].

Next we will consider the small frequency part of the vector meson spectral
function, i.e. the transport peak. In the non-interacting limit (infinite temperature
limit), in the zero frequency limit a δ-function appears, [43, 44]

ρii(ω� T) ∼ 2χ00
T
M
ωδ(ω). (8.49)

When the interaction is turned on, this δ peak in the spatially polarized vector channel
gets smeared into a Breit-Wigner distribution [18]

ρii(ω� T) ∼ 2χ00
T
M

ωη

ω2+η2 , (8.50)

with η = T/MD with the quark mass M and diffusion coefficient D. Note that the
temporal vector channel, ρ00 is protected by the conservation of particle number
to remain a delta function at zero momentum. For the moment we ignore possible
bound states or resonance peaks in the intermediate frequency range and construct a
spectral function with only a transport peak and a free continuum spectral function.
This would correspond to a system at very high temperatures where any bound
states are already melted. An example of such a spectral function is shown in the
top panel of Fig. 8.12. In the lower plots the contributions of the spectral function,
including a transport peak (left) and delta peak (right), to the correlators according
to Eq. (8.12) in parts is shown. Here one can observe that the correlation function at
different distance τT are sensitive to different parts of the spectral function due to the
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existence of the kernel function Eq. (8.13). At small τT the correlator is dominated
by the high frequency part of the spectral function while the transport region mainly
contributes at large τT .

At smaller temperatures additional bound state or resonance contributions will
appear. At zero temperature bound states, i.e. ground and excited states for charmo-
nium and bottomonium, are known and can be well approximated as series of δ-like
functions. At finite temperature, these resonance peaks will probably broaden and
their peak locations may change. An important question is at which temperatures
which states dissociate and if at sufficient high temperatures all bound states are melt
and merge into the threshold to a continuum region in the spectral function. Fig. 8.13
shows a sketch of the spectral function in the vector channel at different tempera-
tures. From the previous discussions we already learned that disentangling all these
contributions to the spectral function is difficult as they contribute to the correlation
function at all distances and a spectral reconstruction is required. Therefore it is im-
portant to remove the lattice discretization effects by performing the continuum limit
of the correlation functions and implement as much prior information as possible
into model Ansätz for the spectral function, e.g. from perturbation theory in the high
frequency part. We will follow this strategy in the next sections for charmonium and
bottomonium correlation and spectral functions, first in the pseudo-scalar channel
where not transport contribution appears and then in the vector channel including a
discussion on the transport contribution.

8.6.2 Spectral functions of charmonia and bottomonia in the
pseudo-scalar channel

In this section we will discuss the determination of charmonium and bottomonium
spectral functions in the pseudo-scalar channel based on comparing continuum
extrapolated lattice correlation functions to perturbative spectral function, where
resummed thermal effects around the threshold and vacuum asymptotics above the
threshold are incorporated [63]. The pseudo-scalar channel has the feature that the
transport peak is absent, making the spectral analysis much easier compared to the
vector channel.

The strategy is to fit a perturbatively inspired model to the lattice data. The model
spectral function consists two parts: the thermal contributions around the threshold
and the vacuum contribution above the threshold. The former can be obtained by
pNRQCD calculations [64]:

ρNRQCD
P =

M2

3
ρNRQCD

V , (8.51)

where
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ρ
pNRQCD
V (ω) =

1
2

(
1− e−

ω
T

) ∞∫
−∞

dt eiωTC>(t,0,0). (8.52)

C> is a Wightman function solvable for a real-time static potential from hard ther-
mal loop resummation. And at frequencies well above the threshold, ultraviolet
asymptotics says that the spectral functions are

ρP(ω)

ω2m2(µ̄)

����vac

≡
Nc

8π
R̃p
c (ω, µ̄), (8.53)

where R̃p
c (ω, µ̄) and the running mass m2(µ̄)with scale µ̄ can be found in [63]. These

two parts are combined by matching ρpNRQCDV smoothly to the vacuum asymptotics.
More discussion on the resulting perturbative spectral function, ρpert

P can be found
in [63].

With this perturbative knowledge we can form a model spectral function,

ρmodel
P (ω) ≡ A ρpert

P (ω−B) , (8.54)

that contains two fit parameters A and B. A accounts for the uncertainties in the
renormalization and B for the uncertainties in the determination of the pole mass.
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Fig. 8.14 A comparison of the perturbative pseudo-scalar spectral functions (dash-dotted curves)
and their modifications (solid curves) for chamonium (left) and bottomonium (right) [63].

This model spectral function can be used to fit the lattice correlators, which have
been first interpolated to the physical meson masses and then extrapolated to the
continuum. We show the fit results in Fig. 8.15. We could see that continuum lattice
correlators arewell described by thismodel. The corrections to the fit parameters turn
out to be small and χ2/d.o.f<1, see Tab. 8.2.We show the resulting spectral functions
in Fig. 8.14. From our analysis we conclude that for charmonium no resonance peaks
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are needed for representing the lattice data even at 1.1 Tc . Only modest threshold
enhancement is sufficient in the analyzed temperature region. For bottomonium the
thermally broadened resonance peak could survive up to temperatures around 1.5Tc .
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Fig. 8.15 A comoparison of lattice correlators, correlators integrated from the model spectral
functions and the resummed perturbative predictions for charmonium in the pseudo-scalar channel
[63].

Note that the results here are obtained in the quenched approximation for a gluonic
system without dynamical fermion degrees of freedom. It remains to be seen if such
a perturbative model still is able to describe charmonium and bottomonium systems
when extending these studies to full QCD or if non-perturbative effects will become
stronger in a more realistic QGP medium.
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charmonium bottomonium

T/Tc A B/T χ2/d.o.f. A B/T χ2/d.o.f.

1.1 1.04 0.52 0.01 0.85 -0.11 0.02
1.3 1.04 0.37 0.01 0.87 -0.13 0.04
1.5 1.02 0.33 0.02 0.87 -0.11 0.10
2.25 1.06 0.16 0.08 0.93 -0.04 0.28

Table 8.2 Best fit parameters of the model spectral function Eq. (8.54) to our lattice data.

8.6.3 Spectral functions of charmonia and bottomonia in the vector
channel

In this section we discuss lattice results on quarkonium spectral functions in the
vector channel obtained from lattice QCD simulations at different temperature
T ∈ [0.75,2.25]Tc . Same as previous section, the simulations are performed in
quenched approximation on large and fine isotropic lattices. The results in this section
are obtained from the finest available lattice with a lattice spacing of a ' 0.009 f m.
The spectral functions are reconstructed using the Maximum Entropy Method, dis-
cussed in Sec. 8.3, with default models constructed using the ingredients mentioned
in Sec. 8.6.1. Some reconstructed spectral functions (solid lines) for different default
models (dashed lines) are summarized in Fig. 8.16 taken from [31]. In these stud-
ies, the determination of the spectral modifications and dissociation temperatures
requires carefully examination. For instance the dependence of the results on the
default model need to be checked. The deformation of the spectral function with
temperature could also come from the reduction of the number of data points of the
correlators with increasing temperature, which also needs to be taken into account.
Furthermore the resolution of spectral properties, e.g. the width of spectral peaks,
usually is limited using Bayesian spectral reconstruction approaches, even for very
large lattice extents and high statistics data.

The heavy quark diffusion coefficient for charm quarks, which requires precise
reconstruction of the transport peak, still remains unclear. One of the difficulties is
that the transport contribution is much smaller than the other contributions to the
spectral function leading to only a small curvature in the transport contribution for
different distances τT in the correlator. A Breit-Wigner distribution with different
width all could describe the lattice data equally well, forming a linear relation
between 2πT D and T/η, see Fig. 8.17. Although the method seems to be sensitive
to the integral over the transport peak, a resolution of the shape of the transport peak
is limited.

In the bottomonium channel, due to the large scale separation, it is always difficult
to directly reconstruct the full spectral functions withmethods likeMEM.A common
work around is to use the difference correlator Gdiff(τ/a) ≡ G(τ/a) −G(τ/a+ 1),
which is believed to be able to effectively remove the tiny transport contribution.
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With this method the intermediate and large frequency part of the spectral function
can be obtained, see Fig. 8.18. Also here some default model dependencies are
visible and the width of the spectral peaks, where the ground state may correspond
to the Υ state, can not reliably extracted. This is furthermore hindered by the fact,
that estimating the statistical and systematic uncertainties in such Bayesian analyses
are difficult.

Recently a similar study in the vector channel on the same data set as in the
pseudo-scalar channel (Sec. 8.6.2) using same strategy, i.e. χ2-fitting based on
perturbatively inspired models, has been carried out. Some preliminary results are
reported in [65]. But in the vector channel one has to solve the transport peak and
will have similar difficulties resolving details of the shape of it as seen in the MEM
analysis discussed above, also shown in Fig. 8.17. Possible ways to improve on this
problem are making use of estimating the heavy quark mass and using the Einstein
relation to eliminate one free parameter or analyzing so called thermal moments
of the spectral function. Furthermore, combining different spectral reconstruction
methods will help to improve the extraction of more reliable spectral functions and
also allow to better estimate and reduce systematic uncertainties in the spectral
reconstruction.
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Fig. 8.16 Charmonium spectral functions in the vector channel at different temperatures obtained
by MEM with different default models (dashed curves) [31].
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Figure 24: Diffusion coefficient.

Table 4: Fit results of diffusion coefficient with a linear
fit ansatz 2πDT = c0 + c1T/η.

T/Tc c0 c1
1.1 0.789(11) 0.53(8)
1.3 0898(8) 0.43(2)
1.5 0825(9) 0.54(7)

13

Fig. 8.17 Linear relation between 2πTD and T/η at 1.10, 1.25 and 1.50Tc for charmonia [31].
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Fig. 8.18 Bottomonia spectral functions at different temperatures obtained by MEM with different
default models [31].
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8.7 Heavy quark momentum diffusion coefficient

As we have learned in the previous sections, the reconstruction of the transport
peak from the vector channel of current-current correlation functions is challenging.
Especially for cases where this peak is expected to be very narrow and possible bound
states contribute to the spectral function, like in the heavy quark sector, the sensitivity
of the correlation function to the transport contribution is small, hindering a reliable
extraction and spectral reconstruction. In this section we will discuss results for
the heavy quark momentum diffusion coefficient which can be determined from an
operator which is more sensitive to the transport contribution, as the corresponding
spectral function contains no bound states and the small frequency limit is expected
to be approached in a smooth way.

Gradient flow method

Multi-level method
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τT
1.5
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3.5

Gcont(τ)

G
norm
cont (τ)

Fig. 8.19 The comparison of nonperturbatively renormalized continuum color-electric correlator
extrapolated to continuum limit and zero flow time obtained using gradient flow method [66] and
revised continuum correlator from multilevel method taken from [20].

In 2009 Moore, Laine and Caron-Huot proposed to measure a purely gluonic
Euclidean correlator, i.e. color-electric correlators that can be related to the heavy
quark diffusion [67]. The idea is to construct a kinetic mass dependent momentum
diffusion coefficient κ(M) within the heavy quark effective theory that can be related
by the heavy quark diffusion coefficient D via Einstein relation D = 2T2/κ(M). To
get rid of the mass dependence, one carries out the large quark mass limit in the
Langevin theory. In this limit the force-force correlator appears in the definition of κ
could be expanded in inverse powers of the heavy quark mass, leading to a gluonic
correlation function of the following form

GE (τ) = −
1
3
〈ReTr

[
U( 1

T , τ)gEi(τ,0)U(τ,0)gEi(0,0)
]
〉

〈ReTrU( 1
T ,0)〉

, (8.55)
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where Ei is the color electric field. Then after analytic continuation a heavy quark
momentum diffusion coefficient free of quark mass can be defined by

κ

T3 = lim
ω→0

2T ρE (ω)
ω

, (8.56)

where ρE (ω) is the spectral function encoded in the color-electric correlators.
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Fig. 8.20 The fitted spectral functions (up) and correlators (down) using χ2 fits based on different
perturbatively inspired models and Backus-Gilbert method [20].

The advantage of the studying the color-electric correlators is that this correlator
is much less computation demanding than the current-current correlators as one
does not need to calculate the inverse Dirac matrix. Furthermore, the corresponding
spectral function related to this correlator has less structures than the one from the
current-current correlators and a smooth behavior at smallω is expected. Perturbative
computations of κ/T3 show weak convergence in the range of coupling of interest,
and hence a non-perturbative approach like lattice QCD is required to make realistic
prediction. In the following we show a lattice study of this quantity taken from
[66], where the gradient flow [68, 69] method is used to improve the signal of the
correlators measured.

In Yang-Mills gradient flow method the gauge field are evolved with respect to a
fifth dimension which is called flow time τF. The gauge action will be driven to its
saddle point according to a diffusion equation

Bµ
���
τF=0
= Aµ,

∂Bµ
∂τF
= DνGνµ, (8.57)

where Bµ(τF, x) is the flowed gauge field and Aµ the ordinary gauge field. The
covariant derivative Dν respecting the gauge invariance could be easily constructed
as

Dµ = ∂µ + [Bµ, · ] (8.58)
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and the field strength tensor could also be constructed with the flowed gauge fields.
Since a fifth dimension is introduced in this method, to obtain the physical

quantities, one needs to extrapolate the flow time τF to zero. For this one could
make use of the small-flow-time-expansion proposed in perturbation theory: the
flowed local operator O(x, τF) can be expanded in τF-dependent coefficients ci and
the corresponding renormalized, unflowed operator [70]

O(x, τF) −−−−→
τF→0

∑
i

ci(τF)OR
i (x). (8.59)

The amount of flow that can be applied to a gauge field can be estimated from
perturbative theory. For instance [71] shows the maximum flow that should be used
in the color-electric and energy-momentum tensor correlators at leading order, before
the flow influences the correlation function.
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Fig. 8.21 The heavy quark momentum diffusion coefficient obtained from different fit models and
strategies based on correlators obtained from using gradient flow method [66].

Fig. 8.19 shows the color-electric correlators obtained from using gradient flow
method [66] and multilevel algorithm [20] respectively. We could see the error
sizes in both cases are comparable, which suggests that gradient flow a powerful
in improving the signal. Besides, there is an small overall shift between the results
obtained from these two methods, which could be explained as the difference in the
renormalization: in the frame work of gradient flow, the correlators are automati-
cally renormalized well in the multilevel algorithm, the perturbative renormalization
constant has been used.

With the data obtained above one could try to reconstruct the spectral function
from it. The spectral function could be constrained by using physical arguments in
different regions. For small frequencies, i.e., ω � T there is a linear behavior as
predicted by hydrodynamics
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ρIR(ω) =
κω

2T
. (8.60)

For large frequencies, ω� T , the behavior is constrained by perturbation theory

ρUV(ω) = [ρUV(ω)]T=0+O
(
g4T4

ω

)
. (8.61)

Using a renormalization scale µ̄ω = ω for ω � ΛMS the leading order expansion
gives

ρUV(ω) = ΦUV(ω)

[
1+O

(
1

log(ω/ΛMS)

)]
, (8.62)

with

ΦUV(ω) =
g2(µ̄ω)CFω

3

6π
, (8.63)

where the running coupling constant could be determined up to 4-loop order at scale
µ̄ω =max(ω,πT). Combining these two parts with interpolation in the intermediate
frequencies one could have various Ansätz to fit the correlator via

Gmodel(τ) =

∫ ∞

0

dω
π
ρmodel (ω)

ω

T
cosh( 12 − τT)

sinh( ω2T )
. (8.64)

The fitted spectral function and correlators are shown in Fig.8.20. The resulting
diffusion coefficient is then (see Fig. 8.21)

κ

T3 = lim
ω→0

2T ρE (ω)
ω

= 2.31...3.70 . (8.65)

This quantity is related in the non-relativistic limit to the diffusion coefficient D and
the drag coefficient ηD

T D = 4π
T3

κ
= 0.54...0.87 , (8.66)

ηD =
κ

2MkinT

(
1+O

(
α

3/2
s T

Mkin

))
. (8.67)

From this one estimates the timescale for kinetic equilibration of heavy flavors

τkin =
1
ηD
= (2.31...3.70)

(
Tc
T

)2 (
M

1.5GeV

)2
fm/c . (8.68)
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Fig. 8.22 The temperature dependence of heavy quark diffusion coefficient extracted from color-
electric correlators obtained using multilevel algorithm and comparison with other studies. Taken
from [72].
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Close to Tc the estimated time is τkin = 1fm/c which is close to the equilibration
time for light flavors. This may help to explain the flow behavior for the D meson
recently observed in experiment.

Recently the TUMQCD collaboration studied the temperature dependence of the
the heavy quark momentum diffusion coefficient using multilevel algorithm in a
wide temperature range 1.1 < T/Tc < 104 [72]. Fig. 8.22 shows the results and a
comparison with other studies. At 1.5Tc the results are consistent with those obtained
using gradient flow method given above.

8.8 Conclusions

Recent progress in the determination of spectral and transport properties have been
discussed. Combining continuum extrapolated correlation functions from Lattice
QCD with phenomenologically inspired and perturbatively constrained Ansätz, al-
lows to extract transport and spectral properties of the QGP medium. In the light
quark sector, continuum estimates for the electrical conductivity, thermal dilepton
rate and thermal photon rate have been obtained. Results for charmonium and bot-
tomonium correlation functions in the gluonic medium can be well described by
perturbative models. While for charmonium no resonance peaks are needed at tem-
perature above Tc in these spectral functions, thermally broadend resonance peaks
persist up to around 1.5 Tc . While the extraction of heavy flavor diffusion coeffi-
cients from hadronic correlation functions is still challenging, in the heavy quark
mass limit, based on calculations of the color-electric field correlator, estimates for
the heavy quark momentum diffusion coefficient can be extracted.

The methodology developed in these studies so far was applied in the quenched
approximation for a pure gluonic medium. The extension to full QCD calculations
is essential for a realistic description of the QGP medium since the influence of
dynamical fermions will become important especially at temperatures close to Tc .
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Exercises

Exercise 1

Construct free meson spectral functions using Eq. (8.43) and discuss the spectral
functions for different channels and different quark masses. Discuss the behavior of
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the kernel function Eq. (8.13) as a function of τT for different ω and the contribu-
tion of different frequency regions of the free spectral functions to the correlation
functions in Eq. 8.12.

Exercise 2

Calculate the free meson correlation functions using a numerical integration (e.g.
using Gaussian integration) of Eq. (8.12)). Check your result for m = 0 against
Eq. 8.19. Discuss the mass dependence of the vector meson correlation functions
and the contribution of different frequency regions of the spectral function to the
correlators.

Exercise 3

Construct model spectral functions using the free spectral functions at vanishing as
well as charm quark masses and add a transport peak as discussed in sections 8.4 and
8.6. Discuss the influence of the transport contribution to the correlation functions.
In which cases are the correlation functions sensitive to this contribution, assuming
that a typical statistical error of lattice correlation functions is of the order of one
percent.

Exercise 4

Repeat the previous exercise by adding a resonance peak and discuss the different
contributions of the transport and resonance peak and the free continuum contribu-
tions.
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Chapter 9
Monte-Carlo statistical hadronization in
relativistic heavy-ion collisions

Radoslaw Ryblewski

Abstract A brief introduction to the statistical hadronization approach to parti-
cle production in relativistic heavy-ion collisions is given. In the context of fluid
dynamics modeling various aspects of hadron emission at the freeze-out are dis-
cussed. Practical applications of the presented concepts are presented within the
THERMINATOR Monte-Carlo hadron generator.

9.1 Relativistic heavy-ion collisions

The relativistic heavy-ion collision experiments are a perfect tool for studying, in
a controlled and reproducible manner, the properties of strongly interacting matter
at high energies. Unlike the collisions of more elementary particles, they provide
unique opportunity to reach the thermodynamic equilibrium needed for investigating
the phase diagram and transport properties of the QCD matter. Assuming that
(local) thermal equilibrium is achieved promptly, and that the interactions are strong
enough to maintain this state throughout subsequent evolution, the expansion of
such a system should, in principle, follow the laws of relativistic fluid dynamics
[1] 1. Given initial conditions for initialization of fluid dynamical fields, and the
prescription for the hadron emission from the fluid, the fluid dynamics provides
straightforward and intuitive way to study properties of the produced matter, as
encoded in its equation of state. Although still some important questions remain,
e.g., concerning the formulation of the theory itself [11] (in particular related to the
form of the transport coefficients [12, 13, 14]), the successes of themodels employing
fluid dynamics concepts already have shown (almost)-perfect fluidity of the quark-

Radoslaw Ryblewski
Institute of Nuclear Physics, Polish Academy of Sciences, PL-31342 Kraków, Poland,
e-mail: Radoslaw.Ryblewski@ifj.edu.pl

1Note that several recent studies indicate that fluid dynamicsmay be applicable also in the situations
where the produced system is locally far off equilibrium [2, 3, 4, 5, 6], see also [7, 8, 9, 10].
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gluon plasma and established a sort of hydro-like “Standard Model” of heavy-ion
collisions. While recently a significant progress in the determination of the initial
state of heavy-ion collisions has been made, using, i.a., non-equilibrium effective
field theory and gauge/gravity correspondence, the hadronic production from such a
system is still poorly understood. Huge majority of the approaches use (to some level
heuristic, yet surprisingly successful) prescriptions for the hadronization process
dating back to times of Fermi, Landau, and Hagedorn.

In these lectureswewill briefly review some of the concepts of particle decoupling
and statistical hadronization as applied to heavy-ion collisions showing, in the end,
their remarkable efficacy in describing some of experimentally observed phenomena.

In this work the we use natural units where c = kB = h̄ = 1. The bold font denotes
the vectors in the transverse x− y plane.

9.2 Relativistic perfect fluid dynamics

The simplest and, at the same time, the only unambiguously 2 derivable relativistic
fluid dynamical equations are that of relativistic perfect fluid dynamics [16, 17,
18, 19]. Due to their simplicity they are extensively applied to various systems in
physics, including the evolution of strongly interactingmatter produced in relativistic
heavy-ion collisions. Although the literature on the subject is rather extensive (see
i.e. Refs. [11, 20, 21, 22, 23, 24, 25, 26, 27] and the references therein), we will
review herein its basic aspects to set the stage for further discussion.

The equations of relativistic perfect fluid dynamics for the (net) charge-freematter
follow solely from the local conservation laws of energy and momentum [16, 17,
18, 19], which in the Minkowski coordinates may be formulated in the following
covariant form 3

∂µTµν(x) = 0, (9.1)

where Tµν(x) is the energy-momentum tensor and xµ = (t,xT , z).
In addition, for a multicomponent system which possesses N conserved charges

Qi one should supplement Eq. (9.1) with N continuity equations for the respective
charge currents Nµ

i

∂µNµ
i (x) = 0 (i = 1 . . . N) . (9.2)

2 Some sort of ambiguity arises in the case when dissipative effects are present in the system. In
such a situation additional assumptions on the evolution of dissipative quantities (e.g. shear stress
tensor and bulk viscous pressure) are required, resulting in additional equations of motion. The
latter may differ significantly in various approaches [15].
3 In the case of curvilinear coordinates, even if the space-time is considered to be flat (in the sense
of globally vanishing Riemann tensor), one should replace the partial derivative ∂µ = (∂t,−∇) in
Eq. (9.1) with covariant derivative dµ .
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Onemay consider, i.e.,Qi = {B, I3,S,C}, where B, I3,S andC denote baryon number,
third component of the isospin, strangeness and charm, respectively 4.

The main assumption defining the perfect fluid is that each fluid element, when
considered in its local rest frame (LRF), is exactly in thermal and chemical equi-
librium state. This is expressed by the static equilibrium (isotropic) form of the
energy-momentum tensor

TµνLRF(x) = diag
(
E(x),P(x),P(x),P(x)

)
, (9.3)

where E(x) and P(x) denote the equilibrium energy density and pressure, respec-
tively. One may also easily convince oneself that in the perfect fluid case the charge
currents must all have the following LRF form

Nµ
i,LRF(x) =

(
Ni(x),0,0,0

)
, (9.4)

where Ni(x) represents the density of the charge Qi; otherwise dissipative effects
have to occur.

In general (laboratory) frame each fluid element moves with a fluid four-velocity
uµ(x) ≡ γ (1,vT ,vz), satisfying normalization condition uµuµ = 1. The form of the
energy-momentum tensor in this frame can be obtained by applying a general (canon-
ical) Lorentz boost transformation to Eq. (9.3)

Tµν(x) = Λµα (u
λ)Λνβ(u

λ)TαβLRF(x), (9.5)

where the boost matrix Λµν is defined as follows

Λ
µ
ν(u

λ) ≡

©«
γ −γvx −γvy −γvz

−γvx 1+ (γ−1) v
2
x

v2 (γ−1) vxvy
v2 (γ−1) vxvz

v2

−γvy (γ−1) vxvy
v2 1+ (γ−1) v

2
y

v2 (γ−1) vyvz
v2

−γvz (γ−1) vxvz
v2 (γ−1) vyvz

v2 1+ (γ−1) v
2
z

v2

ª®®®®®¬
.

Using covariant notation the result of Eq. (9.5) may be expressed in the following
form

Tµν = Euµuν −P∆µν, (9.6)

where we introduced the symmetric projection operator on the space orthogonal
to the fluid four-velocity, ∆µν ≡ gµν − uµuν , which satisfies conditions uµ∆µν = 0,
∆
µ
α∆

αν = ∆µν and ∆µµ = 3, and gµν = diag (1,−1,−1,−1) is the metric tensor.
Similarly, the Lorentz boost transformation applied to Eq. (9.4) leads to the

following tensor decomposition of Nµ
i in the general frame

Nµ
i =Ni uµ, (9.7)

4 Equivalently, instead of the third component of the isospin one may use the electric charge.
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so that in the LRF, where uµLRF = (1,0,0), one has Ni = Nµ
i uµ,LRF.

Equation (9.1) may be rewritten in a somewhat more familiar form using Eq. (9.6)
and performing projections perpendicular and parallel to the fluid four-velocity

∆
α
ν∂µTµν = (E +P)Duα −∇αP = 0, (9.8)

uν∂µTµν = DE + (E +P)θ = 0, (9.9)

where D ≡ uµ∂µ is the co-moving time derivative,∇µ ≡∆µα∂α is the spacial gradient,
and θ ≡ ∂µuµ is the expansion scalar. Equations (9.8)-(9.9) are relativistic analogs of
the Euler and continuity equations, respectively. Similarly, putting decompositions
(9.7) in Eqs. (9.2) yields

∂µNµ
i = DNi +Niθ = 0. (9.10)

Equations (9.8)-(9.10) contain together 4 + N independent partial differential
equations for the space-time evolution of 5+N quantities (three components of four-
velocity, energy density, pressure and N charge densities). In order for the system
to be closed one has to introduce a material-specific equation of state relating the
pressure, the energy density and the charge densities in the system, P = P(E,Ni).
Since the system is locally in equilibrium such a relation exists and has to follow
from the underlying microscopic theory describing the system. Henceforth, we will
assume that the system created in heavy-ion collisions is charge-free, Ni(x) ≡ 0,
which is a reasonable assumption for central rapidity region at the ultra-relativistic
energies. The energy density and pressure for the charge-free matter in equilibrium
may be directly related to the temperature of the system, E = E(T), P = P(T), see
Sec. 9.3. A number of studies show that the successful description of the experimental
data requires the use of “cross-over”-type equation of state of strongly interacting
matter with the transition from the quark-gluon plasma phase to the hadron gas
phase. For the numerical results presented in the remaining part of these lectures we
will use the results of the Ref. [28]. The temperature dependence of the square speed
of sound c2

s (T) = dP/dE obtained in Ref. [28] is shown in Fig. 9.1 5.
Except for quite limited number of special cases of highly-symmetric flow pat-

terns, such as the Bjorken [29] or Gubser [30] flows, Eqs. (9.8)-(9.10) have to be
solved numerically. In the case of modeling the collisions at relativistic energies,
in which case the system is approximately boost-invariant (with respect to Lorentz
boosts along the beam (z) direction) in the central rapidity region, the hydrodynamic
evolution is preferably performed in Milne coordinates xµ = (τ,xT , ς) instead of
Minkowski coordinates x̃µ = (t,xT , z) [29]. The relation between the two is given by
the following coordinate transformation

t = τ cosh ς, (9.11)
z = τ sinh ς, (9.12)

5 Note that in the case of dissipative fluid dynamics due to the existence of transport coefficients
the inclusion of the equation of state is usually more involved [14].
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with τ =
√

t2− z2 and ς = tanh−1 (z/t) denoting longitudinal proper time and space-
time rapidity, respectively; see Fig. 9.2.

In this coordinate system it is also convenient to parametrize the fluid four-velocity
in the following form

uµ = (u0 coshyu,uT ,u0 sinhyu), (9.13)

where yu is the longitudinal rapidity of the fluid, and u0 =
√

1+u2
T , with uT =√

u2
x +u2

y .
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9.3 Fluid dynamics from kinetic theory

It is instructive to see the relation between the fluid dynamics, as a general classical
field theory, and the relativistic kinetic theory. The latter is based on the knowledge of
the single-particle distribution function f (x, p), which is defined through the number
of (on-shell) particles dN in the phase-space volume d3x d3p located at the phase-
space point (xµ, pµ), where pµ = (Ep,p, pz) with Ep =

√
m2+p2+ p2

z . The evolution
of f (x, p) follows from the standard relativistic Boltzmann equation

pα∂α f = −C[ f ], (9.14)

where C[ f ] is the collisional kernel, which, in general, may have highly com-
plicated form. In global equilibrium f (x, p) is stationary, which means that C[ f ]
vanishes in two very different regimes: free-streaming (no interactions) and equilib-
rium (strongest possible interactions). Often the collisional kernel is treated in the
relaxation-time approximation,

C[ f ] = pµuµ
f − feq

τeq
, (9.15)

where τeq is the relaxation time, and feq is the equilibrium distribution.
Equations of motion for the soft modes of the system, identified with the fluid

dynamical sector of the theory, may be derived by taking the lowest-n momentum
moments [31, 5, 6],

Îµ1 · · ·µn ≡

∫
dP pµ1 pµ2 · · · pµn,

∫
dP ≡

∫
d3p
Ep

, (9.16)

of the Boltzmann equation (9.14), which gives

∂αI
αµ1 · · ·µn = −Cµ1 · · ·µn [ f ], (9.17)

where we defined

Iαµ1 · · ·µn ≡ Îαµ1 · · ·µn f , (9.18)
Cµ1 · · ·µn [ f ] ≡ Îµ1 · · ·µnC[ f ]. (9.19)

Explicitly, the first two moments lead to the following set of dynamical equations,

∂µI
µ = uµ

I
µ

eq−I
µ

τeq
, (9.20)

∂µI
µν = uµ

I
µν

eq −I
µν

τeq
. (9.21)



9 Monte-Carlo statistical hadronization in relativistic heavy-ion collisions 335

Fig. 9.3 The geometry of heavy-ion collision in the Milne coordinates.

One may immediately identify zeroth and first moments of the distribution function
as particle four-current and the energy-momentum tensor,

Nµ ≡ Iµ (9.22)
Tµν ≡ Iµν . (9.23)

The conservation of particle current uµ(I
µ

eq−I
µ) = 0, and energy-momentum tensor

uµ(I
µν

eq −I
µν) = 0 thus leads to Eqs. (9.1)-(9.2).

Using decompositions of the particle four-current (9.7) and the energy-momentum
tensor (9.6), and the knowledge of the LTE distribution function feq = f (pµuµ,T, µi),
see Eq. (9.44) in Sec. 9.8, one may find explicit forms of the thermodynamic vari-
ables, E = E(T, µi), P = P(T, µi), and N =N(T, µi). The latter define the equation
of state of the system within kinetic theory. For the conformal charge-free system
one gets E(T) = 3P(T) = 3TN(T) ∼ T4 [24].

9.4 Event-averaged initial conditions for fluid dynamics

In general, Eqs. (9.8)-(9.10) have to be supplemented with proper initial conditions,
specified on the hypersurface of constant longitudinal proper time τ = τi, which
usually defines beginning of the fluid dynamical evolution. In particular, one has to
provide E(τi,xT , ς), ux(τi,xT , ς), uy(τi,xT , ς), yu(τi,xT , ς), and Ni(τi,xT , ς). These
should follow from some microscopic models of the initial state created in heavy-ion
collision, though usually they are, to some extent, just fitted to reproduce the data.
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For the initial energy density profile, wewill use the tilted sourcemodel [32] of the
initial state, which was applied quite successfully to describe various experimental
observables measured at RHIC, including the so called directed flow v1 component
of the Fourier decomposition of the azimuthal particle spectra. The initial energy
density profile within this model is proportional to the density of sources n(xT , ς,b)

E(τi,xT , ς,b) = Ei
n(xT , ς,b)
n(0,0,0)

, (9.24)

where

n(xT , ς,b)=G(ς)
{
(1− κ)

[
WA(xT ,b)F(ς)+WB(xT ,b)F(−ς)

]
+ κB(xT ,b)

}
. (9.25)

The functionsWA(B), and B are the density of wounded nucleons from the nucleus
A (B), and the density of binary collisions, respectively, both specified at a certain
value of the impact parameter b = |b|, see Fig. 9.3. These quantities are determined
entirely from the optical limit of the Glauber model [33]. The admixture of binary
collisions is controlled by the parameter κ = 0.14 that is typically fitted to reproduce
the centrality dependence of charge hadron multiplicity. As herein we assume that
the system is charge-free, Ni(τi, x, y, ς) ≡ 0, the initial central energy density Ei of
the system may be translated to its initial central temperature Ti = Ti(Ei), which is
fitted to reproduce the total number of charged particles produced in the experiment.

The functional form of the density profile in rapidity in Eq. (9.25) is

G(ς) ≡ exp

[
−
(ς −∆ς)2

2σ2
ς

Θ(|ς | −∆ς)

]
. (9.26)

The parameters in Eq. (9.26) are deduced from the fits to the final rapidity spectrum
of charged hadrons. For RHIC the fit results in ∆ς = 2.3 and σς = 1.6. The tilt of
the source results from the preferred particle emission from the moving participant
nucleon into its forward hemisphere, and may be parametrized as follows [32]

F(ς) =


0 ς < −yN ,

(ς + yN)/(2yN) if −yN ≤ ς ≤ yN ,

1 ς > yN ,

(9.27)

where yN = log(2√sNN/(mN)) − ςshift is the nucleon rapidity shifted by the value
ςshift = 2 (treated as a phenomenological parameter), √sNN is the center-of-mass
energy per nucleon pair, and mN is the nucleon mass. The resulting initial temper-
ature profile in x − y plane and x − ς plane is shown in bottom panels of Fig. 9.4,
respectively.

Finally, the flow in the transverse plane, as usual, is assumed to vanish initially,
ux(τi,xT , ς)= 0, uy(τi,xT , ς)= 0, and the flow in the longitudinal direction is assumed
to have the Bjorken-type scaling form yu(τi,xT , ς) = ς.
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Fig. 9.4 (Top panel) The isothermal surfaces (T ∈ {0.4, 0.3, 0.2, 0.1}GeV) of the tilted source in
the Milne coordinates. (Bottom panels) The isothermal contours of the initial temperature profile
of fluid dynamic evolution in the Milne coordinates in x− y (left) and x− ς (right) plane.

9.5 Particle decoupling

Relativistic perfect fluid dynamics describes, by definition, the infinitely strongly-
coupled system of particles evolving from one local thermal equilibrium state to
another. When applied to relativistic heavy-ion collisions one immediately realizes
that the latter assumption breaks down as the evolution proceeds. The rapid expansion
of the created fireball into the vacuum leads to its cooling and dilution, see Fig. 9.5.
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Fig. 9.5 The isothermal contours of the fluid dynamical evolution in the Milne coordinates.

Eventually, the particle scatterings become too rare to prevent the particles from
leaving the fluid. As a result the local thermal equilibrium cannot be maintained
anymore and the fluid description breaks down. This complicated gradual process
of particle decoupling from the fluid is often called the freeze-out [20, 21, 22, 23,
24, 25, 26, 27].

As the interactions cease and the system becomes rarefied the kinetic theory
description in terms of hadronic degrees of freedom and scattering cross sections
becomes more adequate. A possible way to describe this process is to compare
locally the time scale of the expansion of the fluid τexp (which drives the system out
of equilibrium), and the time scale characterizing collisions between the particles
τkcoll (which tend to restore it) [34]. In the differential form, the decoupling may be
formulated as the following inequality [35]

τkcoll ≥ τexp, (9.28)

where τexp ∼ 1/θ(x) (see Sec. 9.2), and τkcoll ∼ 1/
∑
l
〈σklvkl〉 Ñl(x), with σkl denoting

the scattering cross section between the particle species k and l, vkl being their
relative velocity in the center of mass frame, and Ñl(x) describing respective particle
densities. If the condition (9.28) is satisfied the particle species k start to decouple
from the fluid.

A few comments are in order here:

• Both, the flow velocity uµ(x) and particle densities Ñl(x) are, in general, space-
time dependent quantities, which means that the freeze-out process begins at
different space-time points of the fluid.

• In general, the cross sections σkl depend on the particle species, thus some
particle species decouple “before” others. In the case of ultra-relativistic heavy-
ion collisions the scattering cross section is usually dominated by a single species
(pions), whose freeze-out triggers others.
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• In perfect fluid dynamics, to which we restrict ourselves, the particle density
Ñl(x) ∼ T3(x). As a result, the condition (9.28) is usually significantly simplified
to the condition of temperature dropping below a certain freeze-out temperature
[21]

Tfreeze ≥ T(x). (9.29)

• The total cross section σkl = σ
el
kl
+ σin

kl
is always larger than the elastic one

σel
kl
, which implies that the particle-number changing processes cease before

the momentum changing processes. This results in the distinction between the
chemical freeze-out (inelastic collisions stop), and the kinetic/thermal freeze-out
(elastic collisions stop). It means that, typically, chemical freeze-out takes place
at higher temperature than the thermal one,

Tchem ≥ Ttherm. (9.30)

• Equation (9.28) may, in general, involve additional unknown parameter of the
order of 1, which sets the overall scale for the freeze-out processes [35].

9.6 Single-freeze-out scenario

The dynamical description of the particle decoupling according to Eq. (9.28) is
quite difficult to realize in practice. Instead, usually a significant simplification
of the freeze-out dynamics, often called the single-freeze-out model, is adopted
[36, 37, 38, 39, 40, 41, 42]. The latter relies on the assumption that the chemical
and thermal freeze-out occur simultaneously. Within this framework one assumes
that once the temperature T(x) in the fluid decreases locally below a certain value
Tfreeze all particle species decouple completely from the fluid 6. Mathematically, the
condition T(x) = Tfreeze defines a three-dimensional freeze-out hypersurface Σ in the
four-dimensional Minkowski space-time M (see Sec. 9.7). The thickness of Σ is
idealistically assumed to be infinitesimal, which means that the freeze-out process
takes place instantaneously. Just before crossing Σ, in the fluid phase, the matter
is considered to be in local thermal and chemical equilibrium, so that phase-space
distributions of the microscopic constituents follow the statistical ones (see Sec. 9.8).
It is assumed that freeze-out process itself, due to its instantaneous character, does
not affect the phase-space distributions, so that equilibrium distributions are also
shared by the particles emitted from the surface Σ.

Outside the fluid region various approximations, usually based on some sort of
transport theory, may apply. In the original single-freeze-out model [36, 37, 38]
the particles created on Σ, termed as primordial, are assumed to form ideal non-
interacting gas of hadrons, which undergo free-streaming to the detectors. However,

6 Although the assumption of isothermal freeze-out seems to be crude, it was shown to give a quite
reasonable approximation of the differential freeze-out condition, Eq. (9.28) [21, 22].
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the (primordial) hadron gas contains the full mass spectrum of hadronic resonances,
which subsequently decay into stable particles 7. Due to decays, the abundances of
stable particles, as well as their spectra, are modified (see Sec. 9.10). As a result,
the temperature Tfreeze should, in general, be interpreted as a switching temperature
(from fluid to particle description), rather than the true chemical and kinetic freeze-
out temperature. Another possibility is to perform the switching at somewhat higher,
often called particlization [43], temperature Tpart > Tfreeze, when the system is con-
sidered to be still strongly interacting, but the transport theory description is more
adequate. The particle ensemble, together with their phase-space coordinates, is then
passed to the quantum molecular transport models describing various phenomena in
the dense hadronic medium. For the sake of simplicity, in this work we focus on the
single-freeze-out scenario solely.

Finally, one should note here that it is commonly assumed that the fluid dynamical
description applies to the whole forward light-cone of the system and a posteriori
part of the space-time evolution of fluid satisfying T(x) < Tfreeze is neglected and
replaced with the transport theory description. This procedure obviously introduces
some inconsistency at the boundary Σ, as outside the fluid regime the system is a non-
interacting hadron gas (as opposed to the strongly-interacting fluid). Consequently,
the boundary conditions at Σ for the fluid evolution are different in the two cases.
Possible consequences of these problems will be neglected herein. We will only
note here, that these problems may be largely reduced when large anisotropies are
included already within fluid dynamics stage which would describe its gradual break
up [2, 3, 4]. In this way the switching should introduce less uncertainty.

9.7 Freeze-out hypersurface extraction

When initialized with proper initial conditions the perfect fluid dynamics determines
the evolution of the temperature, flow velocity, and the chemical potentials (if charge
conserving theory is considered) in the entire forward light-cone of the Minkowski
space-timeM, whose points satisfy the requirement τ ≥ τi. Usually, due to specific
shape of the isothermal freeze-out hypersurface Σ (see Figs. 9.5 and 9.6), it is
convenient to parametrize the ambient space-timeM with three angles, say θ, ζ and
φ, and the distance ρ from the coordinate system’s origin (τ = τi, x = 0, y = 0, ς = 0) 8.
The resulting parametrization reads [44, 45]

x0 = t(ρ, θ, ζ, φ) = τ cosh ς, (9.31)
x1 = x(ρ, θ, ζ, φ) = r sinθ cosφ, (9.32)
x2 = y(ρ, θ, ζ, φ) = r sinθ sinφ, (9.33)
x3 = z(ρ, θ, ζ, φ) = τ sinh ς, (9.34)

7 The inverse processes, due to low probabilities, are usually neglected in this framework.
8 Note from Figs. 9.5 and 9.6 that τ is not always a function of remaining space-time coordinates.
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Fig. 9.6 Isothermal freeze-out surface in Milne coordinates (ς = 0).
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Fig. 9.7 Space-time parametrization with angles θ, ζ and φ, and the distance ρ.

with

Λ ς = ρcosθ, (9.35)
r = ρcos ζ, (9.36)

so that τ− τi = ρsinθ sin ζ , and

0 ≤ ζ ≤ π/2, 0 ≤ φ < 2π, and 0 ≤ θ ≤ π; (9.37)

see Fig. 9.7. The isothermal freeze-out condition defines the hypersurface Σ embed-
ded inM in the following way
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Σ(θ, ζ, φ) = {x ∈M : T(ρ, θ, ζ, φ) = Tfreeze}, (9.38)

so that one has implicitly ρ = ρ(θ, ζ, φ). One should note here that, while at Σ, by
definition, the temperature is fixed, the flow four-velocity is not, uµ = uµ(θ, ζ, φ). The
infinitesimal element of the hypersurface Σ is defined by the covariant four-vector
[17]

d3
Σµ = εµαβγ

∂xα

∂ζ

∂xβ

∂φ

∂xγ

∂θ
dζdφdθ, (9.39)

where εµαβγ is the totally antisymmetric tensor in four dimensions with ε0123 = +1.

9.8 Cooper-Frye formalism

The change from fluid elements to hadrons at the switching hypersurface Σ(x) is
usually performed with the use of kinetic theory concepts. In the transport theory
framework the flux of particle species k is expressedwith the formula (see Eqs. (9.18)
and (9.22)) [21]

Nµ
k
(x) =

∫
d3p
Ep

pµ fk(x, p), (9.40)

where pµ = (Ep,p, pz) is the four-momentum of the (on-shell) particle with mass mk ,
and fk(x, p) is its phase-space distribution function. The number of world-lines of
particles of species k crossing the infinitesimal element d3Σ of the surface Σ is then
calculated from the expression

Nk
Σ ≡ d3

ΣµNµ
k
=

∫
d3p
Ep

d3
Σµpµ fk(x, p). (9.41)

The invariant momentum spectrum of particles produced at the surface element d3Σ
is

Ep

dNk
Σ

d3p
= d3
Σµpµ fk(x, p). (9.42)

Therefore, the invariant momentum distribution of hadrons emitted on the entire
freeze-out hypersurface Σ is given by the integral

Ep
dNk

d3p
=

∫
Σ

d3
Σµpµ fk(x, p). (9.43)

Equation (9.43) is commonly known as the Cooper-Frye formula [46].
It is usually assumed that just before decoupling from the fluid, i.e., before

the particles cross the switching surface Σ, they are in local thermal and chemical
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equilibrium such that their phase-space distributions are described by the equilibrium
ones. In such a case one assumes that produced hadrons follow either Fermi–Dirac
(a = −1) or Bose–Einstein (a = +1) distributions,

fk(x, p) = fk
(
pµuµ(x),T(x), µ̃k

)
=

gk

(2π)3

{
exp

[
pµuµ(x)− µ̃k(x)

T(x)

]
− a

}−1
, (9.44)

where the factor gk = 2sk + 1 takes into account the spin degeneracy of hadron
species k. The chemical potential µ̃k is given by the linear combination of the
chemical potentials µi (see Sec. 9.2) and the respective charges of the hadron species
k

µ̃k =
∑
i

Qk
i µi . (9.45)

The particle’s four-momentum, asmeasured by the experiment, is usually parametrized
in the following way

pµ =
(
mT coshyp, pT cosφp, pT sinφp,mT sinhyp

)
, (9.46)

where pT =
√

p2
x + p2

y is the transverse momentum, mT =

√
p2
T +m2

k
is the trans-

verse mass, yp = ln
[
(Ep + pz)/(Ep − pz)

]
/2 is the longitudinal rapidity and φp =

tan−1 (
py/px

)
is the momentum azimuthal angle in the plane transverse to the beam

axis.
With definitions introduced above the integration measure d3Σµpµ in Eq. (9.43)

takes the form

d3
ΣSµpµ =

sinθτρ2

Λ

[
∂ρ

∂ζ
cos ζ

(
pT sin ζ cos

(
φp −φ

)
−mT cos ζ cosh

(
yp − ς

) )
+cos ζ sinθ

(
ρsinθ −

∂ρ

∂θ
cosθ

)
×

(
pT cos ζ cos

(
φp −φ

)
+mT sin ζ cosh

(
yp − ς

) )
+cos ζ sinθ

(
ρcosθ +

∂ρ

∂θ
sinθ

)
Λ

τ
mT sinh

(
yp − ς

)
−
∂ρ

∂φ
pT sin(φp −φ)

]
dζdφdθ ≡ hk(ζ, φ, θ, pT , φp,yp)dζdφdθ, (9.47)

and the (Lorentz-boosted) energy is

pµuµ = u0 mT cosh(yp −yu)− pTuT cos(φp −φu), (9.48)

where we introduced yet another variable φu such that ux = uT cosφu and uy =
uT sinφu . One should note that in cases where some symmetries are present in
the system the formulas (9.47)-(9.48) may be respectively simplified [24, 47]. Us-
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ing expressions (9.47)-(9.48) in the Cooper-Frye formula (9.43) one obtains a six-
dimensional particle distribution, which can be used directly to generate particles
(both, stable hadrons and unstable resonances) on Σ

d6Nk

pT dpT dφpdypdζdφdθ
=

gk

(2π)3
hk(ζ, φ, θ, pT , φp,yp) fk(ζ, φ, θ, pT , φp,yp)

≡ Fk(ζ, φ, θ, pT , φp,yp). (9.49)

The Cooper-Frye formula, Eq. (9.43), is nowadays commonly used in the fluid
dynamical simulations of the heavy-ion collisions to describe hadron production on
the freeze-out hypersurface. There are, however, well known limitations of this pre-
scription. An immediate problemwith Eq. (9.43) arises if the freeze-out hypersurface
contains both time-like and space-like parts. In particular, if the freeze-out element
is time-like, so that associated normal vector is space-like, for certain directions of
the momentum pµ the invariant measure d3Σµpµ may be negative. Thus, the particle
number generated in this region will become ill-defined (the Cooper-Frye formula
would in such a case describe the back-flow of particles into the fluid) [21]. One may
show that at high energies the negative emission is usually negligible [48], so that it
may be safely removed by introducing the step functionΘ(d3Σµpµ) on the right-hand
side of Eq. (9.43) [21]. Another issue connected with Eq. (9.43) is its insensitivity
to the fact that particles with large momenta are in general more probable to leave
the fluid more easily than the soft ones [22].

9.9 Hadron abundances

For the system in local thermal equilibrium the flux Nµ
k
of particle species k from

the fluid cell is proportional to its four-velocity, see Eq. (9.7). In this case, using
formula (9.41), the total number of particles emitted on the entire hypersurface may
be expressed as follows

Nk ≡

∫
Σ

d3
ΣµNµ

k
=

∫
Σ

d3
Σµuµ(x)Nk (T(x), µ̃k(x)) . (9.50)

One should stress here that the particle density Nk in Eq. (9.50) is expressed solely
through the local temperature T(x) and chemical potentials µ̃k(x). It straightforward
to see that, if T and µ̃k are constant along Σ, the integral of the flow pattern on the
freeze-out manifold factorizes in Eq. (9.50), giving the so called effective comoving
volume Veff ≡

∫
Σ

d3Σµuµ(x). When one considers ratios of particle multiplicities of
different species, say a and b, the factor Veff cancels out completely in the ratios
[49, 50] giving

Na

Nb
=
Na(T, µ̃k)
Nb(T, µ̃k)

. (9.51)
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Arguments presented above gave rise to the wide variety of analyses under the
common name of thermal or statistical models [?, 52, 53, 54, 55]. They focus
mainly on the extraction of thermodynamic properties of the matter at the chemical
freeze-out based on thermal analysis of the multiplicities of the experimentally
measured particles and ratios thereof. Using the grand canonical version of the
thermal approach the fits usually yield the chemical freeze-out temperature of the
order of the quark-hadron phase transition obtained from the latticeQCDcalculations

Tchem ∼ Tc ∼ 170 MeV, (9.52)

which suggest possible relation between hadronization process and chemical equili-
bration [?] 9.

Equation (9.51) requires a few important remarks: (i) the integrals quoted above
are performed over the full momentum space, which means that the reliable analysis
would require the 4π acceptance for identified particles, (ii) at low energies and
forward rapidities the freeze-out conditions are usually quite different from the
baryon-free midrapidity region, suggesting that thermal analyses based on Eq. (9.51)
yield, in this case, only approximate (averaged over the entire hypersurface) values
of thermal parameters at freeze-out. Nevertheless, keeping in mind its simplicity, the
precision of the thermal approach is quite remarkable.

9.10 Decays of resonances

When discussing the thermal/statistical approach we neglected an important aspect
of the modeling connected with the role of resonances. It is usually assumed that the
particles created at freeze-out form an ideal non-interacting gas of hadrons, which
includes, in principle, entire mass spectrum of unstable resonances. In reality, the
latter subsequently decay populating the spectrum of stable hadrons, which is then
observed in the detector. Although the Boltzmann factor tends to suppress heavy
states, one should keep in mind that, according to the Hagedorn hypothesis [58],
their mass spectrum increases exponentially. While at low temperatures the role of
the resonance feed-down is diminished, at the temperatures of the order of Tchem
it is quite significant. In fact, the successful description of the available data on
the hadronic abundances within the statistical approach, as quoted in Sec. 9.9, was
possible largely due to inclusion of the full mass spectrum of the hadronic resonances
[?] 10.

As it was shown within the so called Cracowmodel [37] (see next Section), which
includes hydrodynamic-like expansion of the system, the role of the resonance feed-

9Note that the new lattice QCD simulations suggest somewhat lower values the critical temperature,
Tc ∼ 155 MeV [57].
10 In practice, all resonances from the Particle Data Group tables [?], whose properties are known
well enough, were included.
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down turns out to be equally important for description of the momentum spectra
of stable hadrons as the flow itself. This is mainly due to the fact that decays of
heavy resonances populate mainly the soft region of the stable hadron transverse-
momentum spectra leading to their steeper slopes. Effectively, the observed inverse
slope parameter, usually interpreted as the thermal freeze-out temperature, is much
smaller than the chemical freeze-out temperature inferred from the analysis of the
hadronic ratios

Ttherm ∼ 130 MeV; (9.53)

compare Eq. (9.52). This observation gave further support to the single-freeze-out
model, and explained apparent mismatch between the two freeze-out temperatures.

9.11 Hydro-inspired parameterizations of freeze-out

According to Eq. (9.44) the spectrum of particles produced in a single fluid cell is
thermal. However, even if the thermal parameters T and µ̃ are constant along the Σ,
the total momentum spectrum, as calculated with Eq. (9.43), includes contributions
from different fluid cells, each boosted with a different velocity uµ(x). Therefore,
the resulting total spectrum is modified due to the combination of redshift and
blueshift effects [36]. These effects are observed in the experiment in the form of the
characteristic concave shape of the transverse momentum spectrum. In view of these
arguments, the realistic description of the momentum spectra of stable hadrons must
include effects of some kind of collective evolution reflected in the finite flow of the
matter at freeze-out.

The most natural way to include flow at the freeze-out is to perform full fluid dy-
namical simulations along the lines presented in Sec. 9.2. Unfortunately, numerical
solution of fluid dynamical equations of motion is rather complicated and computa-
tionally intensive. Moreover, fluid evolution requires at least some knowledge of the
initial conditions, which are rather poorly known, and thus always bias final results.
In order to avoid such problems, one may follow a different strategy, which results
in the so called hydro-inspired models. Within these models the conditions at the
freeze-out hypersurface (T(x),uµ(x), µi(x)), as well as the shape of the freeze-out
surface Σ(x), are simply assumed, or inspired, by the full numerical fluid dynami-
cal simulations. Among these models the most successful ones are the Blast-wave
[42, 60] and Cracow [36] models.

In particular, within the Cracow model [36] (as well as in Blast-wave model) it
is assumed that the freeze-out takes place at the boost-invariant and cylindrically
symmetric (in the transverse x − y plane). The hypersurface Σ is defined by the
requirement that the particles freeze-out at the surface of constant proper-time (τ̃)

τ̃2 = xµxµ = t2− x2− y2− z2 = τ2− r2 = τ̃2
freeze = const. (9.54)
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According to Eq. (9.54) the particles decouple starting from the center of the fire-
cylinder towards its edge, so that 0 ≤ r ≤ rmax. At the same time the fluid four-velocity
is assumed to have the Hubble-like form [61]

uµ = γ(1,vT ,vz) =
xµ

τ̃freeze
, (9.55)

which leads to

pµuµ =

√
τ̃2

freeze+ r2

τ̃freeze
mT cosh(yp − ς)− pT

r
τ̃freeze

cos(φp −φ), (9.56)

compare Eq. (9.48). Conditions (9.54) and (9.55) imply that the freeze-out hyper-
surface element is proportional to four-velocity

d3
Σ = uµ τ̃freeze rdr dς dφ. (9.57)

Within the Cracow model, and with the inclusion of all known hadronic resonances,
it was possible to describe, both, the particle ratios and spectra of particles [37],
within the single framework.

Due to the fast increase of the computer power during the last decade the full
numerical solutions of fluid dynamical evolution equations, including the dissipative
effects became easily achievable. As a result the importance of hydro-inspiredmodels
was largely reduced, making them useful tools for the estimate of flow and thermal
properties at the freeze-out mainly in the analyses of the experimental data; although
see [62].

9.12 Monte-Carlo statistical hadronization

Careful analysis of the experimental data on flow and correlations measured at RHIC
and the LHC energies has shown that the realistic description of the dynamics of
heavy-ion collisions requires, an experimental-wise, event-by-event simulations of
such reactions. Due to event-by-event initial state fluctuations (of different kind),
such a modeling usually involves running fluid dynamical evolution separately for
each event. As a result, in each event the flow patterns at Σ, as well as the shape
of the Σ, does not exhibit any symmetries. Hence, in general, the calculation of
the particle spectra using Cooper-Frye formula, Eq. (9.43), has to be done entirely
numerically. Moreover, precision studies usually require various experimental cuts
and feed-down corrections to be applied to reproduce the data correctly. Thus, it
is crucial to have the access to the full information on phase-space properties of
the produced hadrons 11. In view of these arguments, the development of Monte-
Carlo generators for simulation of physical events became necessary. One of the first

11 The access to the entire phase-space properties of the created particle ensemble is of great
importance (note that the experimental analysis may access only the four-momentum properties of
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numerical open-source codes devoted to this task was THERMINATOR (THERMal
heavy-IoN generATOR) [63] (for its new, extended version – THERMINATOR2 – see
[48] 12).

The THERMINATOR ’s main functionality is to perform hadronization in relativistic
heavy-ion collisions using concepts of the statistical approach and the single-freeze-
out model. In its latest version [48], the code performs event-by-event generation
of an ensemble of particles (an equivalent of the physical event) given any freeze-
out conditions (shape of the hypersurface, flow, and thermodynamic parameters)
typically created in fluid dynamic models using the Cooper-Frye formula (9.43).
Within the code one may choose, either one of the predefined hydro-inspired freeze-
out parameterizations (such as Blast-wave, or Cracow; see Sec. 9.11) or an output
from any realistic fluid dynamical simulations. Since nowadays the fluid dynamical
modeling became the common standard in the field of heavy-ion collisions (at least
with event-averaged initial conditions), in what follows we focus mainly on the latter
case.

In the case of using directly the fluid dynamics simulations, at first the freeze-out
has to be extracted from thefluid evolution,which is out of the scope of THERMINATOR
code. In particular, in the case of perfect fluid dynamics, one has to supply the distance
ρ(ζ, φ, θ), the components of the flow velocity ux(ζ, φ, θ), uy(ζ, φ, θ) and yu(ζ, φ, θ),
temperature T(ζ, φ, θ), and chemical potentials µi(ζ, φ, θ) (although the values of
chemical potentials are usually neglected in the hydrodynamic stage) 13. For the
perfect fluid case, it is assumed that on the hypersurface Σ(x) the system is in local
thermal and chemical equilibrium, which means that the phase-space distributions
of the particles have the forms given by Eq. (9.44) 14.

The THERMINATOR ’s code is written in an object-oriented C++ programing lan-
guage and conforms to the CERN’s ROOT framework standards [64]. Once the proper
input is provided, the generation of hadrons (stable ones and resonances) is done
using straightforward Monte Carlo method according to the Cooper-Frye formula
(9.49). The detailed description of the THERMINATOR ’s theoretical background, code
structure, functionalities, as well as short introduction to its usage may be found in
the original papers [63, 48], and on the project’s website [65]. Herein we will just
briefly review its main aspects.

Each evaluation of the code is performed in two stages. The first (preliminary)
stage, which is performed once per set of parameters, for each particle species, and
whose results are recorded and used for all subsequently generated events, involves:

the particles). As a result, one may, for instance, relate the experimental-wise calculated HBT radii
of the system with its actual space-time size in simulations.
12 The THERMINATOR2 code [48] was also supplemented with another (separate) code,
FEMTO-THERMINATOR , which is provided to carry out the analysis of the pion–pion femtoscopic
correlations.
13 In the case of isothermal freeze-out the temperature T (ζ, φ, θ) = Tfreeze is constant. Chemical
potentials are usually included at the freeze-out, based on the results from the thermal model fits
µi (ζ, φ, θ).
14 In the case of using output from the dissipative fluid dynamics one should correct the distribution
function (9.44) for the non-equilibrium effects as well as supply the THERMINATOR2 code with the
respective dissipative quantities at Σ.
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• Calculation of the global maximum F k
max of the right-hand side of Eq. (9.49).

• Calculation of the average multiplicity N̄k by integrating Eq. (9.49) over the entire
phase-space (i.e. over ζ, φ, θ, pT , φp and yp).

The second (main) stage consists of generation of (primordial) particle ensemble
and performing decays of unstable resonances, which proceeds on event-by-event
basis. In each event:

• It is assumed that the generated ensemble of particles corresponds to the grand
canonical ensemble. Hence, the number Nk of particles of species k in the event
is generated randomly according to the probability expressed by the Poisson
distribution

P(Nk) =

(
N̄k

)Nk

Nk!
exp(−N̄k) (9.58)

For each particle species k number Nk of particles is generated according to
the von-Neumann acceptance/rejection procedure: space-time point (ζ, φ, θ) at
Σ, momentum components of the particle (pT , φp and yp), and a test variable
F k

test in the range 〈0,F k
max〉, are generated randomly. The particle is accepted if

F k
test < F

k(ζ, φ, θ, pT , φp,yp), otherwise it is rejected. The generation of particles
goes over all species (stable ones and resonances), which are listed in the Particle
Data Group [?] tables, and whose properties are known well enough. For that
purpose the SHARE particle database is used [66].

• Once the ensemble of primordial particles is generated the code performs decays
of unstable resonances, which, in general, may proceed in cascades. Each reso-
nance evolves along the classical trajectory starting from its initial position xµorigin
according to its momentum

xµdecay = xµorigin+
pµ

mk
∆τ. (9.59)

and decays after its lifetime ∆τ, which is randomly generated with the probability
density Γk exp(−Γk∆τ), where Γk is the width of the particle of species k. The
particular decay channel is selected randomly with the probability corresponding
to its branching ratio. The decays of sub-threshold type are not allowed. The
decays, which are of two-particle or three-particle type, follow simple kinematic
formulas [63], and are treated on equal footing. All required data on the decays
follows from the SHARE particle decays database [66].

• Once all particles in the event decayed, the calculation is completed.

The exemplar emission points in space-time obtained with the initial tilted source
and THERMINATOR simulations are presented in the Fig. 9.8. In the next Section,
based on the data on the emitted particles, we will calculate some physical observ-
ables.
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Fig. 9.8 Emission points of primordial π+ (left panel), and π+ from decays (right panel) in the
x− y−τ plane in Au-Au collisions at √sNN = 200 GeV and the impact parameter of 7.16 fm.

9.13 Performing analysis with THERMINATOR2

Due to the detailed record on properties of all produced particles, including their
space-time coordinates (xµ, pµ) and their decay chains, the THERMINATOR code
becomes a versatile tool, allowing for calculation of various observables. Having
completed generation of events various experimental observables may be calculated,
either, by using the figure macros supplied with the code, or, by preparing user
macros. In this Section we will present some of its capabilities.

9.13.1 Single-particle spectra

One of the most straightforward observables to calculate is the single-particle spec-
trum of certain particle species k. The most copiously produced ones are the lightest
mesons (pions and kaons) and baryons (protons). They form more than 90% of the
total charged particles. In the Fig. 9.9 we present the transverse-momentum spectra
of π+, K+, and protons (top panel), as well as ρ mesons, K∗0 mesons, φ mesons, Λ0

barions, andΩ− barions (bottom panel) for Au-Au collisions at√sNN = 200 GeV and
the impact parameter of 7.16 fm. All results were obtained using the fluid dynamical
input, obtained with event-averaged “tilted” initial conditions and the freeze-out tem-
peratureTfreeze = 150MeV. The chemical potentials µB = 28.5MeV, µI3 =−0.9MeV,
and µS = 6.9MeV were included at the freeze-out solely. The presentation of results
is limited to the “soft” transverse momenta (pT < 3GeV), where the fluid dynamical
models are expected to be applicable, and the midrapidity region, |yp | < 1. One
observes that slopes of the spectra are species-dependent, which is mainly due to
their different masses. At intermediate momenta the spectra have exponential shapes,
which is characteristic for thermal systems. At low pT various effects play role, see
next section. In the Fig. 9.10 we present the respective pT -integrated pseudorapid-
ity distribution of charged particles, where η = ln [(p+ pz)/(p− pz)]/2. The latter
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Fig. 9.9 Transverse-momentum spectra of π+, K+, and protons (top panel) and ρ mesons, K∗0
mesons, φ mesons, Λ0 barions, and Ω− barions (bottom panel) for Au-Au collisions at √sNN =
200 GeV and the impact parameter of 7.16 fm (protons from the weak decays of Λ’s are excluded).
The statistics of 3000 events was used. The errors are statistical only.

are compared to the contributions from π+, K+, and protons. One observes that,
while the central rapidity region yp ≈ η is approximately boost-invariant, the for-
ward/backward rapidity regions are not. This is a result of using full four-dimensional
fluid dynamical simulations of the emitting source.

9.13.2 Impact of resonance decays

One of the effects which significantly affects shapes of the single-particle spectra are
decays of resonances. Due to available phase space they populate mainly the low-pT
region of the spectra. In the Fig. 9.11 we present the “anatomy” of the transverse-
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Fig. 9.10 Pseudorapidity spectra of π+, K+, and protons shown separately, and summed together
with their antiparticles, as well as of all charged particles, for Au-Au collisions at √sNN = 200 GeV
and the impact parameter of 7.16 fm. The statistics of 3000 events was used. The errors are statistical
only.

momentum spectra of π+. One observes that the low-pT part of the spectrum of
primordial pions (produced directly at the freeze-out hypersurface) and the total
spectrum (including the contribution from all resonance decays) differ significantly.
The primordial pions develop a characteristic knee in the soft region. The decays
of heavy resonances feed up the spectrum in this region, see contribution from
ω decays in the Fig. 9.11. As a result the total shape of pion spectrum takes the
characteristic concave shape. Moreover, the effective slope of the final spectrum
becomes steeper which manifests itself by the lower effective temperature of the
spectrum, see Sec. 9.10.

9.13.3 Experimental feed-down corrections

The experimental proton spectra are usually feed-down corrected for Λ0→ p++ π−

weak decays. Such corrections are straightforward to be included in THERMINATOR
analysis, and they were also applied in Fig. 9.9. In the Fig. 9.12 we present the
comparison of proton spectra with and without applying these corrections. We
observe that the feed-down from weak-decays is at the level of 30%, which is a
significant correction.



9 Monte-Carlo statistical hadronization in relativistic heavy-ion collisions 353

0 0.5 1 1.5 2 2.5 3
 [GeV/c]

T
p

3−10

2−10

1−10

1

10

210

 d
y)

T
 d

p
T

 pπ
dN

/(
2 

 (total)+π
)+ρ and 0ρ (from +π

)ω (from +π
 (primordial)+π

Lhyquid 3+1
      = 0.25 [fm]iτ

     = 150 [MeV]freezeT
    = 28.5 [MeV]

B
µ

    = -0.9 [MeV]
3I

µ
    = 6.9 [MeV]

S
µ
b   = 7.16 [fm]

 = 200 GeVNNs

 anatomy+π

Fig. 9.11 The anatomy of the transverse-momentum spectra of π+ for Au-Au collisions at √sNN =
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contribution from ρ0, ρ+ and ω resonance decays, is presented. The statistics of 3000 events was
used. The errors are statistical only.
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Fig. 9.12 Transverse-momentum spectra of protons, with, and without feed-down correction for
Λ0→ p+ +π− weak decays. The statistics of 3000 events was used. The errors are statistical only.

9.13.4 Ratios of particle yields

As it was discussed in Sec. 9.10 the inclusion of resonance decays was crucial for
the proper description of the ratios of particle yields, giving the chemical freeze-
out temperatures of the order of the critical temperature of the phase-transition in
QCD. Following some recent studies, which focus on reproducing the shapes of the
spectra rather than the yields ratios, the freeze-out temperatures extracted from the
data can be as low as 150 MeV (sometimes even lower). One should expect that,
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Tfreeze [MeV] 130 150 170

K+/π+ 0.199 0.263 0.326

p/π+ 0.033 0.065 0.110

Table 9.1 The K+/π+ and p/π+ total yield ratios calculated at various freeze-out temperatures
Tfreeze ∈ {130, 150, 170}MeV.

in such a case, on should observe a decrease of quality of the fits of the particle
abundances. To see this, in Table 9.1 we present the K+/π+ and p/π+ total yield
ratios calculated at various freeze-out temperatures Tfreeze. One observes that with
reducing the freeze-out temperature the ratios decrease which is consequence of the
fact that heavy particles are most copiously produced at large temperatures. The
decrease is more significant for protons than for kaons. The results suggest that the
fitting of particle spectra should be always accompanied by the fits of particle yields.
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Exercises

Exercise 1: Compiling the code

The therminator package is now available under:

https://github.com/radomirez/53KWS_th2.git

After having downloaded the therminator package, in order to compile the code one
has to install the program ROOT from

https://root.cern

Now one can execute the following steps to compile the code and then proceed to
working out the examples.

• Hit the keyboard shortcut Ctrl + Alt + T to open a new Terminal window.



9 Monte-Carlo statistical hadronization in relativistic heavy-ion collisions 355

• Change the directory to the THERMINATOR 2 main directory and compile the
package typing

make

Attention! The code uses the dynamic exception specification: throw(type). This
was removed from C++ version 17 and higher. Therefore, one has to compile the
code with C++ version 14 and lower (gcc version 4.9 and older).
After a successful compilation, the binary files are present in the main directory.
To inspect the directory content type

ls

• The main code of THERMINATOR 2 [63] is therm2_events, which generates the
events. Single event is an equivalent to the single experimental event (collision)
measured in the detector. The program therm2_events uses configuration file
events.ini and one of the *.ini files from the ./fomodel/ subdirectory. Selection
of certain configuration file from ./fomodel/ subdirectory depends on the choice
of the freeze-out model in the events.ini file (see FreezeOutModel parameter in
the events.ini file and the respective table above it).

Exercise 2: Default run

• In order to perform the default run of the therm2_events program evaluate the
script

./runevents.sh

The run with the default setup corresponds to Au+Au collisions at the RHIC en-
ergy of √sNN = 200 GeV and centrality c = 20−30%. As an input the code uses
the hypersurface extracted from (2+1)D boost-invariant perfect-fluid hydrody-
namics simulation (see FreezeOutModel = Lhyquid2DBI setting in events.ini
file). The hypersurface is contained in the THERMINATOR 2 package in the form
of *.xml file in ./fomodel/lhyquid2dbi/ subdirectory (see FreezeFile =
lhyquid2dbi/RHICAuAu200c2030Ti455ti025Tf145.xml setting in the file
lhyquid2dbi.ini). It is part of a set of exemplar hypersurfaces in the subdirectory
./fomodel/lhyquid2dbi/ .
The code evaluation starts (1 stage) with calculation of the average multiplicity
andmaximal value of the integrand of Cooper-Frye integral [63] of primordial
particles corresponding to a selected freeze-out model and parameters (this is
done for each of ∼ 400 hadronic states). Subsequently the code proceeds with
generating events (2 stage). On the Intel Core i7-4930MX CPU@ 3.00GHz the
run takes 20 min (1 stage) + 0.5 min (2 stage).

• The output of the run is stored in the
./events/lhyquid2dbi-RHICAuAu200c2030Ti455ti025Tf145/
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subdirectory and contains:

– a sequence of eventNNN.root ROOT files (containing information on all gen-
erated events; single eventNNN.root file may contain up to 500 events; the
number identifier NNN equals 000 if no event files are present in the directory,
whereas it is one unit larger from identifier of the file with highest identifier if
there are any files already present)

– text file fmultiplicity_*.txt (that stores maximal values of the integrand and the
primordial particle multiplicities)

– *.ini files (containing the configuration used for the run – just for the record)

By default, 100 events are generated (see NumberOfEvents = 100 setting in
events.ini file).

Exercise 3: Performing the analysis

• Once the output of the run is stored in event*.root files one can use the ROOT
interface to perform the physical analysis. This is done through the ROOTmacros
which are prepared in C programming language and use ROOT libraries. A set of
exemplar ROOT macros is provided with the THERMINATOR 2 code and may be
found in the ./macro/ subdirectory.

• For instance, to generate the figure showing the pT spectra of π+, K+, and p
produced at midrapidity one may use figure_distpt.Cmacro. For this purpose one
has to issue the command

root -x ’./macro/figure_distpt.C("./events/
lhyquid2dbi-RHICAuAu200c2030Ti455ti025Tf145/",1)’
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Fig. 9.13 Transverse-momentum spectra of π+, K+, and p for Au+Au collisions at √sNN =

200 GeV and the centrality class 20-30% for 100 events (protons fromΛweak decays are excluded).

The single and double quotation marks are necessary to pass the parame-
ters to the macro. One of the parameters is a string of characters defin-
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ing the path to the event*.root files, the other one is integer number (equal
1 in this case), which denotes the number of event*.root files which one
wants to use for the analysis (plotting). The macro creates two files in the
./events/lhyquid2dbi-RHICAuAu200c2030Ti455ti025Tf145/ subdirec-
tory: fig_distpt.eps and
fig_distpt.xml. The first one is the EPS graphics file, the second one contains the
data from the histogram in a form of the XML file.

• The resulting plot should be similar to Fig.9.13.
• To exit ROOT interface issue the command

.q

Exercise 4: Improving statistics

• To increase the statistics (number of events) to 1000 in total one should edit the
configuration file events.ini in the main directory

gedit events.ini

set the parameter NumberOfEvents = 900, save the events.ini file hitting Ctr+S,
and repeat the command

./runevents.sh

This time the code skips 1 stage and starts immediately with the generation of
events using the data stored in fmultiplicity_*.txt file. The code will generate
additional event*.root files in the previously created output directory (two files
with 500 and 400 events, respectively).

• Repeating the generation of the figure with the pT spectra with all 3 event*.root
files

root -x ’./macro/figure_distpt.C("./events/
lhyquid2dbi-RHICAuAu200c2030Ti455ti025Tf145/",3)’

will improve the plot, see Fig.9.14, and compare with Fig.9.13.

Exercise 5: Studying the impact of resonance decays

• The key ingredient in the thermal model [?, 36, 52] approach are the hadronic
resonances, which must be included in a complete way, together with their de-
cay channels and branching ratios. For that purpose THERMINATOR 2 uses the
universal input files with the information from the Particle Data Tables [?].
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Fig. 9.14 Transverse-momentum spectra of π+, K+, and p for Au+Au collisions at √sNN =

200 GeV and the centrality class 20-30% for 1000 events (protons from Λ weak decays are
excluded).

• Apart from the generation of primordial hadrons (directly at the freeze-out hyper-
surface), for the unstable resonances the THERMINATOR 2 program also performs
their free streaming (according to the momenta assigned to them)

xµdecay = xµorigin+
pµ

M
∆τ

and takes care of their decays (which may proceed in cascades) until all unstable
particles decay. The lifetime ∆τ of the decaying particle of mass M , mowing with
the four-momentum pµ, is generated randomly according to the exponential decay
law, exp(−Γ∆τ). The stable particles coming from decays are feeding the spectra
of primordial ones giving effective result of cooler (steeper) total spectrum. This
effect may be clearly seen by creating the following plot

root -x ’./macro/figure_distpt_pion.C("./events/
lhyquid2dbi-RHICAuAu200c2030Ti455ti025Tf145/",3)’
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which presents contributions of pions coming from various decays to the total
pion spectrum, see Fig.9.15. One can see that primordial pions form only ∼ 1/3
of the total measured pions.

Exercise 6: Applying the experimental feed-down corrections

• The experimental proton spectra are usually feed-down corrected for Λ0→ p++
π−weak decays, see Fig.5 from [?]. Such correctionswere also applied in Fig.9.14.
Exercise: Create a new macro by copying the file figure_distpt.C used previously

cp macro/figure_distpt.C macro/figure_distpt_feed.C

and edit it

gedit macro/figure_distpt_feed.C

to prepare the plot of the comparison of the pT spectrum of protons with and
without the feed-down correction for Λ0.
Prerequisites: For each particle stored in the event*.root files the particle PDG
(Particle Data Group) number of its parent particle is stored in the fatherpid
property and the particle PDG number of the particle itself is stored in pid
variable respectively. The particle PDG numbers of all particles may be found in
particles.data file in the ./share/ subdirectory in the last (MC) column. In this
respect THERMINATOR 2 uses the same input files as the SHARE package [66].
The particle PDG number forΛ0 is 3122 and its name is Lm1115zer (see the first
column of the same file). The particle PDG number for p is 2212 and its name is
pr0938plu.
The result should look similar to Fig.9.16.
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Exercise 7: Calculating particle yields

• Sometimes it is useful and easier to parametrize the freeze-out (shape of the hy-
persurface and the flow profile on it) generated in relativistic heavy-ion collisions
instead of performing complicated hydrodynamic evolution of the QCDmedium.
Approaches based on such parametrizations are often called hydro-inspired
models due to the hints coming from realistic hydrodynamic simulations which
are often used to formulate them. It was shown that one of such models, the
so called Cracow single freeze-out model [36], describes both the spectra and
particle ratios reasonably well. We may use it also within THERMINATOR 2 to
study the impact of the change of the freeze-out temperature.

• In order to perform the run using the Cracow model first one has to use
FreezeOutModel = KrakowSFO setting in the events.ini file. Moreover we
will use NumberOfEvents = 1000. Subsequently, following the table in the
events.ini file, we need to modify the krakow.ini file in the ./fomodel/ subdi-
rectory accordingly: TauC = 9.74 and RhoMax = 7.74 to set the shape of the
hypersurface. The latter values were extracted from the central (0-5% centrality)
RHIC top energy data on particle ratios and spectra [54]. In the latter analysis
also the default values of chemical potentials MuB = 28.5, MuI = -0.9, MuS
= 6.9, MuC = 0.0 and freeze-out temperature Temperature = 165.6 were
extracted. Finally we need to set EventSubDir = krakow/highT/ to set the
separate output storage, and run the code. On the Intel Core i7-4930MX CPU @
3.00GHz the run takes 12 min (1 stage) + 6.5 min (2 stage).
Once the run is finished we shall evaluate the macro figure_distpt_bar.C

root -x ’./macro/figure_distpt_bar.C("./events/
lhyquid2dbi-RHICAuAu200c2030Ti455ti025Tf145/",3)’

The output of the macro returns the pT spectra of π−, K−, and p̄. The
fig_distpt_bar.xml file contains the respective data from the histogram used for
plotting. The latter file may be used directly to calculate the ratios of particle mul-
tiplicities. For instance, one may calculate them by reading off the total number
of pions from the
<PARTICLE entries="243989">#pi^{-} (total)</PARTICLE>
markup of the fig_distpt_bar.xml file and dividing by the total number of events
<EVENTS>1000</EVENTS>. Repeating the procedure for K−, and p̄ one may
subsequently generate the ratios p̄/π− and K−/π− and compare it with STAR
experiment [67]. The results should be similar to the ones obtained in Ref.[54].
The exact numbers should be approximately p̄/π− = 0.058 and K−/π− = 0.152
(compare to experimental results in Table 1 from [54]).
Exercise: Following some recent studies [44] the freeze-out temperatures ex-
tracted from the data can be as low as 150 MeV. One may repeat the Exercise
9.13.4 with the only change in the Temperature = 150 setting in krakow.ini file
and in the EventSubDir = krakow/lowT/ parameter to avoid loosing previous
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results. One may check whether ratios p̄/π− and K−/π− are in agreement with
the data at such low temperatures.

Exercise 8: Including heavy states

• In its default configuration THERMINATOR 2 uses the SHARE tables which include
all the **** and *** resonances listed in Particle Data Tables up to 2.6 GeV. In the
heavy-ion collisions pions, kaons and protons formmost of themeasured particles,
thus reproducing their spectra is crucial. The heavy resonances populate strongly
the spectra of light particles, however their production is suppressed due to their
large masses.
Exercise: By commenting out lines (or blocks of lines) in the particles.data file
in the ./share/ subdirectory with the # sign and subsequently running the code
figure out a mass cut which minimizes the number of resonances required for
the simulations and at the same time provides reasonable description of the pion,
kaon and proton spectra. Assume that the full resonance table provides the exact
result.
Prerequisites: To comment out the block of lines in the particles.data file using
gedit editor, mark the block of lines and hit the Ctrl+M shortcut. The opposite
result may be obtained using Ctrl+Shift+M shortcut. To compare the resulting
spectra for any two cases (runs) evaluate the command

root -x ’./macro/figure_distpt_compare.C("./events/krakow/
highT-2GeVcut/","./events/krakow/highT/",4,4)’

where ./events/krakow/highT-2GeVcut/ and ./events/krakow/highT/
denote the directories of the two sets of data and the last two arguments denote
numbers of events*.root files used for the plotting in the two cases.
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