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Neutron stars and White dwarfs for beginners
Source: Richard R. Silbar and Sanjay Reddy, American Journal of Physics 72, 892 (2004)

1. Tolman-Oppenheimer-Volkoff Equations*

A. Newtonian Formulation

*) R.C. Tolman, Phys. Rev. 55 (1939) 364; J.R. Oppenheimer & G.M. Volkoff, Phys. Rev. 55 (1939) 374

Note that we have expressed the energy density profile ε(r) in terms of the 
mass density profile ρ(r) using the famous relation from Einstein’s special
relativity theory  ε(r)=ρ(r) c2. This definition allows to use the above equations 
when we take into account contributions of the interaction energy.

To solve the Eqs. For p(r) and M(r), we can integrate from the origin, r=0, to the point r=R, where the pressure goes to zero.
This point defines R as the radius of the star. We need an initial value of pressure at r=0 and call it p

0
 ; R and the total mass

of the star, M(R)=M, will depend on the value of p
0
. To perform the integration, we need to know the energy density ε(r) in terms

of the pressure p(r). This relation is the equation of state p(ε) for the matter making up the star!   



B. General Relativistic Corrections

Karl Schwarzschild

Einstein & OppenheimerTolman & Einstein

*) R.C. Tolman, Phys. Rev. 55 (1939) 364; J.R. Oppenheimer & G.M. Volkoff, Phys. Rev. 55 (1939) 374
**) Norman K. Glendenning, Compact Stars, Springer (2000)

The Tolman-Oppenheimer-Volkoff equations can be derived from the 
Einstein equations 

Using the Schwarzschild metrics for spherically symmetric cases

Details of the derivation can be found in the original works *) or in textbooks **)

The numerical solution proceeds as in the Newtonian case, just with the colored
correction factors, which are all larger than 1:
- red: due to the kinetic pressure contribution (from the energy momentum tensor)
- green: due to space-time curvature (= 2 for M=2 M_sun and R=12 km)

The characteristic feature of these solutions is the occurrence of a maximum mass M
max

which is characteristic for the equation of state p(ε) of the compact star matter. 
The pressure of this matter can under certain conditions not withstand the gravitational attraction! 
The interplay between gravitation and density-dependent pressure results in a nonlinear dependence
of the compactness on the enclosed mass of the star configuration which results in the maximum mass. 

N.K. Glendenning



The 1:1 relationship between the EoS, P(ε), and M( R) or M( n
cen

)
via the Tolman-Oppenheimer-Volkoff equations  

ε

M = 4 π ∫ dr r2 ε(r)

Nonrelativistic neutron gas:

P = (2/3) ε

Strange quark matter (simple):

P = (1/3) ε – B

Nonlinear Walecka (NLW) model:

See previous lecture and book:

N.K. Glendenning, “Compact Stars”, 
Springer (2000)



Constant speed of sound EoS for quark matter



3. Neutron stars with protons and electrons, Fermi gas EoS 

The neutron is unstable:  n → p + e- + ν
e
      (β – decay, lifetime in vacuum ~15 minutes)

Question:  Why can neutron stars exist for millions of years? 

Answer:  Pauli principle! The final states of this decay are occupied (blocked) in dense matter so that
                The process is effectively forbidden! 

Charge neutrality implies equal numbers (densities) of protons and electrons:   k
F,p

 = k
F,e

 

Quasi-equilibrium (β – equilibrium):   p + e- → n + ν
e            

Chemical equilbrium:  μ
n 
= μ

p 
+ μ

e 

The neutrinos leave the star → Cooling! See previous lecture.

,

Find k
F,p

(k
F,n

) !



3. Neutron stars with protons and electrons, Fermi gas EoS 

Total energy density is the sum of the individual energy densities   (                  ,                                )

The corresponding pressure is

The result of the integration gives a parametric form of the EoS  ε(p) which can be parametrized as:

4. Nuclear interactions ... 

Nuclear liquid drop model: Bethe-Weizsäcker mass formula 
for nuclides with mass number A=N+Z

n
0
= 0.16 nucleons/fm3  → Fermi momentum  k

F,0
= 263 MeV/c

Binding energy per nucleon:  BE = E/A – mN = -16 MeV
(In)compressibility (curvature at minimum): K

0
 = 200 – 300 MeV 



A. Symmetric nuclear matter N=Z

Average energy per nucleon 
has a minimum when

The positive curvature at the minimum is related to the 
Nuclear (in)compressibility by

Three parameters: A, B, σ to be fitted by 3 observables: n
0
, BE, K

0
 

Model for ε(n) for the symmetric part of the EoS (Skyrme functional)  

}  300 MeV

→ ??



Exercise: Find the symmetry energy of the ideal Fermi gas in the nonrelativistic limit!

Solution:
Definition of the Symmetry energy: E

s
(n) = E

PNM
(n) – E

SNM
(n) = (ε/n)

PNM
 - (ε/n)

SNM
 

Pure neutron matter (PNM):      n = 2 ∫kF dk k2 4π/(2π)3 = (k
F
)3/(3π2)

ε = 2 ∫kF dk k2 4π/(2π)3 k2 /(2m) = (k
F
)5/(5π2)/(2m) 

   = (3/5) n (k
F
)2/(2m) = (3/5) n (3π2n)2/3/(2m) 

Symmetric nuclear matter (SNM):  n = 4 ∫kF dk k2 4π/(2π)3 = 2(k
F
)3/(3π2)

      ε = 4 ∫kF dk k2 4π/(2π)3 k2 /(2m) = 2(k
F
)5/(5π2)/(2m) 

        = (3/5) n (k
F
)2/(2m) = (3/5) n (3π2n/2)2/3/(2m) 

E
s
(n) = (3/5)/(2m) (3π2n/2)2/3 [22/3 – 1] = 12.42 MeV (n/n

0
)2/3

E
s
(n

0
)  = (3/10)(3π2/2)2/3 [22/3 – 1] 0.152/3/940 (197.3)2  MeV = 12.42 MeV;  

1 = ħc = 197.3 MeV fm    
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