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The precise measurements of the high masses of the pulsars PSR J1614� 2230 (M1614 ¼ 1:97�
0:04M�) and PSR J0348� 0432 (M0348 ¼ 2:01� 0:04M�) provide an important constraint for the

equation of state of cold, dense matter and are suited to give interesting insights regarding the nature

and existence of the possible phase transition to deconfined quark matter in the cores of neutron stars. We

analyze the stability and composition of compact star sequences for a class of hybrid nuclear–quark-

matter equations of state. The quark matter phase is described in the framework of a standard color

superconducting 3-flavor Nambu–Jona-Lasinio model, and the hadronic phase is given by the Dirac–

Brueckner–Hartree–Fock equation of state for the Bonn-A potential. The phase transition is obtained by a

Maxwell construction. Within this model setup, we aim to constrain otherwise not strictly fixed

parameters of the Nambu–Jona-Lasinio model, namely, the coupling strengths in the vector meson and

diquark interaction channels. We perform this investigation for two different parametrizations charac-

terized by a different scalar coupling constant. The analysis of flow data obtained in heavy-ion collisions

resulted in a further constraint that we account for in our discussion. Massive hybrid stars with extended

quark matter cores can be obtained in accordance with all of the considered constraints.
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I. INTRODUCTION

Neutron stars (NS) are considered to be cosmic labora-
tories for dense matter [1,2]. Of particular interest is the
fact that the region of high densities and very low tempera-
tures where NS are located in the QCD phase diagram is
not accessible for terrestrial experiments or lattice simula-
tions of QCD. The physics of NS is studied intensively in
order to derive constraints for theories of high-density
physics aiming to complement the insights obtained from
heavy-ion collisions. In the effort to understand the com-
plex physics of neutron stars, a large variety of observables
that provide valuable constraints on the equation of state
(EoS) has been studied. For recent reviews, see, e.g.,
Refs. [2–6]. A crucial observable in this investigation is
the maximum attainable mass of a NS, which is directly
connected to the EoS. The precise knowledge of the high-
est NS mass puts significant constraints on the stiffness of
the EoS and can rule out entire classes of EoS models [7].
More advanced approaches aim to process simultaneously
spectra, luminosities, and distances of as many NS as
possible in order to extract masses and radii simulta-
neously. These information can be further evaluated to
determine a most probable underlying EoS within a
Bayesian framework [8,9]. While this method promises a
detailed reconstruction of the EoS, it relies on the

availability of high quality, indisputable data suitable for
the extraction of mass and radius constraints. Efforts are
being made in the astronomers community to achieve this
goal [10].
The recent measurement of two massive neutron stars

with M1614 ¼ 1:97� 0:04M� (for PSR J1614� 2230
[11]) and M0348 ¼ 2:01� 0:04M� (for PSR J0348�
0432 [12]) revived the discussion about possible implica-
tions of a NS with about two solar masses for the equation
of state of cold and dense matter [7,13]. These well-
measured masses greatly exceed the previously highest
well-known NS mass of 1:667� 0:021M� for PSR
J1903þ 0327 [14,15]. Because of the narrow error bands
already, this object provided a strong constraint on the
stiffness of the equation of state. For example, it was
suggested that this measurement puts a considerable strain
on the possibility of the existence of quark matter in the
cores of dense stellar objects [7]. A discussion similar to
today’s regarding PSR J1614� 2230 followed when a
pulsar mass of about 2M� was reported for J0751þ
1807 [16]; see Ref. [17] and references therein. Although
this value had to be corrected afterward, all conclusions
drawn from the mere fact that such heavy NS exist still
stand. Contrary to other claims (e.g., Ref. [18]), we em-
phasize that observations of NS with masses of 2M� and
beyond do not exclude the existence of hybrid NS with a
quark matter core [19]. Partially, we use the present work
to reemphasize this known fact within the framework of a
Nambu–Jona-Lasinio (NJL) model in a similar but more
detailed analysis than we performed in previous work [17].
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The appearance of new degrees of freedom, the most
prominent being hyperons and quarks, entails a softening
of the EoS and in general reduces the maximum NS mass
in comparison to the underlying pure nuclear matter EoS.
This softening, however, is not necessarily strong enough
to conclude that NS masses as high as 2M� preclude the
existence of exotic matter in the NS core. This has been
confirmed in a number of studies concerning both the
occurrence of hyperons (see, e.g., Refs. [20–24]) and the
transition to quark matter described within various differ-
ent model approaches, e.g., Refs. [25–34]. The discussion
of the limits on the stiffness of the high-density EoS is also
performed in the context of heavy-ion collision experi-
ments, which provide further constraints on the EoS
stiffness; see Refs. [34,35].

In the present paper, we systematically scan a part of
the NJL model parameter space in order to locate those
parameter regions that result in quark matter (QM) cores
for massive NS. We fully scan the region of vector and
diquark couplings, which result in stable NS configurations
with QM cores. Additionally, we apply two different pa-
rametrizations regarding the scalar coupling, which both
reproduce the pion and kaon mass as well as the pion decay
constant and light quark mass in vacuum. The differences
between them result from slightly different choices for the
scalar coupling constant that are compensated for by a
different three-momentum cutoff �. Details concerning
the parametrization scheme are found in Ref. [36].
Additionally, we investigate how these hybrid EoS, which
we find to favor massive NS with a QM core, agree with the
flow constraint [37].

In order to keep this study sufficiently transparent, we
have chosen to vary the free parameters of the EoS model
only in the quark sector and to apply the ab initio Dirac–
Brueckner–Hartree–Fock (DBHF) EoS using the Bonn-
A nucleon-nucleon potential [38] as the only nuclear
matter EoS we investigate. The latter well describes the
saturation properties of symmetric nuclear matter, provides
a sufficiently high maximum NS mass of 2:4M�, and is in
agreement with the flow constraint up to 3.5 times satura-
tion density [39]. The phase transition between nuclear
and quark matter is modelled in terms of a Maxwell
construction.

This work is structured in the following way. Section II
discusses the NJLmodel and a variety of coupling channels
one could account for. While we do not consider all of
these channels, we find it instructive to discuss the variety
NJL-type models offer. Later in the section, we focus on
the model as it is used for this study, namely, accounting
for the scalar-, vector-, and diquark-interaction channels in
the mean-field approximation. In Sec. III, we discuss the
obtained compact star sequences and the agreement of the
corresponding EoS parametrizations with flow data in
symmetric matter. Section IV discusses our conclusions
of this study.

II. DENSE HYBRID STAR MATTER

A. NJL-type quark matter models

The NJL model was originally introduced by Nambu
and Jona-Lasinio as a field theoretical model to understand
the origin of the mass of nucleons as a self-energy in a
theory with four-fermion interactions in analogy to the
occurrence of an energy gap in the theory of superconduc-
tivity [40]. Nowadays this model is widely appreciated as a
useful tool to model the thermodynamics of deconfined
quark matter; see Ref. [41] for a comprehensive review
with particular emphasis on the high-density aspects.
Several reasons contribute to this fact. First, it describes
already in a very simplified form, which takes only the
attractive scalar interaction term into account, one of the
most prominent key features of QCD, the dynamical break-
ing of chiral symmetry. This is a clear distinction to the
thermodynamic bag model, which still is widely applied as
it is easy to use for explorative purposes. A further advan-
tage of NJL-type models is the availability of a wide
number of different interaction channels that would result,
e.g., from a global color model of QCD [42] after Fierz
rearrangement of the current-current–type interaction
[43,44]. Even though we strongly benefit from the NJL
model’s ‘‘simplicity,’’ we point out that it cannot be
claimed to be equivalent to QCD. It reproduces some of
the symmetries of the full theory, but not all. Among the
missing features, we mention the local color gauge sym-
metry. Further, interactions are considered on the level of
one-gluon exchange. Hence, higher-order nonperturbative
self-interactions are ignored [45].
In this section, we discuss the choices we made for the

interaction part to define what we consider as a standard
NJL model for applications to compact star physics. We
also discuss aspects of NJL-type models, which we denote
as extensions to the standard NJL model.
Of importance in the low-temperature domain at high

densities is the formation of diquark condensates signalling
color superconducting properties of the system. Solutions
of the self-consistent mean-field equations for the quark
masses and diquark gaps within the three-flavor NJL model
were first presented in Refs. [46–48]. Shortly after, the
previously neglected vector channel interaction was in-
cluded [17]. This resulted in stiff QM EoS, which describe
hybrid NS with QM cores in full agreement with the
observation of even the most massive NS—given the nu-
clear matter EoS is sufficiently stiff [17].
The NJL Lagrangian for a quark matter model can be

obtained from a global color model of QCD, which as-
cribes all nonperturbative low-energy QCD aspects to the
coupling of quark currents via a model gluon propagator,
which in the limit of heavy gluon exchange reduces to a
local coupling. Technically, this is followed by a Fierz
transformation that results in a number of different
interaction channels. The Fierz transformation gives an
explicit ratio between the coupling constants of the
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different channels, which, if applied strictly, usually do not
result in the very best results when it comes to describing
NS observables. As it shows, already rather small varia-
tions of the couplings do significantly change the outcome
of these kinds of studies. Performing these variations
seems completely legitimate to us, considering the previ-
ously stated fact that an NJL model, due to the underlying
simplifications, can at best be understood as an effective
model, which consequently should be interpreted flexibly
enough to describe reality if adjusted properly. The inter-
play of all possible interaction channels so far has never
been fully studied. We conclude at the current stage of
research that one should systematically investigate the
influence of every single one. Further terms, which do
not directly follow from the sketched approach but can
result from the full theory, as, for instance, the Polyakov-
loop term describing the gluon sector, should be carefully
added.

As a standard NJL-type model Lagrangian for dense
quark matter studies, we define

L ¼ L0 þLS þLPS þLV þLAV þLD: (1)

The first term in the Lagrangian is the kinetic term for free
Dirac quarks,

L0 ¼ �qð�i��@� þ m̂þ �0�̂Þq; (2)

where m̂ ¼ diagfðmu;md;msÞ is the current quark mass

matrix, and �̂ ¼ diagfð�u;�d;�sÞ is the corresponding

matrix for the quark chemical potentials. Instead of ac-
counting explicitly for the minimal coupling to the non-
Abelian, self-interacting gluon fields prominent in the
original QCD Lagrangian, we understand here that the
gluon degrees of freedom are ‘‘integrated out,’’ leaving
instead an interaction Lagrangian consisting of combina-
tions of quark bilinears with nonperturbatively strong cou-
plings. The standard choice for these current-current
interaction terms is guided by the observed meson spec-
trum and by chiral symmetry. The most important of these
are the scalar and pseudoscalar interaction channels,

LS ¼ GS

X8
a¼0

ð �q�aqÞ2; (3)

LPS ¼ GPS

X8
a¼0

ð �q�5�aqÞ2; (4)

with the Gell-Mann matrices �a acting in flavor space,
giving access to the key feature for which NJL-type models
are widely used, viz., the dynamical breaking of chiral
symmetry. The pseudoscalar channel does not contribute
to the thermodynamical potential in the mean-field ap-
proximation, but as it is formally necessary in order to
keep the Lagrangian chirally invariant, we consider it
being part of the model. Consequently, as soon as local
variations of the scalar contributions are investigated, both

terms should be taken into account. Chiral symmetry then
requires GPS ¼ GS.
The next two terms describe the vector and pseudovector

interaction, again of current-current type. As discussed
earlier, they are extremely important if one investigates
the question of whether QM occurs in the interior of NS. It
has often been claimed that the existence of massive NS
implies a negative answer. This statement, although wide-
spread and often met, is nevertheless wrong. The reason for
this wrong conclusion is usually found in a particular
choice for the model that is supposed to describe QM at
finite densities. This manifests in an insufficient stiffness of
the EoS even though there is no theoretical reason for such
a limitation. In our model, a stiffening is described by the
repulsive vector (and pseudovector) interaction channel,

LV ¼ GVð �qi��qÞ2; (5)

LAV ¼ GAVð �qi�5�0qÞ2: (6)

Note that these terms naturally appear after Fierz trans-
formation of the local heavy gluon exchange interaction
model, which would then fix also the coupling strengths
relative to the scalar channel as GV ¼ GAV ¼ 1

2GS (see,

e.g., Appendix A of Ref. [41]). As for the pseudoscalar
interaction, the term related to the axial-vector coupling
vanishes in the mean-field approximation but is required to
keep the Lagrangian chirally symmetric. In this sense, we
consider it to be part of the standard NJL model without
impact on the mean-field thermodynamics.
The last term we consider accounts for scalar diquark

correlations,

LD ¼ GD

X
a;b¼2;5;7

ð �qi�5�a�bC �qTÞðqTCi�5�a�aqÞ; (7)

where �a are again the Gell-Mann matrices in flavor space,
but we also introduce their counterparts �a acting in the
color space. The matrixC is the charge conjugation matrix,
andGD is yet another coupling constant introduced into the
model. Note that this term involves an interaction vertex of
the ðqqÞ2 type and that it is antisymmetric with respect to
quark exchange, thus fulfilling the requirement of the Pauli
principle for the diquark correlation. As for the vector
coupling channel, the diquark interaction channels can be
obtained via Fierz transformation of the heavy gluon ex-
change model [41], which results in GD ¼ 0:75GS . The
scalar diquark interaction (7) is attractive and can therefore
lead to diquark condensation at low temperatures and high
densities, according to the Cooper theorem [49]. As op-
posed to early works on diquark condensates and resulting
color superconductivity, which were based on perturbative
one-gluon exchange [50], the renaissance of color super-
conductivity started in 1997 was based on nonperturbative
interaction models like the NJL one above (see, e.g.,
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Refs. [51–53]) and gave large diquark pairing gaps of the
order of the fermion mass. Therefore, the scalar diquark
channel (7) gives important contributions to the thermody-
namics of cold, dense quark matter and cannot be omitted
in effective models of compact star matter. These terms
describe the standard NJL model as we use it for the
present study.

However, several extensions are possible. We want to
name a few of them that we consider important. The first
comes from the so-called Kobayashi–Maskawa–’t Hooft
(KMT) interaction [54,55],

LK ¼ �K½det
f
ð �qð1þ �5ÞqÞ þ det

f
ð �qð1� �5ÞqÞ�; (8)

where the determinants are taken in flavor space. This
determinant interaction is based on the single instanton
solution and gives access to the UAð1Þ anomaly and the
resulting �� �0 mass splitting. However, there exist dif-
ferent sources for this symmetry breaking [56], which
relate this aspect of low-energy QCD to nonperturbative
field configurations in the gluon sector, which (unlike the
instantons) are also related to confinement such as center
vortices or a squeezed gluon condensate [57,58]. To date, it
is not clear which effects on the mean field thermodynam-
ics of quark matter such alternative realizations of the
UAð1Þ anomaly would have, if any. We consider any mod-
eling of the UAð1Þ symmetry breaking such as the KMT
interaction (and its Fierz transformed interaction [59–61],
which involves the coupling of chiral and diquark conden-
sates) as part of an extension beyond the standard NJL-type
model introduced above. Second, we mention the Polyakov

loop potential Uð�; ��Þ, which is often added to NJL-type
model Lagrangians in order to account for the existence of
gluons, and the phenomenon of (de)confinement. In the

Polyakov gauge (A4 ¼ �3�3 þ�8�8), the fields � and ��
can be expressed as

� ¼ 1

Nc

Trc

�
exp

�
i
Z �

0
d�A4ð�Þ

��
: (9)

The form of the potential Uð�; ��Þ in the presence of
quarks, in particular, at finite densities, is not uniquely
determined. Several potential Ansätze have been proposed
in the literature [62,63], in which the temperature depen-
dence of its coefficients has been determined by pure gauge
lattice QCD. A possible extension to finite chemical po-
tentials has been proposed based on dimensionally consis-
tent combinations of powers in terms of temperature and
chemical potential [64,65].

A third extension could be implemented by a residual
bag pressure, which may even be chemical potential de-
pendent to account for possible medium dependences of
the gluon sector, as from a ‘‘melting’’ of the gluon con-
densate. For recent models including a bag function along

with a color superconducting NJL model of quark matter,
see, e.g., Refs. [33,65–67].
Finally, we mention so-called crystalline (color-)

superconducting phases, also known as Larkin–
Ovchinnikov–Fulde–Ferrell (LOFF) phases because of
their similarity to condensed matter superconductors with
magnetic impurities [68,69]; see Ref. [70] for a recent
review. Initial investigations of LOFF phases [71,72] were
performedwith fixed quarkmasses and thus ignored the fact
that a simultaneous self-consistent solution of light and
strange quark mass gap equations together with the pairing
gap equations is essential for the phase structure itself. This
was corrected later [73], and it was revealed that two-flavor
color-superconducting LOFF phases can be energetically
favored in compact stars and form stable hybrid star
configurations with masses above 2M� [74,75]. The crys-
tallinity of the color superconducting phase may not essen-
tially affect the question for the maximum mass of hybrid
stars but can affect their cooling behavior and therefore our
understanding of NS phenomenology [76].
Let us now turn to the thermodynamical potential of the

standard NJL model for QM under NS constraints in the
mean-field approximation [17,46],

�ðT;�Þ ¼ �2
u þ�2

d þ�2
s

8GS

�!2
u þ!2

d þ!2
s

8GV

þ �2
ud þ �2

us þ�2
ds

4GD

�
Z d3p

ð2�Þ3
X18
n¼1

½En þ 2T ln ð1þ e�En=TÞ�

þ�l ��0: (10)

With �l, we added the lepton contributions (electrons and
muons); �0 guarantees zero pressure in the vacuum. The
extrema with respect to a variation of the meson and
diquark mean fields �f, !f, and �fk then define the gap

equations

@�

@�f
¼ @�

@!f

¼ @�

@�fk

¼ 0; (11)

and their solutions determine thermodynamically stable
equilibrium solutions.

B. Model parameters

As in-medium properties of quark matter are barely
known, an appropriate strategy to adjust free model pa-
rameters is to describe well-known vacuum properties of
mesons (in general, hadrons). In our model, this is possible
for the scalar coupling strength GS and the momentum
cutoff �, which is necessary to regularize the divergent
one-loop integrals. More parameters that enter the model
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are the current quark masses mu, md, and ms. For simplic-
ity, we set mu ¼ md. In the chiral limit, for vanishing
current quark masses, the pion and the kaon are true
massless Goldstone bosons of the broken chiral symmetry.
The two parametersGS and� are then adjusted by the pion
decay constant f� ¼ 93 MeV and, e.g., the chiral conden-
sate h �uui ¼ �ð240 MeVÞ3. The light and strange current
quark masses are then fixed by the pion and kaon masses,
respectively. The details of this parametrization procedure
and a number of representative parametrizations including
the two sets used in the present work are found in
Refs. [36,77]. The fitting procedure is not without ambi-
guities regarding the relation between scalar coupling,
light quark masses, remaining parameters, and the hadron
properties to which the model is adjusted. In other words, it
is possible to describe this set of values with different
values of the scalar coupling. Even though this does not
give us arbitrary freedom to choose a scalar coupling,
slight variations are possible.

The values of the vector coupling strength GV and the
diquark coupling strength GD can be constrained by the
values they attain if all interaction channels originated
from the Fierz rearrangement of a heavy gluon exchange
model. This defines their ratios to the scalar coupling
strength �V ¼ GV=GS and �D ¼ GD=GS to be �Fierz

V ¼
0:5 and �Fierz

D ¼ 0:75, respectively. These values actually

result in a fair description of vector meson and nucleon
masses (see, e.g., Ref. [44]). In this sense, both values can
be obtained from vacuum properties.

We take a slightly different perspective, based on the
idea that both vector meson and diquark interaction chan-
nels are particularly susceptible to density effects and thus
become strongly renormalized under dense matter condi-
tions, which we apply for this model. This situation is well
known from the Walecka model for nuclear matter, in
which the scalar and vector meson couplings are adjusted
to the phenomenological saturation properties of nuclear
matter rather than reflecting first principles.

Therefore, we use the above NJL model as an effective
model with �V and �D being free parameters. A similar
study we performed in Ref. [26], in which we found hybrid
EoS for a variety of �V and �D, which would predict NS
with a QM core.

In this study, we extend this scan in order to explore the
impact of the previously mentioned ambiguity regarding
the precise choice of the scalar coupling GS. For this
purpose, we chose two parametrizations from Ref. [36],
which both describe the same vacuum properties but differ
by about 15% with respect to the scalar coupling. The
resulting parametrizations are shown in Table I. Both sets
have been used before, set A to obtain the results of
Ref. [78] and set B, for example, in Ref. [17]. Note that
the constituent quark mass of set B is close to the nucleon
mass divided by 3 and therefore close to what we would
consider a reasonable lower limit.

C. Quark-hadron phase transition

The NJL model as we use it describes the thermody-
namics of deconfined quark fields and does not account for
the formation of hadrons due to confinement. A simple and
feasible way to describe the transition from nuclear to
quark matter is to take advantage of an independently
calculated equation of state of nuclear matter. With this
input, the phase transition between the two phases is con-
structed based on the standard Gibbs rules of phase equi-
librium. The nature of the QCD phase transition is not
clear; there are ongoing discussions whether it is first order,
permits the formation of regions with mixed phases of
hadrons and quarks and even pastalike phases, or even a
crossover transition with no critical endpoint in the QCD
phase diagram at all. Here, we assume a first-order phase
transition, modelled by a Maxwell construction. For details
and the specifics of this construction under the constraints
of � equilibrium as well as electric and color charge
neutrality in the presence of diquark condensates, see,
e.g., Refs. [79–81].
For our analysis, we apply the nuclear Dirac–

Brueckner–Hartree–Fock (DBHF) EoS, which has proven
to perform reasonably well for describing nuclear matter
saturation properties and kaon data [38] as well as NS
properties [39], even though it tends to behave too stiffly
above densities of about 3.5 times saturation density. On
the other side, this stiffness occurs in a region in which QM
degrees of freedom are not unlikely to be the only ones that
are relevant. Among other reasons, we prefer the DBHF
EoS because it is based on a relativistic and microscopical
description of many-particle interactions. It starts from a
given free nucleon-nucleon interaction (the relativistic
Bonn-A potential) fitted to nucleon-nucleon scattering
data and deuteron properties. In ab initio calculations
based on many-body techniques, one then derives the
nuclear energy functional from first principles, i.e., treating
short-range and many-body correlations explicitly. In the
relativistic DBHF approach, the nucleon inside the me-
dium is dressed by the self-energy based on a T matrix. The
in-medium T matrix as obtained from the Bethe-Salpeter
equation plays the role of an effective two-body interac-
tion, which contains all short-range and many-body corre-
lations in the ladder approximation. As we have shown in
the context of hybrid EoS, the rather stiff behavior at high
densities is not necessarily relevant if the phase transition
to QM occurs at low enough densities of about three to four
times saturation density [17].

TABLE I. NJL model parametrization used in the present
study, taken from Ref. [36]. Mu ¼ mu þ�u is the constituent
light quark mass in vacuum.

GS�
2 � [MeV] mu [MeV] ms [MeV] Mu [MeV]

Set A 2.319 602.30 5.500 112.00 367.5

Set B 2.176 629.54 5.277 135.88 330.0
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III. RESULTS

For both sets, A and B, with different parametrizations
regarding the scalar coupling strengths GS, we calculated
the full QM EoS for eight values of the effective vector
coupling �V between 0 and 0.7 in steps of 0.1. For the
effective diquark coupling, we chose a step width of 0.02 in
the interval [0.8, 0.94] and 0.01 in the interval [0.94, 1.15]
equal to 29 different values. These choices provided a
sufficient coverage of the range of parameters, which can
result in stable hybrid star configurations. Additionally, we
performed the same amount of calculations for symmetric
matter. This gives a total of 928 different QM EoS we
computed, each of which required about 2 h of computing
time on a 2.7 GHz quad-core Opteron(tm) processor, of
which we had ten available.

With the resulting hybrid EoS, we solved the Tolman-
Oppenheimer-Volkoff equations and obtained mass-radius
(M-R) and mass-central density relations for spherically
symmetric compact stars. The computational effort for this
part has been negligible despite the very large number of
calculated neutron stars.

In the following, we explore the relation between the
free parameters (�D, �V , and the scalar coupling strength
GS) of the introduced NJL model EoS and the resulting NS
characteristics (maximum NS masses, critical NS masses
for the phase transition, and the corresponding M-R rela-
tions). We will highlight the parameter regions in which
agreement with the observations of 2M� pulsars and flow
measurements in heavy ion collisions (HIC) could been
obtained.

A. Analysis of the 2M� constraint

To illustrate the general influence of the coupling con-
stants �D and �V , we will first vary only one of them and
keep the other constant. We start with the diquark coupling
at a constant value of �D ¼ 1:0 and vary the vector cou-
pling �V . As it is expected from a repulsive interaction
channel, increasing �V increases the stiffness of the QM
EoS. As a consequence, a higher value of �V leads to
higher densities for the onset of the phase transition and
simultaneously to higher maximum NS masses. The same
general behavior holds for both sets, A and B, as we
illustrate in Figs. 1 and 2. Note that, despite this general
stiffening of the EoS with increasing vector coupling, the
transition densities for the same sets of values ð�D;�VÞ
differ between both sets. This difference is most pro-
nounced at small values of �D, for which set A shows an
onset of QM at higher densities than set B.

Next, we perform a variation of �D at a fixed value of
�V ¼ 0:3. Again, sets A and B have the same systematic
behavior with only quantitative differences, as shown in
Figs. 3 and 4. Increasing the coupling strength in the
diquark interaction channel lowers the critical density,
and, at the same, time the maximum attainable mass is
lowered due to the resulting softening of the EoS.

Comparing sets A and B at the same values of parame-
ters �D and �V shows that a lower constituent quark mass
(set B) results in an earlier transition to QM. We point out
that, because both �D and �V are defined as the ratio of the
corresponding coupling strengths to the scalar coupling
strength GS, we explicitly do not compare equal coupling
strengths in the coupling channels.
In Figs. 5 and 6, we present M-R curves for parameter

sets chosen such that the maximum obtained mass is
1:97M�, corresponding to the mass expectation value of
PSR J1614� 2230 [11] and to the lower limit of the 1	
band of the mass measurement for PSR J0348þ 0432 [12].
One clearly observes the general tendency that, when

increasing the vector coupling, one would have to increase
also the diquark coupling in order to keep the maximum
NS mass at a constant value. This represents the earlier
stated fact that �V stiffens and �D softens the EoS.
Therefore, we find that the constraint of a given NS mass
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is fulfilled for monotonously rising functions in the
�D � �V parameter plane.

We note that, for any hybrid EoS that reproduces the
maximum mass of PSR J1614� 2230, the radius of the
most massive configuration does not depend significantly
on the chosen parameters and is around 12 km.

The discussed results are summarized in Figs. 7 and 8
for set A and set B, respectively. The red band covers all
possible parametrizations that result in a maximum mass
equal to the mass of PSR J1614� 2230, while the blue
band corresponds to the mass of PSR J0438þ 0432.
Nonsolid black lines refer to a certain NS mass (given in
the legend) at which QM appears in the NS core. This
information is useful to estimate the amount of QM in a
given parametrization. Note that, if one follows the red (or
blue) band from the left to the right, the corresponding
critical NS mass, for which QM appears first, decreases.
This just illustrates that one can expect larger QM cores
in NS configurations with higher values of �D (and

consequently �V) if the different EoS all result in the
same maximum NS mass. Of course, the reason for this
is a lowering of the critical density along the red (blue)
band from the left to the right. The solid black line, labelled
with 2:1M�, denotes the border between model parameter
regions for which the maximum NS mass is below or
beyond 2:1M�.
At any given �D, heavier configurations are found at

higher values for �V . For parametrizations within the cyan
region, we do not obtain any stable hybrid NS configura-
tion. Even though all these solutions are purely hadronic,
the maximum masses in this region can differ, as the phase
transition to quark matter can occur at central densities
below the central density corresponding to the maximum
mass of the purely hadronic EoS. In this case, a transition
to QM only results in a lowering of the maximum mass of
purely hadronic NS due to the instability of the hybrid star
configurations. The light orange region denoted as ‘‘quark
stars’’ deserves a separate discussion. In this domain, we
find quark matter favored over hadronic matter at all
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densities (or chemical potentials). Therefore, a phase tran-
sition does not occur. Even though we consider the total
missing of a phase transition, in particular, at low densities,
as an artefact of our QM model, one can conclude that, in
this domain, the phase transition is taking place at ex-
tremely low densities. Therefore, the label quark stars is
justified even though the distinction between hybrid con-
figurations and pure quark stars is not as strict as it appears.
Near this border, we observe a phenomenon known as the
masquerade effect [82], for which the EoS for quarks and
hadrons are nearly identical, and one therefore obtains
almost identical M-R curves (hence the masquerade) for
the purely hadronic and the hybrid EoS. In this scenario,
one can sometimes observe multiple crossings of the had-
ronic and QM EoS in the P–� plane. This can be inter-
preted as an indicator for a crossover transition from one
phase to the other, characterized by identical EoS in the
transition region. Certainly, a Maxwell construction as we
have performed is not suited to address this scenario.

The green lines in Figs. 7 and 8 refer to the critical
density of symmetric hadronic matter for which the phase
transition to QM takes place (the values are given in the
plot). As this concerns properties of symmetric matter, we
will discuss this in more detail in the following section.

B. Connection to symmetric matter and
the flow constraint

While matter in a NS due to the established � equilib-
rium and electric charge neutrality is in general highly

isospin asymmetric, in particular, in the NS core, the matter
in HIC is fairly isospin symmetric. Understanding the
properties of symmetric matter under the HIC conditions
of high temperature and density is of great importance for
the exploration and the understanding of a wide range of
phenomena. Focussing on the QCD phase transition, one
can divide measured observables roughly into those that
are highly sensitive to a phase transition and those that are
not. Most observables concerning particle yields fall into
the latter category. The most promising for the exploration
of thermodynamic properties of matter in heavy ion colli-
sions are processes associated with the hydrodynamic ex-
pansion of the fireball and connected to anisotropies in the
observed particle distributions. An interpretation of the
measurements in terms of thermodynamic properties is a
difficult and highly involved task that suffers from system-
atic uncertainties. Attempts have been made to analyze
elliptic flow data in order to specify a region in the
pressure-density plane that provides upper and lower limits
for the pressure at a given density [37].
Our conclusions for the qualitative dependence of the

deconfinement phase transition on the � parameters of our
model hold in the same way for symmetric matter as
discussed in the previous section for NS matter. We remind
the reader that a higher value of �V leads to an onset of
quark matter at higher densities, and, conversely, a higher
value of�D leads to an earlier transition. An increase of the
constituent quark mass (by a larger scalar coupling strength
GS) leads to lower transition densities. Figures 9 and 10
(for sets A and B, respectively) show the EoS for symmet-
ric matter at a fixed value of �V ¼ 0:3 with different
coupling strengths in the diquark channel. The results are
plotted on top of the flow constrained region (green area).
It is clearly visible that the red solid plotted hadronic
DBHF EoS would violate the flow constraint at about
n ¼ 0:55 fm�3, corresponding to 3.5 times the saturation
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density n0. While describing the phase transition by per-
forming a Maxwell construction, the occurrence of a quark
branch in the hybrid EoS necessarily leads to a softening of
the EoS in the corresponding domain. In our scenario, this
turns out to be of advantage, as the violation of the flow
constraint by DBHF at high densities is corrected for the
hybrid EoS, given that the phase transition occurs around
the density n ’ 0:55 fm�3. In this particular example with
�V ¼ 0:3, this holds for �D * 1:05 (set A, Fig. 9) or �D *
0:95 (set B, Fig. 10).

While the value of �V in the previous paragraph has
been chosen arbitrarily, one could ask for a justification of
this parameter choice. As our aim is to find connections
between NS and HIC observables, we discuss the question
of what consequences arise for the phase transition in HIC
if one would know that QM exists at least in the heavier
compact stars. Because the NS mass increases with the
central density, the opposite scenario—QM exists only in
less massive NS—is not realistic for regular NS. This
might be different for ‘‘third family’’ stars, which arise
from twin solutions for which one can find a second stable

branch of exotic NS with smaller radii and masses below
those we discuss.
In Figs. 11 and 12 (representing sets A and B, respec-

tively), we show symmetric EoS with parameters that,
under NS constraints, result in maximum masses of
1:97M�, the mass of PSR J1614� 2230. In both cases,
we find similar values for the critical density, all in the
vicinity of the density for which the DBHF EoS would
begin to violate the flow constraint. For set B, the parame-
trization with a smaller value of the constituent quark
mass, the phase transition is shifted toward slightly lower
densities. As this brings set B into better agreement with
the flow constraint, this slight change is meaningful. In
these figures, the phase transition in symmetric matter
appears to take place at an almost constant value. As the
EoS parametrizations with respect to �V and �D are very
different and just agree in reproducing the same maximum
mass (chosen to be 1:97M�, compatible with the measured
masses of both 2M� pulsars, PSR J1614� 2230 [11] and
PSR J0438þ 0432 [12], within the 1	 range), this gives
the following interesting result.
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If it turns out that the mass of PSR J1614� 2230 is close
to the maximum mass a NS can maintain, then the actual
parameters of the QMmodel are of minor relevance for the
approximate value of the critical density in symmetric
matter. This holds under the assumption that QM does
exist in the core of this pulsar. If we assume the opposite,
claiming that QM does not exist in any NS, our observation
is still useful as the almost parameter-independent critical
density we found can be interpreted as the absolute lower
limit to the actual critical density in symmetric matter. The
phase transition in HIC under no circumstances can occur
at lower densities as this would result in NS with a quark
matter core.

However, more valuable from the perspective of how to
constrain our QM model is the first situation, in which at
least some NS are hybrid stars. If confirmed, this would
greatly constrain the possible parameter range of our
model. To illustrate this, we refer to Figs. 7 and 8. In
both cases, the allowed region of parameters is limited
from below by the lower edge of the red band and from
above by the lower edge of the region with no stable hybrid
solutions. If the existence of QM in compact stars is
excluded for whatever reason, a realistic QM EoS can, of
course, be found only in the cyan hatched region of pa-
rametrizations, which result in unstable hybrid configura-
tions and configurations with a quark matter onset beyond
the central density for the maximum mass of the purely
hadronic EoS. Looking closely, one realizes that this argu-
mentation works best for set A. In the corresponding Fig. 7,
the red (blue) band, denoting configurations with maxi-
mum masses in the 1	 band of mass measurements for the
2M� pulsar PSR J1614� 2230 (PSR J0438þ 432), runs
almost parallel to the dashed-dotted green curve, which
represents parametrizations with a constant critical density
of nc ¼ 4:0n0. For set B in Fig. 8 a similar discussion could
hold for smaller values of �D (and therefore�V). However,
for values close to �D ¼ 1:0, one can find very different
critical densities in symmetric matter for slightly different
parametrizations.

We stated early in this paper that one of the big un-
knowns in our analysis is the hadronic EoS. In this sense,
our analysis is not complete and should be repeated with a
wide range of different nuclear EoS in order to get a better
idea about the possible spectrum of hybrid EoS obtained
within the class of two-phase models with basic super-
conducting NJL quark matter. For now, we can just pretend
that DBHF is a fairly realistic hadronic EoS. A last, and
very interesting, result has to be understood from this
perspective. If we strictly require that our QM EoS has to
repair the violation of the flow constraint by DBHF, this
means that the phase transition in symmetric matter has to
take place below a density of about 3:25n0. In the case of
set A, as visible in Fig. 7, this is difficult to achieve but not
impossible. There is a small region at �D � 1:1, �V �
0:55 that would permit this. In this region of the parameter

space, the size of the QM core in NS is large and the
transition density consequently very low. If DBHF is a
realistic EoS for low densities in NS matter and up to
3:25n0 in symmetric matter and if the upper bound of the
flow constraint is reliable, the existence of heavy NS with
QM content provides a very tight constraint on both
�D and �V . The situation is a bit less extreme for set B,
as seen in Fig. 7. In this case, one would expect �D to be
larger than 0.975 but not larger than 1.05. The vector
coupling �V in this domain can vary widely between about
0.4 and 0.6.
We point out again that set A corresponds to higher

constituent quark masses than set B. Constituent quark
masses below these for set B are barely realistic. In this
sense, we find that high constituent quark masses are less
easily brought into agreement with DBHF as an EoS,
which does not fulfil the flow constraint. Ignoring this, it
seems easier for the same set to derive lower limits for the
onset of quark matter in HIC.

IV. CONCLUSIONS

The major conclusion of this investigation is that the
existence of quark matter in neutron stars is not excluded
by any current data. We described a wide number of
parametrizations that result in NS configurations with a
quark matter core that reach masses up to 2:1M� and thus
fulfill the constraint from the new mass measurements of
PSR J1614� 2230 and PSR J0438þ 432. Some of our
parametrizations resulted in NS with quark cores contain-
ing half of the total mass of the star. The biggest unknown
in our investigation is the hadronic EoS, which determines
the maximum NS mass and the precise value of any
quantity we investigated.
For one of the investigated sets (set A), we found a

strong correlation between the onset of QM in symmetric
matter and the maximum mass of the hybrid star sequence.
This particular model setup implies that the critical density
in symmetric matter is larger than or equal to four times
saturation density. With our choice of the hadronic EoS
(DBHF), this implies a violation of the flow constraint
unless we choose the above-mentioned set of very strong
couplings ð�D;�VÞ ¼ ð1:1; 0:55Þ. If there is quark matter
in neutron stars, the transition density cannot be much
larger because, otherwise, hybrid NS configurations turn
unstable. On the other hand, even if there is no QM in NS,
the onset density cannot be lower, as this would theoreti-
cally result in stable hybrid configurations.
If heavy-ion collision experiments provide precise in-

formation about the transition density in symmetric matter,
one can favor or disfavor the existence of quark matter in
NS cores. This correlation is less distinct for set B with
different scalar coupling and a very small resulting con-
stituent quark mass. In this case, we still estimate the
lowest transition density in symmetric matter to have a
value of about 2:5n0. However, a similar precise statement
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about the largest critical density that could still be in
agreement with the hypothetical existence of QM cores
in NS is out of scope considering the uncertainties due to
the badly known hadronic EoS. Assuming that DBHF is
‘‘the’’ EoS and that a transition to QM repairs the violation
of the flow constraint, the upper limit is the density for
which this violation begins, namely, 3:25n0.

To bring NS phenomenology and HIC flow data in agree-
ment, high values of the diquark and scalar coupling are
required. In particular, the vector interaction channel should
have a coupling value of�V � 0:5 or above. For the diquark
channel, values of �D around 1.0 result in hybrid stars
configurations, which are in good agreement with our data.

A lower constituent quark mass leads to an earlier onset
of quark matter. In this context, such parametrizations
favor the existence of QM in NS. The fulfillment of the
flow constraint is easier to obtain with a smaller constituent
quark mass. However, the outcome of this analysis depends
strongly on the hadronic EoS. Ignoring the violation of the
flow constraint, which is induced to this analysis by the
DBHF, the EoS allows a wide range of �D and �V for both
set A and set B. Both coupling parameters, �V and �D, are
correlated due to observed high mass NS.

Summarizing our conclusions, we find that the observa-
tion of the 2M� pulsars PSR J1614� 2230 and PSR
J0438þ 0432 provides strong constraints for the occur-
rence of quark matter in compact stars. Within chiral quark
models of the NJL type, the occurrence of QM in NS

requires that QM must be color superconducting with a
rather large diquark coupling constant and requires repul-
sive forces coming from a nonvanishing mean field in the
vector meson interaction channel.
These conclusions are drawn from a mean-field descrip-

tion of quark matter within a two-phase description of
quark-hadron hybrid matter. This analysis is not based on
first principles but, on the other hand, represents what is the
current state of the art concerning the modelling of matter
at high densities and low temperature.
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[5] J. Trümper, Prog. Part. Nucl. Phys. 66, 674 (2011).
[6] J.M. Lattimer, Annu. Rev. Nucl. Part. Sci. 62, 485 (2012).
[7] J.M. Lattimer and M. Prakash, arXiv:1012.3208.
[8] A.W. Steiner, J.M. Lattimer, and E. F. Brown, Astrophys.

J. 722, 33 (2010).
[9] A.W. Steiner, J.M. Lattimer, and E. F. Brown, Astrophys.

J. 765, L5 (2013).
[10] Committee for a Decadal Survey of Astronomy and

Astrophysics; National Research Council, New Worlds,
New Horizons in Astronomy and Astrophysics, (The
National Academies Press, Washington, D.C., 2010).

[11] P. Demorest, T. Pennucci, S. Ransom, M. Roberts, and J.
Hessels, Nature (London) 467, 1081 (2010).

[12] J. Antoniadis et al., Science 340, 6131 (2013).
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