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Abstract: The asymptotic frequency with which pairs of primes below x differ by some
fixed integer is understood heuristically, although not rigorously, through the Hardy-
Littlewood k-tuple conjecture. Less is known about the differences of consecutive primes.
For all 2 between 1000 and 10'2, the most common difference between consecutive primes
is 6. We present heuristic and empirical evidence that 6 continues as the most common
difference (jumping champion) up to about z = 1.7427 - 10, where it is replaced by
30. In turn, 30 is eventually displaced by 210, which then is displaced by 2310, and so
on. Our heuristic arguments are based on a quantitative form of the Hardy-Littlewood
conjecture. The technical difficulties in dealing with consecutive primes are formidable
enough that even that strong conjecture does not suffice to produce a rigorous proof

about the behavior of jumping champions.

1. INTRODUCTION

An integer D is called a jumping champion if D is the most frequently occurring
difference between consecutive primes < z for some z (occasionally there are several
jumping champions). Since the initial primes are 2,3,5,7,11, the jumping champions
are 1 for x =3, 1 and 2 for x =5, 2 for x = 7, and 2 for x = 11. (It is clear that we
only need to consider prime values of z.)

Jumping champions for various = up to around 1000 are presented in Table 1. Initially
2 and 4 dominate as jumping champions, with 2 showing up more frequently than 4,
and 6 showing up only a few times. However, at * = 563, D = 6 takes over as jumping
champion, and except for z = 941, where it shares leadership with D = 4, is the only
champion at least up to z = 10'2. One might therefore be led to conclude that 6 should
remain the jumping champion out to infinity. However, this appears to be another of
the many number theoretic functions where the initial behavior is misleading. We will
present heuristics that suggest that 6 does not remain jumping champion forever.

Conjecture 1. The jumping champions are 4 and the primorials 2, 6, 30,210, 2310, ... . .
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The heuristics (see Section 2) suggest that 6 is the jumping champion up to about
x = 1.7427-10%°, where 30 becomes the jumping champion. (Harley [8], stimulated by a
report on an early phase of our research, has independently computed this number as the
point of transition between 6 and 30.) In turn, 30 is displaced as jumping champion by
210 around z = 10*?°. This is substantiated by numerical experimentation (see the end
of Section 2 and Table 3). It is likely that in the transition zones, the two contenders in
all cases trade places as jumping champions, but we have neither the computing power
to verify this numerically nor the theoretical tools to prove it. Although Conjecture 1 is
very simple and elegant, it is surprisingly deep.

The heuristics we develop are based on the famous Hardy-Littlewood k-tuple conjec-
ture. The twin prime conjecture says that there exist infinitely many primes p such that
p + 2 is also a prime. On the other hand, there is only a single prime p such that p,
p+ 2, and p + 4 are all primes, since at least one of these 3 integers is divisible by 3.
The Hardy-Littlewood k-tuple conjecture [9] is that unless there is a trivial divisibility
condition that stops p,p+ ay,...,p+ ai from consisting of primes infinitely often, then
such prime tuples will occur, and will even occur with a certain asympotic density that
is easy to compute in terms of the a;. While there is a general belief that the k-tuple
conjecture is true, it remains unproven.

There seems to be little hope of making any progress towards a proof of Conjecture 1
without assuming at least a quantitative form of the k-tuple conjecture. However, as we
will show, even assuming the strongest form of that conjecture that seems reasonable
in view of our knowledge of prime numbers, we are still left with formidable obstacles
that prevent us from obtaining a complete proof of Conjecture 1. Still, in investigating
jumping champions, we are led to some nice combinatorics related to the coefficients in
the k-tuple conjecture.

A strong form of the k-tuple conjecture leads to an explicit asymptotic formula for the
frequency with which an integer D appears as the difference of consecutive primes < z.
This formula has some interesting arithmetical properties, and it leads to the "irregularly
regular” behavior shown in Figure 2. Brent [2] was the first to suggest this formula and
gave an algorithm for computing certain coefficients that arise in the formula.

A conjecture that follows from Conjecture 1, but should be considerably easier to
prove, and might conceivably be provable unconditionally, is the following.

Conjecture 2. The jumping champions tend to infinity. Furthermore, any fixed prime
p divides all sufficiently large jumping champions.

The first part of Conjecture 2 was proved by Erdés and Straus [4] under the assumption
of a quantitative form of the k-tuple conjecture.
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As far as we are aware, the first question about the behavior of jumping champions
was raised (without use of the term jumping champion, which was invented by John
Horton Conway in 1993) by Harry Nelson in 1977-8 [13]. Erdds and Straus, motivated
by Nelson’s note, proved, under the assumption of a form of the k-tuple conjecture,
that jumping champions for = tend to infinity with x. They also raised the question
of the rate at which champions tend to infinity. We answer this question in our note,
assuming (as Erdds and Straus suggested might have to be done) stronger conjectures.
These suggest that the size of the champion jumps from (1 + o(1))log z/(loglog z)?
to (1 + o(1))log z/(loglog ) when z is the transition point, and then, as z increases,
proceeds to decrease down to (1 + o(1))log z/(loglog x)? again.

Jumping champions have been thought about independently several times since the
work of Erdos and Straus. We were led to look at them by John Conway. Meally and
Leech have also asked about their behavior [7].

2. T URI TIC

2.1. e k tu e Conjecture. Let 0 1 2 ... k- The k-tuple conjecture
predicts that the number of primes p < x such that p+2 ,p+2 ,,...,p+2 ; are
all prime is

T 5 geee k 5 ooy k 2.1
T e I s 1)
where
L (1 2 1))
: _gr L : 2.2
( 1 2, ) k) (1 1/ )k ( )
In (2.2), runs over all odd primes, and ( 1, 2,-.., &) denotes the number of
distinct residues of 0, 1, 9,..., x mod . Note that if £ =1 then

()=2 L 2 (D (2.3)
( 2 2
depends only on the odd primes dividing ,and ( ;)= ( 2)iff ;and 5 have
the same odd prime factors (possibly raised to different powers).

For a discussion on the k-tuple conjecture and references to numerical computations
in its support, see the introduction to Halberstam and ichert [10].

Brent [3] [2] was apparently the first one to study the size of the error term in the
k-tuple conjecture. Hardy and Littlewood did not make any predictions about its size,
although the standard arguments that assume random cancellation of various terms
suggest it should be of size about z for each k-tuple. Brent’s computations [3, Table
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4] support this suggestion for tuples p,p + 2 where we find a remainder with roughly
half as many digits as the main term. See also the comment following (2.7).

2.2. e Heur tc . Let (z, ) be the number of primes p < z such that p4 2 is
the smallest prime  p. By inclusion-exclusion we have

(z, ) < ( 1)F ( 1,y & )y =0,1,... (24)

(z, ) ( 1)k (x 1,y k) (2.5)

(here the K = 0 term is  (x )). So it is natural to compare (z, ) with

(2.6)

k1
2 1 log
where s a positive integer and

r=( k! ( 15eeey B1, ) (2.7)

(here 1= ().

Computations of Brent [2] indicate that taking all the terms in (2.6) (i.e.  is chosen
so that 1 = 0) approximates (z, ) to within (2! ?). This can be seen in [2,
Table 2] which shows an agreement (between theoretical approximation and reality) that
agrees to roughly half the decimal places.

Now, the sum in (2.7) runs over 1 terms and it would not be unreasonable to
guess that  ; grows nicely with this binomial coefficient. In fact, we show in Section

3, Theorem 1 that for k fixed,

SN

This suggests, in conjuction with (2.6), that, for large,

. exp( 2 /log )
9 1 ) 10g2

should approximate well the number of gaps of size 2 up to height z. However, not

as

(2.8)

only does have to be large for this to be a good approximation, but = has to be large
compared to , and this restricts the range in which we may use (2.8).

The presence of the 1 factor in (2.8) indicates that, in order to make (z, )
huge, it is preferable for to have many small prime factors. On the other hand, the
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exp( 2 /log ) term in the integrand tells us that amongst all that produce the same
value for 1, the smallest one wins. More precisely, let

297 = 2 p ...p
22 = 2p1p
253 = 2:-3-...

where a; 1, where the p;’s are odd primes, and where is the th odd prime ( ; =
3,2:5,...). Note that 3§ 2§ 1.
Formula (2.8) tells us that, for 5 sufficiently large, we should expect (z, 2)

(z, 1) (because | = 1 but 5 < q),and  (z, 3) (z, 2) (because 1
1 and 3 2). So we see that primorials are favored.
Furthermore, integrating (2.8) by parts, we find that (z,3-... 1) should begin to
overtake (z,3-... ) when
L 2.3.... 2.3....
1 2 P log x P log x

i.e. roughly when
z exp(2-3-... -( 1 1( 1 2)).

These considerations justify Conjecture 1, at least for sufficiently large gaps (and very
large z). For smaller | rather than using (2.8), we could use the first few terms of (2.6)
to study (z, ).

For example, 11 = 21, and 53 = 0 (since there are no triplets of primes p,p +

2,p+4 other than 3,5,7). Hence both both  (z,1) and (z,2) should be very close to

11 .
2 10g2

This explains why 4 also appears as a champion.

We can also determine roughly when 30 will take over from 6 as Champion, and when
210 will first beat 30. sing the coefficients from [2] to compute (2.6) with all the terms
( =2when2 =6and =8 when 2 = 30), we find that 30 should take over as
Champion roughly at = 1.7427 - 10°°. Further, taking = 4 terms in (2.6), predicts
that 210 will first begin to beat 30 sometimein the interval 10**®> 2  10** . Numerical
experimentation substantiates these claims. We used Maple’s probable prime function
to test intervals of length 10 . If all the probable primes that this function produced for
us are indeed prime, then in the interval [10° ;10° + 10 ] there are 5278 gaps of size 6,
and 5060 gaps of size 30, whereas in the interval [10* ;10* 4 10 ] there are 3120 gaps of
size 6 and 3209 gaps of size 30. (Note that even if some of the probable primes we found
are not prime, it is extremely likely there are few of them, so the statistics we produce
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would not be noticeably affected.) Further, in the intervals [10* ,10* + 10 ] we find
that gaps of size 30 and 210 show up 50 and 33 times, respectively, and 26 and 34 times
in the interval [10*> ;10 4 10 |. These last results are only roughly indicative of true
behavior, since sample sizes are so small. In fact, in our data for 105 , 198 appears to
be the champion, as it shows up as a gap of consecutive primes 40 times

Section 3 is devoted to studying the coefficients  ; that appear in (2.6).

3. T co ICI NT k

We turn now to the problem of estimating the coefficients  ; that appear in (2.6).
In this section we use the 'Big Oh’ notation. @ = () is equivalent to a < for
some constant . a=  ( )isequivalent to a < () for some ().

We can prove (unconditionally)

eore 1. 1 <k < loglog

bi= - (1h (k/loglog ) (3.1)

Numerical data suggests (see Figure 3) that the 1+  (k/loglog ) above can
be replaced by 1 + (klog / ).

First observe that if ; = 0 then ¢ 1 = 0 and the theorem holds trivially.
( x=01impliesthat all p,p+2 ,...,p+2 4 1,p+2 tuples are ruled out. Hence,
soare all the p,p+2 1,...,p+2 k,p+2 tuples, because each one contains (many)
pp+2 1,...,p+2  1,p+2 sub-tuples). Therefore, assume  , = 0. From (2.2)
and (2.7) we have

(if & = 1, the denominator is (1 ( )/ )@ 1/)). Now, if then,
( 1s 25---5 &k )=k+2 and ( 15 25---5 k1, )=k+1. So the above is
Pl o2, (3.2)
k
with
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and

- (1 (k+2)) -,

1 1/ (k+1)/)

2 poses little difficulty and is easily estimated by using the Taylor series for log(1  z),

1 k42 E+1 1
2 = exXp - ——I_ i - ’ k+2§

2 (3.5)
Now
0 (k+2) (k+1) 1 (k+2) 1, 2

which can be seen by writing

(k+2) (k+1) =(+2) "+(k+2) *(k+D)4...+(k+1) .

Hence
1
1 2 exp (k+2) 1 —
2
But
1 1 B 1 1
) ( 1 !
SO
1 kE+2 1 kE+2
1 2 exp 1 (k+ )1 =1 L, k+2
) ( )
i.e.
o=1+ (k/ ), kE+2 . (3.6)

In fact, a better estimate is not hard to establish. Since (3.6) contributes less than the

error claimed in the theorem, we omit the proof and simply state

k 1 k
_I_

=1
? log + log log?

, EooJ2 (3.7)

Next, consider ;. On scrutinizing (3.3), we see that each term in the denominator may
be matched with terms in the numerator. We write

(1 ( N PR I )/)
1
1= (1 ( o2, k1, )/ ) 1)) (3.8)




ANDREW ODLYZKO, MICHAEL RUBINSTEIN, AND MAREK WOLF

and claim that each inner sum in the numerator is approximately times its corre-
sponding term in the denominator. More precisely, we show that, for £ < loglog (

a constant),

(1 ( A R A A )/)

= (I+ (kK/loglog )) (1 (1 2.y k1 )/ )0 1/). (3.9)

The theorem would then follow on combining (3.9) with (3.8), (3.6), and (3.2).

To prove (3.9), break up into two pieces. Let
3-5-.... < 35 15 (3.10)
and write
- . (3.11)
By the rime Number Theorem,
log . (3.12)
Now, if the r.h.s. of (3.9) is zero (this happens if ( lyeeey k1, )= for some
< ) then so is the Lh.s (since then ( s 1,---, & 1, )alsoequals ), and (3.9)
is trivially true. So, assume that this isn’t the case and consider
(s k15 ) (3.13)
where

G TR J N G T LS N 0 20 N
RO O e e )01

To simplify things, (3.13) may be written as

( voery k1, ) k RTE

1

The second term above is  (klog ) (in fact, by a theorem of Mertens [11], it contributes

g log ) and will be overshadowed by the first term. So, let

= (e B ) (3.14)
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Our goal is to show = (14 (k/loglog )). We first estimate the contribution from
. Letting = ( 1y-evs k 1, ), we have
. T A G
( P SIICEEE Y A ) -

+1 otherwise.

(3.15)

For most (when k is small compared to ) the latter holds. In fact, let  be the number
of ’s that satisfy

1 < <
2 (1 Jooo( ok n ) )
Now, ( 4 Yoo k1 )( ) k1 and so k1. Hence, from
(3.12),
klog
oa o (3.16)
put 1 (k+2)/ 1
T 10 G40/ NOREE

The L.h.s above is roughly of the same form as (3.4), and by (3.6), it is 1 + (k/ )=
1+ (k/log ), (solongask ( 2) log ). Meanwhile,

1 J—
a1/

_ k

= 1+ (k/loglog ),
assuming k < loglog , a constant. Therefore, pulling out from (3.14)

=(14+ (k/loglog )) ( oy k1, ), k< loglog .
1 (3.17)
Next, write
= +

where, by (3.10), , , 0 < 3-5-...- 1, and break up the sum over

= +
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The second sum on the r.h.s. contributes ( loglog ), which can be seen from
1/(1 1/ ). But / = ( /log ), so the contribution to (3.17) from this

sumis ( loglog /log ). To complete our proof we show

(Vs wn )= = (14 (1/log ). (3.18)

1

This in combination with all our other estimates will establish the theorem.
To prove (3.18), break up the range of summation  =1,..., into blocks of length
(there are  such blocks). Each block contributes the same amount to (3.18) because
( ,..., k1, ) depends only on the values modulo  of its arguements.

Next, we show by induction on a that
(s k)= (3.19)

Ifa 1=1, then our sum is

( veeey k1, ) (3.20)

1
sing the notation of (3.15), we find that (3.20) sums to

1 [ +1)/ _
TS VA R TR IS RS VA Sl

Now say that (3.19) has been proven for ¢ 1 and consider the a case

( eeey k1, )

1

roup the ’s according to their values modulo
1
( 4+ 5 1y k1)
1
Now, because only depends on its values modulo , the above is
1
(y 1eeey B, ) ( + 5, 1y k1, )
1
But as  runs fromOto {-...- 1 1, + runs over the complete set of residues

modulo {-...- 1 (because  is relatively prime to 1 -...- 1). Hence the inner

IN
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sum is, by our induction hypothesis, equal to {-...- 1, so the above is

1° e 1 ( 5 Tgeoe s kl;): 1. 1 —

O

In [5], allagher studied the combinatorics of a related problem, essentially
that of the asymptotics of the sum x. His method can be adapted for our
problem (with messier combinatorics). The remainder term obtained grows very quickly
with k (though for small k&, his method provides a stronger result). On the other hand,
Theorem 1 can be used, along with Corollary 1 below and summation by parts, to
obtain the asymptotics of 1 (though, they are not needed for the Champions
problem).

To establish Corollary 1 we first give a general counting formula which is useful for

averaging certain types of products.

eore 2. = a

IN

This formula can be derived using an inclusion-exclusion argument as in the sieve of
Eratosthenes.

In particular

Coro r 1.

=2

1

The first part of the corollary follows from Theorem 2, (2.7), and (2.3).
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The second part follows by noting that

(2 _ 1
W—l‘l‘ ( )s

and

= PP S) SO G t+— = (g )

The above Corollary was also proven in [1, page 10] but with (log®( )) instead of

(log ) for the remainder, and, with the correct remainder, in [12, Lemma 17.4].

4. T ND R
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x | Champions for = x Champions for
5 12 421 26

7 2 431 26
11 2 433 2

: : 439 26
97 2 443 26
101 24 449 6
103 2 457 6
107 24 461 6
109 2 463 26
113 24 467 246
127 24 479 246
131 4 487 246
137 4 491 4
139 24 f :
149 24 541 4
151 2 547 46
157 2 557 46
163 2 563 6
167 24 f :
173 24 937 6
179 246 941 46
181 2 947 6

f : 953 6
373 2 967 6
379 26 971 6
383 26 977 6
389 6 983 6
397 6 f :
401 6 1.7427 - 10% 30
409 6 : :
419 6 104%5 210

T Champions for small z

13
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Lt 2 LA I 2 2|

1 1 221 1 13 1 3 2 2 212 13 2 1 2
2 1 1 1 2 11 3 11 321
3 33 222 33 2 31 21 2 2 11 3 1 23 2 233 2

1 3331 1 32 3311 13 31 1 2 23 2 1 21 3

2 2232 2 23 2 112 1 3 211 22 2 1

2 3 2 3 1 23 3 31133 12 2 1 3

1 3 1 33 1323 3 32| 1 22 3 22 1 1 1

12 2 331 12 2 1 123 231 331133 11 1 23 3 3 32

22 31 22 3 11 1 33 1 3 1 1 1 231
1 12 2 2 12 2 11 31133 3 2 2 1 3 3 21 33
11|11 31 11 22 21 3 22 2 3 23 221 2 3
12 ][ 1 11 1 3 113 2 3 112 1 12 213 11 2
13 3 22 3 11 3 13 3 3 1 2 2 1133 2 1
1 22 3 1 3 22 23 3 33 21
1 1 3131 1 1 1 1 1 1 1 23 3 122 2 1
1 2 1 31 2 1 2 2 31 23
1 2 33 23 3 3 113 21 1 1 2 1
1 1 3 3 11 31 2 2 3 3 2 2 1 2 33 1
1 21 23 2 3 22 21 31 2
2 2 2 3 23 11 32 1 2
21 22 3 221 3 32 3 13 111 2
22 1 2 31 3 2 3 3 23 2 2
23 3 33 21 3 322 3 12 2 2 11 3
2 1 1 3 3 231 132 321 1 3 13 2 2
2 3 2111 1311 3 123 1 11 2

T A comparison of two different estimates for (x, ). Here we

have chosen z = 10'2. The first estimate was computed using (2.6) with

= 4. The second estimate was computed using (2.8). The table shows
(x, )if s
allowed to grow (notice that the middle column gives a good approxima-
= 18). This is a fact that Brent observes in [2] . His
computations also show that taking all the terms in (2.6) gives numbers

(z, ). This is what (2.8) attempts to do (in
needs to be large for (2.8) to be a good approx-

that the higher terms in (2.6) are important for estimating
tion roughly up to

that agree very well with
closed form). However,
imation and x has to be large compared to  (though, even for small
and x not too huge, the table reveals that (2.8) gives a decent, uniform

(z, ).

approximation to
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! =6
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. 2d=2 s

E 2d=4

E /4'“( ‘l ~'W |

t 10 10®* 10 10t 10° 10

x

I UR zv.s.  (z, )og*(z)/z,for2 =2,4,... (only 2 <6 are la-
beled). The z axis is on a logarithmic scale. The picture shows 6 dominat-
ing as Champion for z 941, presumably until roughly = = 1.7427 - 105,
The two lines in bold are for 2 = 6 and 2 = 30, with only the former
labeled, and the latter rising in the lower right-hand corner. The log?(z)/x

factor was included for graphing purposes.
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24,
represented by small circles. Note that the vertical axis is on a logarithmic

3

(horizontal axis), at = = 22 ,2%% ...

2

)

we see that,
linearity and

?

(z, ) should follow a straight line (with respect to

Integrating (2.8) by parts, and taking logarithms

for fixed z, log

scale.

(

Notice, at 2

Both these traits
prominent pertubation which re ects the relatively large size of

1-

with small pertubations of size log

210, a
51-

pertubations) can be seen in the above figure.

1
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0.0

100 200 300

I UR A figure substantiating the remark made following (3.1). Here
we have drawn the graph of vs % + QL— —, for £ =1,2,3 (there

are 3 graphs superimposed in the above figure). According to the remark,
these graphs should all be bounded. This picture not only shows them to
be bounded, but suggests that they uctuate about some constant value.

For fixed , as k varies, the uctuations seem to be proportional to 1/k.
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